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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
46 ]. This is test number | 116 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (46 ) | 0.00 (0)
Mathematica | 100.00 (46 ) | 0.00 (0 )
Fricas | 100.00 (46 )| 0.00 (0)
Maple | 91.30 (42) | 870 (4)
Maxima 78.26 (36) | 21.74 ( 10)
Mupad | 52.17 (24) | 47.83 (22)
Giac 52.17 (24) | 47.83 (22)
Sympy | 43.48 (20) | 56.52 ( 26)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 52.174 0.000 0.000 47.826
Mathematica 41.304 10.870 0.000 47.826
Maple 13.043 30.435 0.000 96.522
Fricas 4.348 47.826 0.000 47.826
Giac 0.000 4.348 0.000 95.652
Mupad 0.000 4.348 0.000 95.652
Maxima, 0.000 30.435 0.000 69.565
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).
The third is due to an exception generated, indicated as F(-2). This most likely indicates

an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of



error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Fricas 0 0.00 0.00 0.00

Maple 4 100.00 0.00 0.00

Maxima, 10 40.00 0.00 60.00

Mupad 22 0.00 100.00 0.00

Giac 22 100.00 0.00 0.00

Sympy 26 92.31 7.69 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.



System Mean time (sec)
Fricas 0.33

Rubi 0.38

Maple 0.66

Sympy 2.53

Maxima 3.43

Giac 4.25
Mathematica 8.27

Mupad 14.01

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 32.35 1.66 19.50 0.97
Mupad 35.08 1.23 24.00 1.20
Giac 63.25 1.40 22.00 1.10
Rubi 180.33 1.00 80.00 1.00
Maple 278.38 1.64 20.00 1.00
Fricas 713.30 2.92 141.00 2.80
Mathematica | 872.39 1.81 95.50 1.10
Maxima 1101.83 28.19 516.00 8.01

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage

of solving decreases which indicates the integral is becoming more complicated to solve.
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1.5 Performance based on number of steps

Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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30

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{45, Bh[10}[14)[15}[19} 20} 21} [22} [23} 27} [28}[32}[33} 37 [38) |42} |43, |44} |45 [46]}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {[12}[16}[17[41]}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

[ Mathematica script + grading +verification ]4>
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build system

One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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CHAPTER 2

DETAILED SUMMARY TABLES OF
RESULTS
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2.1 List of integrals sorted by grade for each

CAS
Rubi . . . . e e
Mma . . . . e e 22
Maple . . . . . . e e e e 23
Fricas . . . . . . e e e e e 23
Maxima . . . . . o e e e e e e e e 23
GIaC . . . e 23]
Mupad . . . . . . e e 24
SYMDY . .« o o e e e e e e 24

Rubi

A grade { (125,07 B0 (12 13167 15,24 2526, 29,50, 31, 5 55 50, B9, A0}
B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade { (12,557,611 13 15 £24/25,26) 29,50, 51,54 5, 50/1 )
B grade {[12)[16,[17,[39%,[40] }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }



Maple

A grade { BBIBMESET)
B grade { [16,1)/[1 12 16,17 24.25,29,50,55/41}
C grade { }

F normal fail {[34,[35][39}[40| }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { }

B grade { 165,075 L1 2 (107 24,2520 2950, 51, 5 55 50 B9 0.1 )
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade { }

B grade { 126710 [213.[16,17 15, 24 25,2950 )
C grade { }

F normal fail {[3][8}[26}[31] }
F(-1) timedout fail { }

F(-2) exception fail {[34][35][36][39140}[41] }

Giac
A grade { }

B grade { }
C grade { }

F normal fail {12365 1) 2 (167 28 25,26, 29,5051} 54,3536, B9, A0 1 )
F(-1) timedout fail { }
F(-2) exception fail { }
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Mupad

A grade { }

B grade { }
C grade { }

F normal fail { }

F(-1) timedout fail { [1}2)3)5)7 5,1} 12 [, 17 24,25 26,29, 50} 5 5% 55,50, B9, 0} T
}

F(-2) exception fail { }

Sympy

A grade { }
B grade { }
C grade { }

F normal fail { [112)3)6)7 B) [T, 2 13} 16,7 1) 24 25,26, 29, 50,51, 5% 55,56, B0, A0y T
}

F(-1) timedout fail {[21,[44]}
F(-2) exception fail { }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 227 218 756 936 1085 0 0 0

N.S. 1 1.00 0.96 3.33 4.12 4.78 0.00 0.00 0.00
time (sec) N/A 0.257 0.125 1459 0432 0.345 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 157 157 151 440 516 675 0 0 0

N.S. 1 1.00 0.96 2.80 3.29 4.30 0.00 0.00 0.00
time (sec) N/A 0.174 0.152 1.340 0.400 0.344 0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 93 93 87 142 0 343 0 0 0

N.S. 1 1.00 0.94 1.53 0.00 3.69 0.00 0.00 0.00

time (sec) N/A 0.082 0.062 0.389 0.000 0.330 0.000 0.000 0.000




26

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 116 20 22 20 22
N.S. 1 1.00 1.11 1.00 6.44 1.11 1.22 1.11 1.22
time (sec) N/A 0.031 6.839 0.436 0.540  0.302 0.655 0.395 12.767
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 172 31 46 20 22
N.S. 1 1.00 1.11 1.00 9.56 1.72 2.56 1.11 1.22
time (sec) N/A 0.032 5.629 0.501 0.593  0.269 2.549 2.127 13.044
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 371 371 329 1517 3403 1887 0 0 0
N.S. 1 1.00 0.89 4.09 9.17 5.09 0.00 0.00 0.00
time (sec) N/A 0.543 2.046 1.705 0.709 0376 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 262 262 232 679 1704 1096 0 0 0
N.S. 1 1.00 0.89 2.59 6.50 4.18 0.00 0.00 0.00
time (sec) N/A 0.380 2.730 1.731 0.465 0.344 0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 134 134 123 191 0 525 0 0 0
N.S. 1 1.00 0.92 1.43 0.00 3.92 0.00 0.00 0.00
time (sec) N/A 0.159 1.108 0.418 0.000  0.311 0.000 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 507 37 41 22 24
N.S. 1 1.00 1.10 1.00 25.35 1.85 2.05 1.10 1.20
time (sec) N/A 0.061 30.852 0.759 1.029 0.289 1.069 1.342 13.128
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A  N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 624 48 76 22 24
N.S. 1 1.00 1.10 1.00 31.20 2.40 3.80 1.10 1.20
time (sec) N/A 0.059 24.751 0.956 1.378  0.282 2.133 29.705 13.161
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 152 152 216 417 1285 516 0 0 0
N.S. 1 1.00 1.42 2.74 8.45 3.39 0.00 0.00 0.00
time (sec) N/A 0.408 2.107 0.551 0.456  0.296 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 119 119 528 236 377 292 0 0 0
N.S. 1 1.00 4.44 1.98 3.17 2.45 0.00 0.00 0.00
time (sec) N/A 0.295 6.693 0.529 0.426  0.269 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 67 67 104 53 273 99 0 248 79
N.S. 1 1.00 1.55 0.79 4.07 1.48 0.00 3.70 1.18
time (sec) N/A 0.117 1.000 0.463 0.314 0.291 0.000 0.319 13.613
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 391 27 27 22 24
N.S. 1 1.00 1.10 1.00 19.55 1.35 1.35 1.10 1.20
time (sec) N/A 0.070 7.803 0.480 0.522 0.245 1.052 0.302 13.254
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 522 51 58 22 24
N.S. 1 1.00 1.10 1.00 26.10 2.55 2.90 1.10 1.20
time (sec) N/A 0.063 6.312 0.414 0.901 0.266 2.118 0.566 13.149
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 288 288 1447 810 4283 933 0 0 0
N.S. 1 1.00  5.02 2.81 14.87 3.24 0.00 0.00 0.00
time (sec) N/A 0.870 7.953 0.656 1.332  0.304 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 229 229 925 453 1035 493 0 0 0
N.S. 1 1.00 4.04 1.98 4.52 2.15 0.00 0.00 0.00
time (sec) N/A 0.574 7.169 0.584 0.781 0.296 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 140 140 172 86 1058 183 0 798 247
N.S. 1 1.00 1.23 0.61 7.56 1.31 0.00 5.70 1.76
time (sec) N/A 0.222 1977 0.615 0.356  0.290 0.000 0.565 19.320
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 3956 57 54 22 24
N.S. 1 1.00 1.10 1.00 197.80 2.85 2.70 1.10 1.20
time (sec) N/A 0.060 13.653 0.444 10.617 0.292 1.967 0.315 14.134
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 4471 99 105 22 24
N.S. 1 1.00 1.10 1.00 223.55 4.95 5.25 1.10 1.20
time (sec) N/A 0.056 15908 0.440 38.235 0.271 7.338 1.185 14.172
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 0 22 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.00 1.10 1.20
time (sec) N/A 0.054 1.225 0.323 0.647  0.282 0.000 0.400 13.490
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 124 20 24 20 22
N.S. 1 1.00 1.11 1.00 6.89 1.11 1.33 1.11 1.22
time (sec) N/A 0.029 11.379 0.321 0.363 0.280 5.083 0.287 13.550
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 17 22 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.85 1.10 1.20
time (sec) N/A 0.057 1.219 0.184 0.573  0.268 1.820 0.303 13.379
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 227 365 756 936 1085 0 0 0
N.S. 1 1.00 1.61 3.33 4.12 4.78 0.00 0.00 0.00
time (sec) N/A 0.239 0.478 1.012 0.423 0.336  0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 157 157 203 440 516 675 0 0 0
N.S. 1 1.00 1.29 2.80 3.29 4.30 0.00 0.00 0.00
time (sec) N/A 0.153 0.252 0.984 0.382  0.324 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 93 93 104 142 0 343 0 0 0
N.S. 1 1.00 1.12 1.53 0.00 3.69 0.00 0.00 0.00
time (sec) N/A 0.082 0.013 0.296 0.000  0.274 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 116 20 15 20 22
N.S. 1 1.00 1.11 1.00 6.44 1.11 0.83 1.11 1.22
time (sec) N/A 0.032 0.995 0.326 0489 0.258 0.680 0.414 13.145
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 172 31 17 20 22
N.S. 1 1.00 1.11 1.00 9.56 1.72 0.94 1.11 1.22
time (sec) N/A 0.031 1.529 0.526 0.519  0.260 2.616 2.205 13.624
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 364 364 646 1489 3267 1823 0 0 0
N.S. 1 1.00 1.77 4.09 8.98 5.01 0.00 0.00 0.00
time (sec) N/A 0.535 2.593  1.649 0.720  0.375 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 257 257 356 662 1641 1056 0 0 0
N.S. 1 1.00 1.39 2.58 6.39 4.11 0.00 0.00 0.00
time (sec) N/A 0.378 1.541 1.375 0.473 0.366 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 131 131 151 190 0 505 0 0 0
N.S. 1 1.00 1.15 1.45 0.00 3.85 0.00 0.00 0.00
time (sec) N/A 0.149 0.547  0.493 0.000 0.325 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 501 36 17 22 24
N.S. 1 1.00 1.10 1.00 25.05 1.80 0.85 1.10 1.20
time (sec) N/A 0.063 46.000 0.936 1.050  0.270 1.017 2.190 13.948
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A  N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 618 47 19 22 24
N.S. 1 1.00 1.10 1.00 30.90 2.35 0.95 1.10 1.20
time (sec) N/A 0.057 28.327 0.649 1.459 0.272  2.037 53.580 13.595
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 526 526 449 0 0 2309 0 0 0
N.S. 1 1.00 0.85 0.00 0.00 4.39 0.00 0.00 0.00
time (sec) N/A 1.277 1.442  0.000 0.000  0.516 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 394 394 338 0 0 1625 0 0 0
N.S. 1 1.00 0.86 0.00 0.00 4.12 0.00 0.00 0.00
time (sec) N/A 1.372 1.122  0.000 0.000  0.459 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 257 257 214 516 0 1041 0 0 0
N.S. 1 1.00 0.83 2.01 0.00 4.05 0.00 0.00 0.00
time (sec) N/A 0.751 0.725 0.560 0.000  0.451 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 298 27 17 22 24
N.S. 1 1.00 1.10 1.00 14.90 1.35 0.85 1.10 1.20
time (sec) N/A 0.102 1.743 0.456 0.843 0.265 1.013 0.353 13.376
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 439 51 19 22 24
N.S. 1 1.00 1.10 1.00 21.95 2.55 0.95 1.10 1.20
time (sec) N/A 0.094 12.303 0.413 1.331 0.278 2.025 0.793 13.353
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1523 1523 20116 0 0 7008 0 0 0
N.S. 1 1.00 13.21  0.00 0.00 4.60 0.00 0.00 0.00
time (sec) N/A 3.542 22.307 0.000 0.000 0.714 0.000 0.000 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 1117 1117 11147 0 0 4274 0 0 0
N.S. 1 1.00 9.98 0.00 0.00 3.83 0.00 0.00 0.00
time (sec) N/A 2.475 20.077 0.000 0.000 0.638 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 582 582 1037 1289 0 2080 0 0 0
N.S. 1 1.00 1.78 2.21 0.00 3.57 0.00 0.00 0.00
time (sec) N/A 1.236 11.645 0.639 0.000  0.491 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 2279 55 19 22 24
N.S. 1 1.00 1.10 1.00 113.95 2.75 0.95 1.10 1.20
time (sec) N/A 0.066 22.663 0.493 13.539 0.291 1916 0.512 16.839
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 2918 96 20 22 24
N.S. 1 1.00 1.10 1.00 145.90 4.80 1.00 1.10 1.20
time (sec) N/A 0.065 41.364 0.394 39.391 0.301 7.220 3.119 17.963
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 0 22 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.00 1.10 1.20
time (sec) N/A 0.062 2.654 0.434 0.731 0.295 0.000 0.438 14.158
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 124 20 17 20 22
N.S. 1 1.00 1.11 1.00 6.89 1.11 0.94 1.11 1.22
time (sec) N/A 0.033 0.662 0.174 0.388  0.285 4.680 0.298 12.978
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 17 22 24
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.85 1.10 1.20
time (sec) N/A 0.068 0.883 0.175 0.530 0.256 1.518 0.362 13.157
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

number of rules
integrand size

is, the harder the integral is to solve. In this test file, problem number [40] had the largest
ratio of [.5650000000000000044]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of n(?rma?lize.d integrand nwmber of rules
# | grade i“:é); uzi:e antlfa(}r:i/jzlve leaf size integrand leaf size
1 A 11 6 1.00 18 0.333
2 A 9 5 1.00 18 0.278
3 A 7 4 1.00 16 0.250
4 | N/A 0 0 1.00 18 0.000
N/A 0 0 1.00 18 0.000
6 A 17 9 1.00 20 0.450
7 A 14 10 1.00 20 0.500
8 A 9 6 1.00 18 0.333
9 | N/A 0 0 1.00 20 0.000
N/A 0 0 1.00 20 0.000
1| A 9 8 1.00 20 0.400
12[| A 8 7 1.00 20 0.350
13| A 5 4 1.00 18 0.222
14| N/A 0 0 1.00 20 0.000
N/A 0 0 1.00 20 0.000
16| A 19 10 1.00 20 0.500
17 A 17 10 1.00 20 0.500
18| A 9 5 1.00 18 0.278
19| N/A 0 0 1.00 20 0.000
N/A 0 0 1.00 20 0.000
N/A 0 0 1.00 20 0.000
N/A 0 0 1.00 18 0.000
Continued on next page
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number of

number of

normalized

# | gade| s | i | ancerimive | CEO | R,
N/A 0 0 1.00 20 0.000
24/ A 11 6 1.00 18 0.333
25| A 9 5 1.00 18 0.278
26| A 7 4 1.00 16 0.250
27| N/A 0 0 1.00 18 0.000
N/A 0 0 1.00 18 0.000
29| A 17 9 1.00 20 0.450
30| A 14 10 1.00 20 0.500
31| A 9 6 1.00 18 0.333
32| N/A 0 0 1.00 20 0.000
N/A 0 0 1.00 20 0.000
34| A 14 8 1.00 20 0.400
35| A 12 7 1.00 20 0.350
36| A 10 6 1.00 18 0.333
37| N/A 0 0 1.00 20 0.000
N/A 0 0 1.00 20 0.000
39| A 36 10 1.00 20 0.500
40/ A 30 11 1.00 20 0.550
41| A 21 9 1.00 18 0.500
42| N/A 0 0 1.00 20 0.000
N/A 0 0 1.00 20 0.000
N/A 0 0 1.00 20 0.000
N/A 0 0 1.00 18 0.000
N/A 0 0 1.00 20 0.000
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3.1 [(c+dz)*(a+ asec(e + fx))dz

Optimal result . . . . . . . . . . e 391
Rubi [A] (verified) . . . . . . . . 40
Mathematica [A] (verified) . . . . . . . . . .. 43]
Maple [B] (verified) . . . . . . . . . . 43
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ... . 44
Sympy [F] . . o 45
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 45
Giac [F] . . . o o 161
Mupad [F(-1)] . . . oo 46

Optimal result

Integrand size = 18, antiderivative size = 227

a(c+dz)*  2ia(c+ dz)?arctan (ei(6+fm))
4d f
3iad(c + dw)2 PolyLog (2, _Z'ei(e+fx)>
+
72
3iad(c + dz)? PolyLog (2, ie"¢+/®))
_ o
6ad?(c + dz) PolyLog (3, —iei(ct/2))
_ "
6ad?(c + dz) PolyLog (3, ie'**/2))
+
3
6iad® PolyLog (4, —ie'(c+f))
_ i
6iad® PolyLog (4, ie'**/®))
Iz

/(c +dz)*(a+ asec(e + fz))dzx =

[Out] 1/4*ax(d*x+c)”4/d-2*I*a*(d*x+c) ~3*arctan(exp(I*(f*x+e)))/f+3*I*xaxd*(d*x+c)”
2*polylog(2,-I*exp(I*(f*x+e)))/f72-3*I*a*xd* (d*x+c) “2*polylog(2, I*xexp (I*(f*x

+e)) ) /f72-6%axd~2* (d*x+c) *polylog(3,-I*exp (I*(f*x+e)))/f~3+6%axd~2* (d*x+c) *
polylog(3,Ixexp(I*(f*x+e)))/f~3-6*I*a*d"3*polylog(4,-I*xexp(I*(f*x+e)))/f 4+
6*Ixaxd~3*polylog(4,I*xexp(Ix(f*x+e)))/f~4
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Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.00,
number of steps used = 11, number of rules used = 6 number of rules _ 0.333, Rules used

' integrand size
= {4275, 4266, 2611, 6744, 2320, 6724}

2ia(c + dz)® arctan (e+/*))

/(c +dz)*(a+ asec(e + fz)) dx =

f
6ad*(c + dz) PolyLog (3, —ie'¢+/®))
_ f3
6ad?(c + dz) PolyLog (3, ie'(¢*/2))
+
73
3iad(c + d.'II)2 PolyLog (2’ _iei(e+fx))
+
Iz
3iad(c + dz)? PolyLog (2, ie'(¢*/2))
_ o
a(c+dz)*  6iad® PolyLog (4, —ie'c*/2)
4d f4
6iad® PolyLog (4, ie'*/2)
Iz

[In] Int[(c + d*x)~3*(a + a*Sec[e + f*x]),x]

[Out] (a*x(c + d*x)~4)/(4%d) - ((2%I)*a*x(c + d*x) 3*ArcTan[E~(I*(e + f*x))])/f + (
(3*I)*axd*(c + d*x) 2xPolyLog[2, (-I)*E~(I*(e + f*x))]1)/£f72 - ((3*I)*axdx*(c

+ d*x) “2%PolyLog[2, I*E~(Ix(e + f*x))])/f"2 - (6*axd~2*(c + d*x)*PolyLogl[3

, (FI*E~(Ix(e + £*x))]1)/£°3 + (6*a*d~2*(c + d*x)*PolyLog[3, I*E~(Ix(e + f*
x))1)/£°3 - ((6*I)*a*xd~3*PolyLogl[4, (-I)*E~(I*(e + f*x))]1)/f~4 + ((6*I)*axd
~3xPolyLog[4, I*E~(Ix(e + f*x))])/f"4

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_)]1*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*c*nxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x], x] /; FreeQ[{F, a, b, c, e,
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f, g, n}, x] && GtQ[m, O]

Rule 4266

Int[cscl(e_.) + Pix(k_.) + (f_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 > Simp[-2%(c + d*x) “m*(ArcTanh[E~ (I*k*Pi)*E~(I*x(e + f*x))]/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)~(m - 1)*Logl[l - E~(I*k*Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*Logl[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, £}, x] &% IntegerQ[2+k] && IGtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(exp), x] /; FreeQl{a, b, c, d
> €, I, p}, X] && EqQ[b*d, a*e]

Rule 6744

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ bxx))) “pl/(bxckpxLog[F])), x] - Dist[f*(m/(bxc*p*Log[F])), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, O]

Rubi steps

integral = / (a(c+ dz)® + a(c + dz)? sec(e + fz)) d

4
= % + a/(c + dz)?sec(e + fz) dzx
_a(c+dr)*  2ia(c+ dx)® arctan (e=1/2))
B 4d f

(3ad) [(c+ dz)*log (1 — iec+/) dx N (3ad) [(c+ dz)?log (1 + ie'¢+/2)) dx
— ; .



_ac+ dz)*  2ia(c+ dz)®arctan (ei(e+fw))

4d 7
3iad(c + dz)? PolyLog (2, _iei(e+fr)) 3iad(c + dz)? PolyLog (2, jeilet fx))
+ 5 - :
! f
(6iad?) [(c + dz) PolyLog (2, —ie'**/2)) dz
_ 7
(6iad?) [(c + dz) PolyLog (2, ie**/)) dx
+ 2
f
_a(c+dz)*  2ia(c+ dr)® arctan (e¢1/7))
- 4d 7
3iad(c + dx)? PolyLog (2, —jeiletf “’)) 3iad(c + dx)? PolyLog (2, iei(€+fw))
+ 5 —
f 2
6ad?(c + dz) PolyLog (3, —ie*+/))  6ad?(c + dz) PolyLog (3, ie’c*+/2))
B 3 + 73
(6ad®) [ PolyLog (3, —ie"*/®)) dz  (6ad®) [ PolyLog (3,ie'**/?)) dz
+ —
f? f3
_ac+ dz)*  2ia(c+ dz)®arctan (6i(e+fw))
4 f
3iad(c + dz)? PolyLog (2, _iei(e+fm)) 3iad(c + dz)? PolyLog (2, jeilet fx))
+ —
f? 12
6ad?(c + dz) PolyLog (3, —ie“*®))  6ad?(c + dz) PolyLog (3, ie’¢+/))
N 3 + 3
! f
(6iad?) Subst ( [ PebLosGia) oy ei<e+fw>>
_ -
(6iad®) Subst ( [ ERLEEE) g, g, eilei)
+ 7i
_a(c+dz)!  2ia(c+ dx)? arctan (e(et/2))
- 4d f
3iad(c + dz)? PolyLog (2, —ie**/®)  3iad(c + dz)? PolyLog (2, ie!+/?)
+ -
f? IE
_ 6ad*(c + dz) PolyLog (3, —ieiletin) N 6ad*(c + dz) PolyLog (3, ie'(ct/2))
f? IE

6iad® PolyLog (4, —ie®*®))  6iad?® PolyLog (4, ie’¢+7®))
_ i " 5

42
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Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 218, normalized size of antiderivative = 0.96

4 dz)3 arct i(e+fz)
/(C+dx)3(a+asec(e+fx)) dr — a((c Z;lx) B i(c+ dz) ar}z an (e )
 3id(f*(c + d)? PolyLog (2, —ie'“*/%)) + 2idf (c + dx) PolyLog (3, —ie'“*/*)) — 2d° PolyLog (4, —ie"
Iz
N 3d(—if2 (c + dz)? PolyLog (2, z’ei(e+fw)) + Zd(f(c + dx) PolyLog (3’ Z-ei(e+fw)) + id PolyLog (4’ ioiletf
Iz

[In] Integrate[(c + d*x)~3*(a + a*Sec[e + f*x]),x]

[Out] a*x((c + d*x)~4/(4xd) - ((2*I)*(c + d*x) 3*ArcTan[E~(I*(e + f*x))])/f + ((3%
I)xd*x(£72x(c + d*x)~2xPolyLog[2, (-I)*E~(I*(e + f*xx))] + (2*I)*d*f*x(c + d*x
)*PolyLog[3, (-I)*E~(I*(e + f*x))] - 2%d~2*PolyLog[4, (-I)*E~(Ix(e + f*x))]
))/£74 + (3xd*x((-I)*f~2x(c + d*x)"2*xPolyLog[2, I*E~(I*(e + f*x))] + 2xd*(f*

(c + d*x)*PolyLogl[3, I*E~(I*(e + f*x))] + I*d*PolyLogl[4, I*E~(I*(e + f*x))]
)))/£74)

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 755 vs. 2(200) = 400.

Time = 1.46 (sec) , antiderivative size = 756, normalized size of antiderivative = 3.33

method | result

. 6a d3 polylog (3,iei(fz+e)) ¢ 2ia d3e3 arctan (e?(fz+e) 3ae2cd? In(14iei(fz+e) 3ad?cln(1—iei(fz+e)) 42 3ac?dIn
risch pygf(g ) + f4( )-I- §c3 )—I- ( 7 ) +

[In] int((d*x+c) ~3*(ataxsec(f*x+e)),x,method=_RETURNVERBOSE)

[Out] a*d™2*c*x~3+3/2*%a*xd*c”™2%x~2+a*xc”3*x+6/f " 3%a*d~3*polylog(3, I*exp (I*(f*x+e)))
*xx+1/f"4*axe”3*%d"3*%1n(1-I*xexp (I*(f*x+e)))-1/f*a*xd"3*1n(1+I*exp(I*(f*x+e)))*
x"3+1/f*a*d"3*x1n(1-I*exp (I* (f*x+e)))*x"3-6/f " 3*a*xd"3*polylog(3,-I*xexp (I*(f*
x+e) ) ) *x+6/f"3*%axd~2*c*polylog(3, I*exp(I*(f*x+e)))-1/f 4*a*e"3xd"3*1n(1+I*e
xp(I*x(f*xx+e)))-6/f"3%axd~2*cxpolylog(3,-I*exp(I*(f*x+e)))-2*I/f*a*c”3*arcta
n(exp(I*x(f*x+e)))+1/4*a*xd"3*x"4+1/4*a/d*c”4-6*I*a*xd~3*polylog(4,-I*xexp(I*(f
xx+e)) ) /f74+2+1/f 4*axd"3*e"3*arctan(exp(I*(fxx+e)))-6%I/f " 3*a*xc*d™~2*e"2*ar
ctan(exp(Ix(f*xx+e)))+6xI/f " 2*a*xc™2xd*e*arctan(exp(I*(fxx+e)))+6%I/f 2%axd~2
xcxpolylog(2,-Ixexp (I*(f*x+e)))*x-6*%I/f 2*a*d~2*cxpolylog(2,Ixexp (I*(f*x+e)
)) *xx+3/f " 3*%axe”2xc*d"2*1n (1+Ixexp (I* (f*x+e)))+3/f*axd~2*c*1ln(1-T*xexp (I*(£*x
+e)) ) *x"2+3/f*a*xc”2xd*1n(1-Ixexp (I* (f*x+e)) ) *x+3/f " 2*a*c™2xd*1n (1-I*exp (I*(
fxx+e)))*e-3/f*axc~2xd*1n (1+I*exp (I* (f*x+e)))*x-3/f 2*a*xc™2xd*1n (1+I*exp (I*
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(fxx+e)))*e-3/f*axd~2*c*1n(1+I*exp (I*(f*x+e)))*x~2-3/f " 3*xaxe”~2*c*d~2x1n(1-I
xexp (I* (f*x+e)))-3*%I/f"2xa*d"3*polylog(2, I*xexp (I* (f*x+e)))*x~2+3*I/f " 2*a*xd”
3*polylog(2,-Ixexp(I*(f*x+e)))*x"2-3*I/f " 2*%a*xc~2*d*polylog(2, I*exp(I*(f*x+e
)))+3*I/f"2xaxc~2*d*polylog(2,-I*exp (I* (f*x+e)))+6*I*a*xd~3*polylog(4, I*exp(
I*(fxx+e)))/f"4

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1085 vs. 2(187) = 374.

Time = 0.35 (sec) , antiderivative size = 1085, normalized size of antiderivative = 4.78

/(c + dz)3(a + asec(e + fx)) dz = Too large to display

[In] integrate((d*x+c) 3*(at+a*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/4*(a*xd™3*f"4*x"4 + 4*axc*xd~2+f"4*x"3 + 6xaxc”2xd*xf~4*x"2 + 4xaxc™3xf 4*x
+ 12xIxaxd~3*polylog(4, Ixcos(f*x + e) + sin(f*x + e)) + 12*I*axd"3x*polylog
(4, Ixcos(f*x + e) - sin(f*x + e)) - 12xIxa*xd~3*polylog(4, -Ixcos(f*x + e)
+ sin(f*x + e)) - 12xIxaxd”3xpolylog(4, -Ixcos(f*x + e) - sin(f*x + e)) - 6
*x (I*a*xd~3*f"2%x72 + 2%I*a*xckxd™~2+f~2%x + Ixaxc~2xd*f~2)*dilog(I*cos(f*x + e)
+ sin(f*x + e)) - 6%(Ixaxd~3*xf72xx"2 + 2xIxaxcxd 2xf~2xx + Ikaxc 2xd*xf~2)=*
dilog(I*cos(f*x + e) - sin(f*x + e)) - 6x(-I*a*d 3*xf"2%x"2 - 2xIxa*xckd 2xf~
2xx - Ikakxc™2xd*f~2)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 6x(-I*a*xd™3*f~
2%x72 - 2kIkakxckd 2*f"2%x - Ika*xc”2*d*f~2)*dilog(-I*cos(f*x + e) - sin(f*x
+ e)) - 2x(axd"3*e”3 - 3kakxc*d"2xe"2*f + 3Jkxaxc 2*dxexf~2 - axc”3*f"3)*log(c
os(fxx + e) + I*sin(f*x + e) + I) + 2%(a*d"3*%e”~3 - 3kakckd 2%e”~2*f + 3ka*c”
2xdxexf~2 - axc”3*%f~3)*log(cos(f*x + e) - I*sin(f*x + e) + I) + 2x(a*xd"3*f~
3*%x73 + 3kakckd"2*f"3%x72 + 3kakxc”2#d*f"3%x + a*xd"3%e”3 - 3xaxcxd"2xe”2xf +
3kaxc~2xd*exf~2) *log(I*xcos(f*x + e) + sin(f*x + e) + 1) - 2*(a*xd~3*f73*x"3
+ 3kakckd 2xf73%x72 + 3kakcT2*xd*f"3%x + axd"3%e”3 - 3*akckd"2%e”"2%f + 3xax
c~2xdxexf~2)xlog(I*cos(f*x + e) - sin(f*xx + e) + 1) + 2*%(a*d~3*f"3*xx"3 + 3%
axcxd"2xf73%x72 + 3kakcT2*d*f"3%x + axd"3*%e”3 - 3xaxckd"2xe”2*%f + 3kaxcT2*d
xexf~2)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - 2x(a*xd™3*f~3*x"3 + 3kakcx
d"2*£73*%x"2 + 3kakcT2xd*f"3*x + a*d"3*%e”3 - 3kakckd"2%e”2+f + 3kaxc 2xdxexf
~2)xlog(-I*cos(f*x + e) - sin(f*x + e) + 1) - 2*(axd"3%e”3 - 3*axcxd 2*e” 2%
f + 3xaxc”™2kd*exf~2 - axc”3xf"3)xlog(-cos(f*x + e) + Ixsin(f*x + e) + I) +
2% (a*d"3*e~3 - 3kaxcxd"2*e”2*xf + 3kakxc 2xdxexf~2 - axc”3*f"3)*log(-cos(f*x
+ e) - Ixsin(f*x + e) + I) - 12x(a*d”~3*f*xx + akxcxd~2xf)*polylog(3, I*cos(f*
X + e) + sin(f*x + e)) + 12%(axd"3*f*x + a*xc*d™2*f)*polylog(3, I*cos(f*x +
e) - sin(f*x + e)) - 12x(a*d"3xf*x + axcxd™2*f)*polylog(3, -Ixcos(f*x + e)
+ sin(f*x + e)) + 12x(axd"3*f*x + axc*xd”~2*f)*polylog(3, -I*cos(f*x + e) - s
in(f*x + e)))/f~4
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Sympy [F]

/(c+dx)3(a+asec(e+fx))dx = a(/c3dx+/c3sec(e+fx) d:c+/d3x3dx
—I—/30d2332 dw+/3c2dxdx+/d3x3 sec (e + fz)dz

+ / 3cd®z? sec (e + fr) dr + / 3ctdz sec (e + fx) dx)

[In] integrate((d*x+c)**3*(ata*sec(f*x+e)),x)

[Out] a*(Integral(c**3, x) + Integral(c**3xsec(e + f*x), x) + Integral (d**3*x**3,
x) + Integral (3xc*d*x2*x*x2, x) + Integral (3*c**2*d*x, x) + Integral (d**3x
xx*3*xsec(e + f*x), x) + Integral (3*kckxdx*2xxx*2*sec(e + f*x), x) + Integral(
3*xckx2xd*x*sec(e + f*x), x))

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 936 vs. 2(187) = 374.

Time = 0.43 (sec) , antiderivative size = 936, normalized size of antiderivative = 4.12

/(c + dz)?(a + asec(e + fx)) dz = Too large to display

[In] integrate((d*x+c) 3*(ata*sec(f*x+e)),x, algorithm="maxima")

[Out] 1/4x(4*x(f*xx + e)*a*c™3 + (f*x + e) 4*xaxd"3/f73 - 4*x(f*x + e) 3*a*d"3*e/f"3
+ 6% (f*xx + e) " 2%axd"3*e”2/f"3 - 4x(f*x + e)*axd"3*e”3/f"3 + 4*x(fxx + e) " 3*a
xcxd"2/f72 - 12x(f*x + e) "2xaxc*d"2xe/f"2 + 12x(f*x + e)*axcxd"2*e”2/f"2 +
6% (f*x + e) 2xaxc™2+d/f - 12x(f*x + e)*axc”2xd*e/f + 4xaxc”3*log(sec(f*x +
e) + tan(f*x + e)) - 4xa*d"3*e"3xlog(sec(f*x + e) + tan(f*x + e))/f73 + 12%
axcxd"2*e"2*log(sec(f*x + e) + tan(f*x + e))/f72 - 12xaxc”2xdxexlog(sec(f*x
+ e) + tan(f*x + e))/f + 2x(12xIxa*d”~3*polylog(4, I*e” (I*f*x + Ixe)) - 12%
I*xa*d~3*polylog(4, -Ixe” (Ixf*x + Ixe)) — 2x(I*(f*x + e) 3*axd~3 + 3*(-Ixaxd
“3xe + I*axcxd 2xf)*(f*x + e)”2 + 3*x(I*xaxd"3*e”2 - 2xI*akxckxd 2xexf + I*axc”
2xd*xf~2) *x (f*x + e))*arctan2(cos(f*x + e), sin(f*x + e) + 1) - 2% (I*(f*xx + e
) "3*a*xd”~3 + 3x(-Ikaxd"3*e + Ixa*xckd 2*f)*(f*x + e)”2 + 3k (I*a*xd"3xe”2 - 2*I
xaxcxd"2%exf + Ikxaxc ™ 2+d*f~2)*(f*x + e))*arctan2(cos(f*x + e), -sin(f*x + e
) + 1) - 6x(Ix(f*x + e) 2*%a*d™3 + I*axd"3*e”2 — 2kI*axcxd 2xexf + Ixaxc”~2*d
*£72 + 2k (-Ixa*xd"~3*e + Ixa*xc*d 2xf)*(f*x + e))*dilog(Ixe~(Ixfxx + I*e)) - 6
*(-Ix(f*x + e) 2%a*d"~3 - I*axd"3*e”2 + 2kI*akckxd 2xexf - Ixaxc 2xd*f~2 + 2%
(I*a*d™3*%e - Ikxakxckd™2*xf)*(f*x + e))*dilog(-Ixe” (I*f*x + Ixe)) + ((f*x + e)
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“3*axd”3 - 3*x(a*xd"3%e - axckxd"2*f)*(f*x + e)”2 + 3*k(axd"3xe”2 - 2xaxcxd"2*e
*f + axcT2xd*xf"2)x(f*xx + e))*log(cos(f*x + e)”2 + sin(f*x + e)”2 + 2*sin(fx*
x +e) + 1) - ((fxx + e)"3%a*d™3 - 3*(a*d™3%e - akckd™2xf)*(f*x + e)~2 + 3%
(a*d™3*%e”™2 - 2kakxckd™2ke*xf + axc™2kd*f~2)*(f*x + e))*log(cos(f*x + e)”2 + s
in(f*x + )72 - 2*sin(f*x + e) + 1) + 12%((f*x + e)*a*d™3 - a*xd™3%e + a*c*d
~2xf)*polylog(3, I*xe” (I*xf*xx + Ixe)) - 12x((f*x + e)*a*xd™3 - axd~3%e + axcxd
~2xf)*polylog(3, -Ixe~(Ixf*x + Ixe)))/f"3)/f

Giac [F]

/(c+dx)3(a+asec(e+fa:))dz = /(dz+c)3(asec (fx+e)+a)de

[In] integrate((d*x+c) 3*(ata*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)~3*(axsec(f*x + e) + a), x)

Mupad [F(-1)]

Timed out.

/(c+dw)3(a+asec(e+fx))dx = / (a—l— ) (c+dz)’do

a
cos (e + f z)

[In] int((a + a/cos(e + f*x))*(c + d*x)~3,x)

[Out] int((a + a/cos(e + f*x))*(c + d*x)~3, x)
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3.2 [(c+ dz)*(a+ asec(e + fx))dz

Optimal result . . . . . . . . . . . . e a1
Rubi [A] (verified) . . . . . . . . . 4
Mathematica [A] (verified) . . . . . . . . . .. 50)
Maple [B] (verified) . . . . . . . . . . 50
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ... . 3l
Sympy [F] . o o o Bl
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 52
Giac [F] . . . o o 52
Mupad [F(-1)] . . . oo 53

Optimal result

Integrand size = 18, antiderivative size = 157

a(c+dz)®  2ia(c+ dz)?arctan (ei(e+fm))
3d f

2iad(c + dw) PolyLog (2’ _Z'ei(e-l-fx))

+
72

2iad(c + dz) PolyLog (2, ie'*/2))
_ 7

2ad? PolyLog (3, —ie'(ct/2))
_ 5

2ad? PolyLog (3, ie'**/2))
+ [

/(c +dz)*(a + asec(e + fz)) dx =

[Out] 1/3*ax(d*x+c)~3/d-2*I*a*(d*x+c) 2*arctan(exp(I*(fxx+e)))/f+2*xI*xaxd* (d*x+c)*
polylog(2,-I*xexp(I*(fxx+e)))/f~2-2xIxaxd* (d*x+c)*polylog(2,Ixexp(I*(f*x+e))

) /£72-2%axd~2*polylog(3,-I*exp(I*(f*x+e)))/f~3+2*a*d~2*polylog(3, I*xexp (I*(f
*x+e)))/f73

Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.00,

_ _ = number of rules _
number of steps used = 9, number of rules used = 5, integrand size 0.278, Rules used
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= {4275, 4266, 2611, 2320, 6724}

2ia(c + dz)? arctan (e'(T/2))
f .
2iad(c + dz) PolyLog (2, —ie'*/2))
+
IZ
2iad(c + dz) PolyLog (2, ie"¢+/®))
_ P
N a(c+dz)®>  2ad*PolyLog (3, —ie'+/))
3d f3
2ad? PolyLog (3, ie'¢+/))
73

/(c +dz)*(a+ asec(e + fz))dz =

[In] Int[(c + d*x)~2%(a + a*Sec[e + f*x]),x]

[Out] (ax(c + d*x)~3)/(3*d) - ((2*I)*ax(c + dxx) 2*ArcTan[E~(Ix(e + £*x))])/f + (
(2xI)*axd*(c + d*x)*PolyLogl[2, (-I)*E~(I*(e + f*x))])/f~2 - ((2%I)*axd*(c +
d*x)*PolyLog[2, I*E~(Ix*(e + f*x))]1)/f~2 - (2%a*d~2*PolyLog[3, (-I)*E~(Ix*(e

+ £xx))])/£°3 + (2*axd~2*PolyLog[3, I*E~(Ix(e + f*x))])/f"3

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_.)]1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) ~“n]/(b*c*nxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 4266

Int[cscl(e_.) + Pix(k_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol
1 :> Simp[-2*(c + d*x) “m*(ArcTanh[E~ (I*xk*Pi)*E~(I*(e + f*x))]1/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)"(m - 1)*Log[l - E~(Ixk*#Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, f}, x] && IntegerQ[2*k] && IGtQ[m, O]

Rule 4275
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Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])“n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] &% IGtQ[n, 0]

Rule 6724
Int [PolyLog[n_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S

ymbol] :> Simp[PolyLogln + 1, c*(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps

integral = / (a(c+ dz)* + a(c + dz)*sec(e + fz)) dx

dz)?
= a(c—;——daz) + a/(c + dz)*sec(e + fz) dz
_a(c+dz)®  2ia(c+ dx)? arctan (e(ct/7))
B 3d f
(20d) (e +d)log (1~ ie"/D) de | (20d) [(c+ dr)log (1 +ie"/) du
f f
_a(c+dz)®  2ia(c+ dx)? arctan (ect/2))
~3d 7
2iad(c + dz) PolyLog (2, —ie"“t/?)) _ 2iad(c + dz) PolyLog (2, ie"*/")
+ —
f? 72
(2iad?) [ PolyLog (2, —ie"*/*)) dx  (2iad?) [ PolyLog (2,ie’“*/) dz
- +
f? 72
alc+dz)®  2ia(c+ dz)?arctan (e/©+/®))  2iad(c + dz) PolyLog (2, —iei(¢+/=))
- - +
3d f 72
i olyLog(2,~ix ilet+fz
2iad(c + dz) PolyLog (2’ iel(e+fx)) (2ad?) Subst (f %@) dz, z, eilet! ))
_ 7 B :
(2ad?) Subst ( i w dz, z, elets 1‘))
73
_a(c+ dz)®  2ia(c+ dz)?arctan (ei(e+fm))
~3d 7
. 2iad(c + dz) PolyLog (2, —ie"“*/?)) _ 2iad(c + d) PolyLog (2, ie"“*/))
f? B 72

2ad? PolyLog (3, —ie*/2))  2ad? PolyLog (3, ie'(c*/*))
o 13 + IE
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Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.96

/(c +dz)*(a + asec(e + fz)) dz

((c +dz)®  2i(c+ dx)?arctan (&)
= Q —_
f

3d
+2ﬂﬂf@+%h0deU%(Z—4é@””)+4deyhg(&—@éwH@n
73
+ 2d(—if(c + dz) PolyLog (2, ie!“*2)) + d PolyLog (3, ie¢*/2))) )
73

[In] Integrate[(c + d*x)~2+(a + a*Secl[e + f*x]),x]

[Out] a*x((c + d*x)~3/(3xd) - ((2*I)*(c + d*x) " 2*ArcTan[E~(Ix(e + f*x))]1)/f + ((2%
I)*d*(fx(c + d*x)*PolyLogl[2, (-I)*E~(I*(e + fxx))] + Ixd*PolyLogl[3, (-I)*E~

(Ix(e + £xx))]1))/£73 + (2%d*((-I)*f*(c + d*x)*PolyLog[2, I*E~(Ix(e + f*x))]

+ d*PolyLog[3, I*E~(I*(e + fxx))]1))/£f"3)

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 439 vs. 2(138) = 276.

Time = 1.34 (sec) , antiderivative size = 440, normalized size of antiderivative = 2.80

method | result

ae?d? ln(l—iei(fm"'e)) 2acd1n(1—iei(f’”+e))e + 2a d? polylog(3,iei(fz+e))

: ad?z? 2 2 ac® _
risch 5 +adcr® +actT + % 7 72 7

2acd

[In] int((d*x+c) 2x(at+ta*sec(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/3*a*xd~2*x~3+a*xd*ckx~2+a*xc”~2*x+1/3%a/d*c”~3-1/f"3%a*e”2%d"~2+1n(1-I*exp(I*(f
xx+e)))+2/f"2%axcxd*1n(1-I*exp (I*(f*x+e)))*e+2*a*d~2*xpolylog(3, I*xexp (I*(f*x

+e))) /£73+2/f*axckd*1ln(1-Ixexp (I* (f*x+e))) *x+2xI1/f"2*a*cxd*polylog(2,-I*exp
(Ix(fxx+e)))+2xI/f"2%a*xd~2*polylog(2,-Ixexp (I* (f*x+e)))*x+4*I1/f ~2*a*xckd*ex*a
rctan(exp(Ix(f*xx+e)))-2xI/f 3*a*xd"2xe 2*arctan(exp(I*(f*x+e)))+1/f " 3*a*xe”2x
d~2*x1n(1+I*exp (I*(f*x+e)))-2*axd~2*xpolylog(3,-I*exp(I*(f*x+e)))/f~3-2+I/f"2
xa*cxd*polylog(2, Ixexp(I*(f*xx+e)))+1/f*axd~2*x1n(1-I*xexp(I*(f*x+e)))*x"2-1/f
*xaxd~2x1n (1+I*exp (I* (fxx+e)) ) *x~2-2+I/f*a*xc”2*arctan (exp (I* (fxx+e)))-2/f*ax*
ckd*1n(1+Ixexp (I*(fxx+e)))*x-2/f " 2xa*xc*d*1ln(1+I*xexp (I*(f*x+e)))*e-2%I/f"2xa
*d~2*polylog (2, I*exp(I*(f*xx+e)))*x
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 675 vs. 2(129) = 258.

Time = 0.34 (sec) , antiderivative size = 675, normalized size of antiderivative = 4.30

/(c +dz)*(a + asec(e + fz)) dz
_ 2ad?f32® 4 6 acdf’z® + 6 ac® fx — 6 ad®polylog(3,i cos (fx + €) + sin (fz + €)) + 6 ad®polylog(3, 4 cos

[In] integrate((d*x+c) ~2*(ata*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/6%(2%a*d~2+f73%x"3 + 6xaxcxd*f~3*xx"2 + 6xaxc”2xf"3*x - 6*a*xd”2*polylog(3,
Ixcos(f*xx + e) + sin(f*x + e)) + 6%axd”2*polylog(3, Ixcos(f*x + e) - sin(f
*X + e)) - 6xaxd”~2*polylog(3, -Ixcos(f*x + e) + sin(f*x + e)) + 6*a*xd~2xpol
ylog(3, -I*cos(f*x + e) - sin(f*x + e)) - 6x(I*axd~2*f*x + Ixaxc*d*f)+*dilog
(Ixcos(f*x + e) + sin(f*x + e)) - 6% (I*axd™2xfxx + I*kaxcxd*f)*dilog(I*cos(f
*x + e) - sin(f*x + e)) - 6*(-Ixaxd™2xfxx - Ixaxcxd*f)*dilog(-Ixcos(f*x + e
) + sin(f*x + e)) - 6x(-I*axd™2xf*x - I*axc*d*f)*dilog(-I*cos(f*x + e) - si
n(f*x + e)) + 3*(axd"2*%e”2 - 2%akxckdxexf + axc”2xf"2)xlog(cos(f*x + e) + Ix
sin(fxx + e) + I) - 3*(axd™2*e”2 - 2%a*ckdxexf + axc™2xf~2)xlog(cos(f*x + e
) - Iksin(f*x + e) + I) + 3k(a*d™2*xf72%x"2 + 2kaxckd*f~2*x - a*d™2%e”2 + 2%
akckdkxexf)*log(I*xcos(f*x + e) + sin(f*x + e) + 1) - 3*x(a*xd™2*f~2%x"2 + 2%ax
ckd*f~2xx - axd"2xe”2 + 2kaxcxd*e*f)*log(I*cos(f*x + e) - sin(f*x + e) + 1)
+ 3x(axd"2+f"2*%x"2 + 2%akckd*xf"2%x - axd"2%e”2 + 2xaxc*d*exf)*log(-I*cos(f
*x + e) + sin(f*x + e) + 1) - 3x(a*xd™2*f"2*x"2 + 2*a*xc*kd*f~2%x - a*xd~2xe”2
+ 2xaxcxdxexf)*log(-I*cos(f*x + e) - sin(fxx + e) + 1) + 3x(a*d™2*e”2 - 2%a
xckdxexf + axc”2xf72)*log(-cos(f*x + e) + Ixsin(f*x + e) + I) - 3x(a*xd™2*e”
2 - 2kakxckdkexf + axc™2*%f"2)*log(-cos(f*x + e) - I*sin(f*x + e) + I))/f"3

Sympy [F]

/(c + dz)*(a + asec(e + fz))dx = a(/ c®dz + /02 sec (e + fx)dz + /d2x2 dx
—I—/20d:cdz—|—/d2a:2 sec (e + fx)dz
+ /2cdx sec (e + fz) da:)

[In] integrate((d*x+c)**2x*(a+a*sec(f*x+e)),x)

[Out] a*(Integral(c**2, x) + Integral(c**2xsec(e + f*x), x) + Integral (d**2*x**2,
x) + Integral(2xc*d*x, x) + Integral (d**2*x**2*sec(e + f*x), x) + Integral
(2*xcxd*x*sec(e + f*x), x))
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 516 vs. 2(129) = 258.

Time = 0.40 (sec) , antiderivative size = 516, normalized size of antiderivative = 3.29

/(c +dz)*(a+ asec(e + fz)) dx

6 (fﬁi + 6)&02 + 2(fac—;§)3ad2 _ 6(fx-|—fez)2ad2e + 6(f$~|}€2)ad262 + 6(fac—i}e)2acd _ 12 (fx—}-e)acde + 6ac? log (sec (fLE 4 6:

[In] integrate((d*x+c) ~2*(ata*sec(f*x+e)),x, algorithm="maxima")

[Out] 1/6%(6*%(f*x + e)*a*xc™2 + 2*(f*xx + e) 3*axd~2/f72 - 6x(f*x + e) 2xaxd"~2*e/f~
2 + 6x(fxx + e)xaxd"2*e"2/f72 + 6x(f*x + e) 2xaxckxd/f - 12x(f*x + e)*akxcxdx
e/f + 6xa*c”2xlog(sec(f*x + e) + tan(f*x + e)) + 6*axd~2xe”2*log(sec(f*x +
e) + tan(f*xx + e))/f72 - 12xa*ckd*exlog(sec(f*x + e) + tan(f*xx + e))/f + 3x
(4xaxd~2*polylog(3, Ixe”(Ixf*x + Ixe)) - 4*axd~2*polylog(3, -I*xe” (I*xf*xx + I
xe)) - 2% (Ix(f*x + e) 2xa*d™2 + 2x(-I*axd"2*e + Ixa*cxd*f)*(f*x + e))*arcta
n2(cos(f*x + e), sin(f*x + e) + 1) - 2x(Ix(f*x + e) 2xaxd”2 + 2x(-Ixa*d 2*e
+ Ixaxckxdxf)*x(fxx + e))*arctan2(cos(f*x + e), -sin(f*xx + e) + 1) - 4x(I*x(f
*x + e)*axd”2 - I*axd"2xe + Ixakxckxd*f)*dilog(Ixe~ (I*f*x + Ixe)) - 4*x(-Ix(f*
X + e)*axd”2 + I*axd~2%e - Ixaxckd*f)*dilog(-Ixe” (Ixf*xx + Ixe)) + ((f*xx + e
)"2%a*xd"2 - 2%(axd"2%e - axckd*f)*(fxx + e))*log(cos(f*x + e)”2 + sin(f*xx +
e)”2 + 2xsin(f*x + e) + 1) - ((fxx + e) 2*a*d™2 - 2*(axd"2*e - axcxd*f)*(f
*x + e))*log(cos(f*x + e)”2 + sin(f*x + e)”"2 - 2*sin(f*x + e) + 1))/£72)/f

Giac [F]
/(c +dz)?*(a+ asec(e + fz)) dx = / (dz + ¢)*(asec (fz +€) + a) dz

[In] integrate((d*x+c) 2*(a+axsec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)~2*(axsec(f*x + e) + a), x)



Mupad [F(-1)]

Timed out.

a
cos (e + f z)

/(c+da:)2(a+asec(e+fx))dx = / (a—i— ) (c+dz) do

[In] int((a + a/cos(e + f*x))*(c + d*x)~2,x)

[Out] int((a + a/cos(e + f*x))*(c + d*x)~2, x)

53
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3.3 [(c+dz)(a+ asec(e + fz))dx

Optimal result . . . . . . . . . . . . e LYl
Rubi [A] (verified) . . . . . . . . !
Mathematica [A] (verified) . . . . . . . . . .. 561
Maple [A] (verified) . . . . . . . .. 50
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... .. ..., BT
Sympy [F] . . o 57
Maxima [F] . . . . . o bY
Giac [F] . . . o o 58]
Mupad [F(-1)] . . . o bY:]

Optimal result

Integrand size = 16, antiderivative size = 93

a(c+dzx)? 2ia(c+ dz)arctan (ei(e+fw))

/(c +dz)(a + asec(e + fz))dz =

2d f
iad PolyLog (2, —ie'¢+/®))
+
72
iad PolyLog (2, ie'(¢t/2)
_ 7

[Out] 1/2*ax(d*x+c)~2/d-2*I*a*(d*x+c)*arctan(exp(I*(f*x+e)))/f+I*a*d*polylog(2,-I
xexp (I*(f*x+e)))/f~2-I*a*d*polylog(2,Ixexp(I*(f*x+e)))/f~2

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 4, Bunber of rules _ o5 Ryjes used = {4275,

' integrand size
4266, 2317, 2438}

2ia(c + dz) arctan (e'¢+/?)
f .
a(c+ dz)? N iad PolyLog (2, —ie'(¢+/®))
2d f2
iad PolyLog (2, ieiletsf x))
_ 7

/(C+dx)(a+asec(e+ fz))dz = —

[In] Int[(c + d*x)*(a + a*Sec[e + fx*xx]),x]
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[Out] (ax(c + d*x)~2)/(2*d) - ((2xI)*ax(c + d*x)*ArcTan[E~(I*(e + f*x))])/f + (Ix*
axd*xPolyLog[2, (-I)*E~(I*(e + f*x))]1)/f"2 - (I*a*d*PolyLog[2, I*E~(I*(e + f
*xx))])/£72

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logl[a + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Log[(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 4266

Intlcscl(e_.) + Pix(k_.) + (f_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 :> Simp[-2*(c + d*x) “m*(ArcTanh[E~ (Ixk*Pi)*E~(I*(e + f*x))1/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)~(m - 1)*Logl[l - E~(Ixk*Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, f}, x] && IntegerQ[2xk] && IGtQ[m, O]

Rule 4275
Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)

, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rubi steps

integral = /(a(c +dz) + a(c + dz) sec(e + fz)) dx

2
= % +a/(c—|—dm)sec(e+fx)dx
_ac+ dz)?  2ia(c+ dz)arctan (ei(eJrfw))
Y 7

(ad) [log (1 — ie’“t/®)) dz  (ad) [log (1 + iecT/?)) dz

- +
f f

_a(c+ dz)?  2ia(c + dz)arctan (ei(e+f:v))
N 2d [;

(tad)Subst ( 1l M dz, z,eletf w)) (iad)Subst < I 10g(1c+iw) de, ., ei(e-‘rfx))
f? - 72

+
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_ac+ dz)?  2ia(c+ dz)arctan (ei(6+fw))

2 7
N iad PolyLog (2, —ie'**/))  jad PolyLog (2,ie"¢+/®))

f? f?

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.94

/(c + dz)(a+ asec(e + fx))dz

a(f(fz(2c+ dz) — 4i(c + dz) arctan (e**/2))) + 2id PolyLog (2, —ie‘*f2)) — 2id PolyLog (2, ie‘**/2))’
= 27

[In] Integrate[(c + d*x)*(a + a*Sec[e + f*x]),x]

[Out] (ax(fx(fxx*x(2%c + d*x) - (4*xI)*(c + d*x)*ArcTan[E~(I*(e + f*x))]) + (2*I)*d
*PolyLog[2, (-I)*E~(I*(e + f*x))] - (2*I)*d*PolyLogl[2, I*E~(Ix(e + f*x))]))
/(2%£72)

Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.53

method result
<d(—(f:v+e) 1n(1+iei(fz+e))+(fw+e) ln(l—iei(fz+e))+idilog(1+iei(fz+e))—idilog(l—iei(fz+e)))
a -
f
1 2
parts a(3dz? + zc) + 7
acln(sec(fz+e)+tan(fo+e))— 2delntsec(fete)ttan(fate)) | ad(=(fo+e) In (143X 2HE)) 1 (fate) in(1-ie’ (24 ) 4i ditog
derivativedivid L L
erivativedivides 7
d(=(fo+e) In(1+ie(FT+E)) 4 (fote) In(1-iet(F2teE)) 1 qil
defaul acln(seC(fw+e)+tan(fw+e))—adeln(sec(fw_'_fe)“an(fm-,'e))~|—a ( = n( < ) = n( < 7 ) & log(
efault 7
risch ad 2 + azc — 2iacarctan(ei(fm+e)) i adln(1+iei(fz+e))x . adln(l—i—iei(f’”’e))e adln(l—ie"(f’”"'e))x
2 ! f f2 !

[In] int((d*x+c)*(at+axsec(f*x+e)),x,method=_RETURNVERBOSE)

[Out] a*(1/2*d*x"~2+x*c)+a/f*(1/f*d* (- (f*x+e)*1n(1+I*xexp(I*(f*x+e)))+(f*x+e)*1n(1-
Ixexp(I*(f*x+e)))+Ixdilog(1+I*exp(I*(f*x+e)))-I*dilog(1-I*exp(I*(f*x+e))))+
cx1n(sec(fxx+e)+tan(f*x+e))-e/fxd*1ln(sec(f*x+e)+tan(f*xx+e)))
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 343 vs. 2(73) = 146.

Time = 0.33 (sec) , antiderivative size = 343, normalized size of antiderivative = 3.69

/(c—l—dx)(a+asec(e—|— fx))dz
_ad 222 + 2 acf?z — i adLiy(i cos (fz +€) +sin (fz + €)) — i adLis(i cos (fz + e) —sin (fz + €)) + i adl

[In] integrate((d*x+c)*(ata*sec(f*x+e)),x, algorithm="fricas")
[Out] 1/2*%(a*d*f~2*xx"2 + 2*%axcxf~2*x - Ixa*xd*dilog(I*cos(f*x + e) + sin(f*x + e))
- Ixaxd*dilog(I*cos(f*x + e) - sin(f*x + e)) + I*axdxdilog(-I*cos(f*x + e)
+ sin(f*x + e)) + I*axdxdilog(-I*cos(f*x + e) - sin(f*x + e)) - (a*xd*e - a
xcxf)*xlog(cos(fxx + e) + I*sin(f*x + e) + I) + (axdxe - axcxf)*log(cos(f*x
+ e) - Ixsin(f*x + e) + I) + (axd*fxx + akxd*xe)*log(I*cos(f*x + e) + sin(fx*x
+ e) + 1) - (axdxfxx + axdxe)*log(I*cos(f*x + e) - sin(f*x + e) + 1) + (ax
dxfxx + axdxe)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - (axd*f*x + axd*e)x*
log(-I*cos(f*x + e) - sin(f*x + e) + 1) - (axdxe - axcxf)*log(-cos(f*x + e)
+ Ixsin(f*x + e) + I) + (axd*e - a*c*f)*log(-cos(f*x + e) - I*sin(f*x + e)
+ 1))/£72

Sympy [F]

/(c+dx)(a+asec(e+fx))dx=a</cdw+/csec(e+fx)dx+/dxdx
+/dxsec (e+ fx) dw)

[In] integrate((d*x+c)*(ata*sec(f*x+e)),x)
[Out] a*(Integral(c, x) + Integral(c*sec(e + f*x), x) + Integral(d*x, x) + Integr
al(dxx*sec(e + f*x), x))
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Maxima [F]
/(c +dz)(a + asec(e + fz)) dz = / (dx +c)(asec(fx +e) +a)dz

[In] integrate((d*x+c)*(ata*sec(f*x+e)),x, algorithm="maxima")

[Out] 1/2*%(a*xd*f*xx~2 + 2kaxcxf*x + 4*xaxdxf*xintegrate((x*cos(2xf*x + 2%e)*cos(f*x
+ e) + x*sin(2*f*x + 2xe)*sin(f*x + e) + xxcos(f*x + e))/(cos(2*f*x + 2%e)”
2 + sin(2*f*x + 2%e)”"2 + 2*cos(2xf*x + 2xe) + 1), x) + a*c*log(cos(f*x + e)
~2 + sin(f*x + e)”2 + 2*sin(f*x + e) + 1) - a*xcxlog(cos(f*x + e)”2 + sin(fx*

X + e)”2 - 2xsin(fxx + e) + 1))/f

Giac [F]
/(c + dx)(a + asec(e + fx))dr = / (dz +c)(asec(fr+e)+a)dx

[In] integrate((d*x+c)*(ata*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)*(a*sec(f*x + e) + a), x)

Mupad [F(-1)]

Timed out.

/(c-l-dw)(a-}-asec(e-l—fz))dx:/<a+m) (c+dz) dz

[In] int((a + a/cos(e + f*xx))*(c + d*x),x)

[Out] int((a + a/cos(e + f*x))*(c + d*x), x)



3.4  [oreltla) gy

Optimal result . . . . . . . . . . . e
Rubi [N/A] .« .
Mathematica [N/A] . . . . . . o
Maple [N/A] (verified) . . . . . . . . . .
Fricas [N/A] . . . . o o
Sympy [N/A] . .
Maxima [N/A] . . . . . . .
Giac [N/A] . . . o
Mupad [N/A] . . . ..o

Optimal result

Integrand size = 18, antiderivative size = 18

/a—l—asec(e—l—fz) i =Int<

c+dx

[Out] Unintegrable((ata*sec(f*x+e))/(d*x+c),x)

Rubi [N/A]
Not integrable

a+ asec(e + fz)
T

99

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0

[Out] Defer[Int] [(a + a*Sec[e + f*x])/(c + d*x), x]

Rubi steps

integral = /

number of rules
’ integrand size

/a+asec(e+fx) dac:/
c+dz

[In] Int[(a + a*Sec[e + f*x])/(c + d*x),x]

= 0.000, Rules used = {}

a + asec(e + fz) .

a + asec(e + fz)
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Mathematica [N/A]

Not integrable
Time = 6.84 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a-l—asec(e-l—fx) dxz/a+asec(e+fa:) iz
c+dz c+dz

[In] Integrate[(a + a*Sec[e + f*x])/(c + d*x),x]
[Out] Integratel[(a + a*Secl[e + f*x])/(c + d*x), x]

Maple [N/A] (verified)
Not integrable

Time = 0.44 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a—f-asec(fw-i—e)dx
dr +c

[In] int((ata*sec(f*x+e))/(d*x+c),x)

[Out] int((ata*sec(f*x+e))/(d*x+c),x)

Fricas [N/A]

Not integrable
Time = 0.30 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a—i—asec(e—i—fx)dx=/asec(fx+e)+adx
c+dz dz +c

[In] integrate((a+a*sec(f*x+e))/(d*x+c),x, algorithm="fricas")

[Out] integral((a*sec(f*x + e) + a)/(d*x + c), x)

Sympy [N/A]

Not integrable
Time = 0.66 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

a+asec(e+ fr) . /sec(e+fx) / 1
/ c+dz dw-a( c+dz dz + c—}—dxdx

[In] integrate((ata*sec(f*x+e))/(d*x+c),x)
[Out] a*(Integral(sec(e + f*x)/(c + d*x), x) + Integral(1l/(c + d*x), x))
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Maxima [N/A]

Not integrable
Time = 0.54 (sec) , antiderivative size = 116, normalized size of antiderivative = 6.44

/a+asec(e+fx) s :/asec(fa:-l—e) ta
c+dz dr+c
[In] integrate((a+a*sec(f*x+e))/(d*x+c),x, algorithm="maxima")

[Out] (2*a*d*integrate((cos(2xf*x + 2%e)*cos(f*x + e) + sin(2*f*x + 2%e)*sin(f*x
+ e) + cos(f*x + e))/((d*x + c)*cos(2*f*x + 2xe)~2 + (d*x + c)*sin(2xf*x +
2%e)”2 + dxx + 2*(d*x + c)*cos(2xf*x + 2xe) + c), x) + axlog(d*x + c))/d

Giac [N/A]

Not integrable
Time = 0.40 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a—l—asec(e—l—fx)dacz/asec(fm+e)+adx
c+dx dx +c

[In] integrate((ata*sec(f*x+e))/(d*x+c),x, algorithm="giac")

[Out] integrate((axsec(f*x + e) + a)/(d*x + c), x)

Mupad [N/A]

Not integrable
Time = 12.77 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

a+#
/G;+G,S€C(€+f$) d.’L'Z/ cos(e+f x) d
c+dzx c+dzx

[In] int((a + a/cos(e + f*x))/(c + d*x),x)
[Out] int((a + a/cos(e + f*x))/(c + d*x), x)
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Optimal result

a+asec(e+fx)
(ct+dz)? dx

RUDL [N/A] © © o oot e e e e e

Mathematica [N/A]

Maple [N/A] (verified)
Fricas [N/A] . . . . o o
Sympy [N/A] . .

Maxima [N/A]

Giac [N/A] .« . o
Mupad [N/A] . . . .

Optimal result

Integrand size = 18, antiderivative size = 18

/ a+ asec(e + fx)

(c+ dz)?

dz

B a+ asec(e + fz)
= Int ( (c+dz)? 7’ x)

[Out] Unintegrable((at+a*sec(f*x+e))/(d*x+c)~2,x)

Rubi [N/A]
Not integrable

62

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0

/

a+ asec(e + fx) /
dr =

(c+ dx)?

number of rules

’ integrand size

a+ asec(e + fr)

= 0.000, Rules used = {}

dz

[In] Int[(a + ax*Secl[e + f*x])/(c + d*x)~2,x]
[Out] Defer[Int] [(a + a*Sec[e + f*x])/(c + d*x)~2, x]

Rubi steps

integral = /

a+ asec(e+ fz)

(c+ dz)?

dx

(¢ + dx)?
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Mathematica [N/A]

Not integrable
Time = 5.63 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+asec(e+ fr) . [a+asec(e+ fr)
/ (c+ dzx)? de = / (c+ dz)? de

[In] Integratel[(a + a*Sec[e + f*x])/(c + d*x)~2,x]
[Out] Integratel[(a + a*Secl[e + f*x])/(c + d*x)~2, x]

Maple [N/A] (verified)
Not integrable

Time = 0.50 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a+asec(fx+e)dx
(dz + ¢)?

[In] int((atax*sec(f*x+e))/(d*x+c)~2,x)

[Out] int((at+a*sec(f*x+e))/(d*x+c)~2,x)

Fricas [N/A]

Not integrable
Time = 0.27 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.72

a+asec(e+ fz) .,  [asec(fr+e)+a
/ (c+dx)? de = / (dx + c)2 dz

[In] integrate((a+a*sec(f*x+e))/(d*x+c)~2,x, algorithm="fricas")

[Out] integral((a*sec(f*x + e) + a)/(d"2*x"2 + 2%cxd*x + c~2), x)

Sympy [N/A]

Not integrable
Time = 2.55 (sec) , antiderivative size = 46, normalized size of antiderivative = 2.56

a+asec(e+ fz) , / sec (e + fx) / 1
/ (c+ dx)? dz = a( c? + 2cdz + d?z? dz + c + 2cdzx + d?a? dz

[In] integrate((ata*sec(f*x+e))/(d*x+c)**2,x)
[Out] a*(Integral(sec(e + f*x)/(cx*2 + 2xc*d*x + d**2xxx*2), x) + Integral(1l/(c*x*

2 + 2kckdkx + dxx2xx**2), x))
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Maxima [N/A]

Not integrable
Time = 0.59 (sec) , antiderivative size = 172, normalized size of antiderivative = 9.56

a+asec(e+ fz) . [asec(fr+e)+a
/ (c+ dx)? de = / (dx + c)2 dz

[In] integrate((a+a*sec(f*x+e))/(d*x+c)~2,x, algorithm="maxima")

[Out] (2x(axd~2*x + axcxd)*integrate((cos(2xfxx + 2*e)*cos(f*x + e) + sin(2xfxx +
2xe)*xsin(f*x + e) + cos(f*xx + €))/(d72*%x"2 + 2%c*d*x + (d72*x72 + 2kc*d*x
+ c"2)*cos(2xfxx + 2%e)”2 + (d72*x"2 + 2kxckxd*x + c”2)*sin(2*f*x + 2*%e)"2 +
c™2 + 2x(d72*%x"2 + 2xckd*x + c”2)*cos(2*fxx + 2%e)), x) - a)/(d"2*x + cxd)

Giac [N/A]

Not integrable
Time = 2.13 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+asece+ fz) . [asec(fr+e)+a
/ (c+ d)? d“””‘/ drreo?  ©

[In] integrate((ataxsec(f*x+e))/(d*x+c)~2,x, algorithm="giac")

[Out] integrate((axsec(f*x + e) + a)/(d*x + c)~2, x)

Mupad [N/A]

Not integrable
Time = 13.04 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/ a+ asec(e + fz) / a+ cos(eifx)
- = [ ———5-dz
(c+dz) (c+dz)

[In] int((a + a/cos(e + f*x))/(c + d*x)~2,x)
[Out] int((a + a/cos(e + f*x))/(c + d*x)~2, x)



3.6 [(c+dz)*(a+ asec(e + fz))* dz

Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Maple [B] (verified) . . . . . . . . . ..

Fricas [B] (verification not implemented) . . . . . ... ... ... ... .. .....

Sympy [F] . . o
Maxima [B] (verification not implemented) . . . . . . . .. ... .. .. L.

Giac [F] . . . o o

Optimal result

Integrand size = 20, antiderivative size = 371

;22 dx)3 2 dr)4

/(c +dz)3(a + asec(e + fz))?dz = _w (c;_ z) L@ (CL z)

4ia®(c + dz)® arctan (e'¢+/®))

f .
3a?d(c + dz)?log (1 + e(etf2)
IZ

6ia’d(c + dz)? PolyLog (2, _Z'ei(e+fz))

_|_
Iz
6ia’d(c + dz)? PolyLog (2, te'**/2))
Iz

3ia’d?(c + dz) PolyLog (2, —e(c+/2))
_ A

12a2d?(c + dz) PolyLog (3, —ie'(¢*/2))
_ 7

12a%d*(c + dz) PolyLog (3, ie'**/2))
+

73
N 3a?d® PolyLog (3, —e%(etf2))
2f4

12ia%d? PolyLog (4, —ie'**/2))
_ i

12ia%d? PolyLog (4, ieiletf z))

Iz

a*(c+ dx)®tan(e + fz)

’ 7
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[Out] -Ixa~2*(d*x+c) ~3/f+1/4*a~2*(d*x+c) ~4/d-4*I*a~2*(d*x+c) ~3*arctan(exp (I*(f*xx+
e)))/f+3xa~2*d* (d*x+c) “2*1n (1+exp (2xI* (fxx+e))) /£~ 2+6%I*a~2*d* (d*x+c) ~2*pol
ylog(2,-I*xexp(I*(f*x+e)))/f"2-6*%I*a~2*d* (d*x+c) "2*polylog(2, I*exp (I*(f*x+e)
))/£72-3%I*a"~2%d 2% (d*x+c) *polylog(2,-exp (2*I* (f*x+e))) /£73-12%a~2*d~2* (d*x
+c)*polylog(3,-I*exp (I*(f*x+e)))/£73+12%a"~2%d 2% (d*x+c)*polylog(3, I*xexp (I*(
fxx+e)))/£73+3/2*%a"2xd"3*polylog(3,-exp (2*I* (f*x+e)))/f~4-12%I*a~2*d~3*poly
log(4,-I*xexp(I*(f*x+e)))/f~4+12%I*a"~2xd"3*polylog(4,I*exp(I*(f*x+e)))/f 4+a

~2% (d*x+c) “3*tan(f*xx+e) /£

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 371, normalized size of antiderivative = 1.00,

number of steps used = 17, number of rules used = 9, umber of rules _ 4 450 Ryles used
integrand size

= {4275, 4266, 2611, 6744, 2320, 6724, 4269, 3800, 2221}

4ia®(c + dz)3 arctan (e'¢+/®))
f .
3ia’d?(c + dz) PolyLog (2, _621(6+fw))
_ f
12a%d*(c + dz) PolyLog (3, —ie'*/2))
_ 7
12a%d*(c + dz) PolyLog (3, ie'*/2))
_|_
73
6ia’d(c + dz)? PolyLog (2, —ie'+/2))
_|_
Iz
6ia’d(c + dz)? PolyLog (2, te'**/2))
_ B
3ad(c + dz)*log (1 + e(e+/o))
2
N a*(c+dz)3tan(e + fz) ia%(c+ dx)3

/(c +dz)3(a + asec(e + fz))*dr =

f f
N a*(c + dx)* N 3a2d3 PolyLog (3, —e*(<+/2))
4d 2f4
12ia®d3 PolyLog (4, —ie"¢+/®))
— i
12ia®d® PolyLog (4, ie"¢+/®))
Iz

[In] Int[(c + d*x)~3*(a + a*Sec[e + f*x])~2,x]

[Out] ((-I)*a"2*(c + d*x)~3)/f + (a"2*(c + d*x)"4)/(4*d) - ((4xI)*a~2*(c + d*x)"3
xArcTan[E~(Ix(e + fx*x))])/f + (3*a~2xd*(c + d*x) 2*Log[l + E~((2*I)*(e + fx*
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x))1)/£72 + ((6%I)*a~2*d*(c + d*x) 2*PolyLog[2, (-I)*E~(Ix(e + f*x))])/f~2
- ((6xI)*a~2*d*(c + d*x) 2*PolyLog[2, I*E~(Ix(e + f*x))]1)/£f72 - ((3*I)*a~2x
d"2x(c + d*x)*PolyLog[2, -E~((2*I)*(e + £*x))])/f"3 - (12*%a~2%d"2*(c + d*x)
*PolyLog[3, (-I)*E~(I*(e + f*x))]1)/f~3 + (12%xa~2*%d"2*(c + d*x)*PolyLogl[3, I
*E~(Ix(e + £xx))])/£73 + (3*a~2%d~3*PolyLog[3, -E~((2*I)*(e + f*x))])/(2*f~
4) - ((12%I)*a~2xd"3*PolyLogl[4, (-I)*E~(I*(e + f*x))])/f~4 + ((12%I)*a~2xd~
3*PolyLog[4, I*E~(I*(e + f*x))])/f"4 + (a"2*(c + d*x) " 3*Tan[e + f*xx])/f

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_)]1*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*c*nxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] && GtQ[m, O]

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*x(m + 1))), x] - Dist[2*I, Int[(c + d*x) “m*x(E~(2*I*(e
+ fxx))/(1 + E"(2%Ix(e + f*x)))), x], x] /; FreeQ[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 4266

Int[cscl(e_.) + Pi*x(k_.) + (£_.)*(x_)]*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol
1 :> Simp[-2*(c + d#*x) “m* (ArcTanh[E~ (I*k*Pi)*E~(I*(e + f*x))]1/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)"(m - 1)*Log[l - E~(Ixk*Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x]) /; FreeQ[{c, d, e, £}, x] && IntegerQ[2*k] && IGtQ[m, 0]
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Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*
Cotle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (a_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])“n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rule 6744

Int[(Ce_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))“pl/(b*c*p*Log[F])), x] - Dist[f*(m/(b*c*pxLogl[F])), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rubi steps

integral = / (a*(c+ dz)® + 2a*(c + dz)® sec(e + fz) + a®(c + dz)’sec’(e + fz)) dz

_ @(c+do)’ + a? /(c + dz)?sec’(e + fz) dz + (2a%) /(C + dz)’ sec(e + fz) dz

4d
a®*(c+dz)*  4ia*(c+ dz)darctan (€¢T/)) 42(c + dz)®tan(e + fx)
= - +
4d f f
(3a%d) [(c+ dz)*tan(e + fz)dz _ (6a°d) [(c+dz)*log (1 —ie*+/) du

f f
N (6a2d) [(c+ dz)?log (1 + ie'¢H™) dg

f




?
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a®(c + dzx)? N a®(c+dz)*  4ia®(c + dz)? arctan (eie+/2)

f 4d f

N 6ia’d(c + dz)? PolyLog (2, —ie**/2))  6ia’d(c + dx)? PolyLog (2,ie"+/®))

+

?

f? 12
a®(c+dz)*tan(e + fz)  (12ia’d?) [(c+ dz) PolyLog (2, —ie'*+f?) dz
f f2
. . e2i(e+fa:) c+dx)?
(12ia®) [ (c + da) PolyLog (2,ie"*+/?) du _(6ia’d) | el do
f? f

a?*(c+ dz)? n a®(c+ dzx)*  4ia*(c+ dz)? arctan (e'(*/2))

+

?

+

f 4d f
3a%d(c + dz)?log (1 + €*( /%)) 6ia’d(c + dz)? PolyLog (2, —ie'(ct/®))
+ +
f? IE
6ia’d(c + dz)? PolyLog (2,i"¢+/®)  12a?d?(c + dz) PolyLog (3, —ie'(c*/*))
f? - f3
12a%d*(c + dz) PolyLog (3,i€"*/®)  g2(c + dz)? tan(e + fz)
+ 73 + 7
(12a2d®) [ PolyLog (3, —iei*+/®)) dz  (1242d®) [ PolyLog (3,ie/“t/™) da
f? - IE
(6ad?) [(c+ dz)log (1 + (/) dg
72
a?(c+ dz)3 N a®(c+dzx)*  4ia*(c+ dz)? arctan (e'(*/2))
f 4d f
3a2d(c + dz)?log (1 + €2(t/®)  6ia2d(c + dz)? PolyLog (2, —iei(©t/®)
f? i e
6ia’d(c + dz)? PolyLog (2, ie!“*/*))  3ia?d?(c + dz) PolyLog (2, —eZ(c+/®))
f? - 73
12a%d*(c + dz) PolyLog (3, —ie**/2))  12a2d?(c + dz) PolyLog (3, ie"¢+/))
f? " 13
a?(c + dz)? tan(e + fz) (12iad3) Subst <f w dz,x, ei(e+fz)>
f e
(12ia%d?) Subst ( Ik —POIYLC;g(?”m) dz,z, elets x)>
Iz

+

(3ia’d®) [ PolyLog (2, —e*(¢*/2)) dg

f3
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ia®(c+ dx)? N a®(c+dz)*  4ia*(c+ dz)? arctan (eT/2))

f 4d f
4 3a%d(c + dz)?log (1 + e(e+f2) N 6ia’d(c + dz)* PolyLog (2, —ie'*/2))
f? f2
B 6ia’d(c + dz)? PolyLog (2,4ie"+/®)  3ia?d?(c + dz) PolyLog (2, —e?(¢+/®))
f? f3
_ 12a°d*(c + dz) PolyLog (3, —ieiletin) N 12a%d*(c + dz) PolyLog (3, ie'*/2))
3 f3
B 12ia?d® PolyLog (4, —ie'¢+/®)) N 12ia®d® PolyLog (4, ie'(¢t/2)
i I
a?(c + dz)3tan(e + fz) (3a2d®) Subst (f 1°°1>’L+g(27—$) dz, z, eZi(e-i—fx))
f * 24
_ia*(c+dx)’® N a®(c+dz)*  4ia*(c+ dz)? arctan (e¢T/2))
f 4d f
3a2d(c + dx)z log (1 + 62i(e+fm)) 6ia2d(c + d:L‘)2 PolyLog (2, _iei(e+fw))
+ 72 + 1
B 6ia’d(c + dz)? PolyLog (2,4ie"+/®)  3ia®d?(c + dz) PolyLog (2, —e?(¢+/®))
f? B IE
B 12a2d?(c + dz) PolyLog (3, —ie'(cT/2) N 12a2d?(c + dz) PolyLog (3, ie'(c*/2))
f3 f3
N 3a2d3 PolyLog (3, —e%(ct/2)) B 12ia?d® PolyLog (4, —ie"¢+/®))
214 f4

12ia®d® PolyLog (4,i€"®*®))  g2(c + dz)® tan(e + fz)
Iz " /
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Mathematica [A] (verified)

Time = 2.05 (sec) , antiderivative size = 329, normalized size of antiderivative = 0.89

/(c +dz)3(a + asec(e + fz))? dzx

_ 1a2 < 4i(c + d.’E)3 i (C =+ dx)4 162(6 + dl‘)3 arctan (ei(e"‘fz))

4 f d I;
24id(c + dz)? PolyLog (2, —ie!©+/®))  24id(c + dz)? PolyLog (2, ie!¢+/2))
+ 7 _ i
+ 6d (2f2(c + dx)2 log (1 + eZi(e—i—fw)) — 2idf (c + dz) PolyLog (2, _e2i(e+fx)) + g2 PolyLog (3, —e2i(e+f$))
£4
4842 (f(c + dz) PolyLog (3, —ie©+/) + id PolyLog (4, —iei*+/=)))
_ i
+ 484> ( f(c+ dx) PolyLog (3, ,,;ei(e—i-fz)) + id PolyLog (4, jeilet fz)) )
f4

4(c + dz)3 tan(e + fx))
" 7

[In] Integrate[(c + d*x)~3x(a + a*Secl[e + f*x])~2,x]

[Out] (a=2*%(((-4*I)*(c + d*x)~3)/f + (c + d*x)~4/d - ((16*I)*(c + d*x) 3*ArcTan(E
“(Ix(e + £xx))]1)/f + ((24%I)*d*(c + d*x) 2*%PolyLogl[2, (-I)*E~(Ix(e + f*x))]

)/£72 - ((24*%I)*d*(c + d*x) ~2*xPolyLog[2, I*E~(I*(e + f*x))])/f"2 + (6*d* (2%
£72x(c + dxx)~"2xLog[l + ET((2*I)*x(e + f*x))] - (2xI)*dxf*(c + d*x)*PolyLogl

2, “E~((2*%I)*(e + f*x))] + d"2xPolyLog[3, -E~((2*I)*(e + f*x))]1))/f"4 - (48

*d"2x (f*(c + d*xx)*PolyLog[3, (-I)*E~(I*(e + fx*x))] + I*d*PolyLog[4, (-I)*E~

(Ix(e + £xx))]))/f74 + (48%d"2*(f*(c + d*x)*PolyLog[3, I*E~(I*(e + f*x))] +
Ixd*PolyLog[4, I*E~(Ix(e + f*x))]1))/f"4 + (4x(c + dxx) 3xTanl[e + f*x])/f))

/4

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1516 vs. 2(334) = 668.

Time = 1.70 (sec) , antiderivative size = 1517, normalized size of antiderivative = 4.09

method | result size
risch Expression too large to display | 1517

[In] int((d*x+c) 3*(ataxsec(f*x+e)) 2,x,method=_RETURNVERBOSE)
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[Out] 4*I/f~4xa~2*%d~3*e~3*arctan(exp(I*(f*xx+e)))+6xI/f 3*%a~2xd"~3*e”~2*xx—-6%I/f " 3*a”
2xd"3*polylog(2,-Ixexp (I*(f*x+e)))*x-6*%I/f 4*a~2*d"3*polylog(2,-I*xexp (I*(f*
x+e)) ) *e-6xI1/f"3%a~2xd"3*polylog(2, I*xexp (I*(f*x+e)))*x—-6%I/f 4*a~2*d"3*poly
log(2,I*xexp (I*(f*x+e)))*e-6%I/f"2xa~2%c 2xd*polylog(2, I*exp (I* (f*x+e)))-6%I
/Exa”~2%c*xd"2xx"2-3%1/f"3*a"2xcxd"2*polylog(2,-exp (2+Ix (f*x+e)))+3*I/f~4xa”2
xexd~3*polylog(2,-exp(2*I* (f*x+e)))+6%I/f~2*%a~2*xd"3*polylog(2,-I*exp (I*(f*x
+e)) ) *x"2-6%I1/f"2*%a"2*d"3*polylog(2, I*exp(I* (f*x+e)))*x~2+6%I/f 2%xa~2%c”2*d
*polylog(2,-I*exp (I*(f*xx+e)))-6+I/f 3xa"2xe"2xcxd~2+6/f 4*a~2*d"3*polylog(3
,~Ixexp(I*(f*x+e)))+6/f 4*a"~2+d"3*polylog(3,I*exp(I*(f*x+e)))-6/f*a"~2+d~2*c
*1n (1+I*exp (I* (f*x+e))) *x~2+6/f*xa~2*d"2*cx1n(1-I*exp (I* (f*x+e)) ) *x~2-6/f 3%
a~2xexd”3*1n(1+exp(2*xI* (fxx+e)) ) *x+12/f"3*%a~2xcxd~2*e*1n(exp(I*(f*x+e)))+6/
£73%a~2%d"3*1n(1+I*exp (I* (f*x+e))) *e*x+6/f 2%a~2%c~2xd*1n (1-I*exp (I* (f*x+e)
))*xe-6/f"2*%a"2xc~2*d*1n (1+I*xexp (I* (f*x+e))) *e+6/f " 2xa~2*c*d~2x1n(1+exp (2*I*
(fxx+e)) ) *x+6/f*a~2xc~2*d*1n(1-I*xexp (I* (f*x+e)) ) *x-6/f*a~2*xc~2*d*1n(1+I*exp
(Ix(£xx+e)))*x-6/f"3*a"~2%e~2xckd~2+1n(1-Ixexp (I* (f*xx+e)))+6/f " 3*a~2%e~2*c*d
~2*x1n(1+I*exp (I* (fxx+e)))+6/f"3%a~2xd"3*1n(1-Ixexp (I* (f*x+e)) ) *exx+1/4*a~2%
d~3%x74+1/4%a"2/d*xc"4+a"2%d" 2% c*kx"3+3/2%a”2*d*xcT2kx"2+a" 2% c " 3*kx+2xI*a”~ 2% (d”
3kx"3+3%ckd"2%xx"2+3*%c"2xd*x+c"3) /£/ (1+exp (2% I* (f*xx+e) ) ) +12%I /£~ 2%a 2% c ™ 2xd*
exarctan (exp (I*(fxx+e)))-12%I/f"2*a~2xd"~2*c*xpolylog(2, I*exp (I* (f*x+e)))*x+1
2%I/f~2%a"~2%d"2*c*polylog(2,-I*exp(I* (f*x+e)))*x—12%I/f 2%a~2*c*xd ™ 2*exx-12%
I/£"3*%a~2xc*xd"~2*e"2*arctan(exp (I* (f*x+e)))+12/f"3*%a~2*d"~2*c*polylog(3, I*exp
(Ix(f*xx+e)))-3/f 4*a~2xd"3*e~2*1n(1+exp (2*I* (f*x+e)))-6/f"4*a~2+d"3*e”~2*1n(
exp (Ix(fxx+e)))-12/£73*a"2*d"3*polylog(3,-I*exp (I*(f*x+e)))*x+12/f " 3*%a~2xd"
3*polylog(3,I*xexp(I*(f*x+e)))*x+2/f 4*a~2%e~3%d"3*1n(1-I*exp(I*(f*x+e)))-2/
f~4*xa~2%e”3*%d"3*x1n(1+I*exp (I* (f*x+e)))+3/f72%a"~2%d"3*1n(1+I*exp (I* (f*x+e)))
*x"2+3/£72%a"2*d"3*1n (1-I*exp (I* (f*x+e))) *x~2+2/f*a~2xd"3*1n(1-I*exp (I*(f*x
+e)) ) *x”3+3/f"4*a"~2*d"3*x1n(1+I*exp (I* (f*x+e)))*e~2-2/f*a~2xd"3*1n(1+I*exp(I
*x (fxx+e)) ) *x"3+3/£74*a~2xd"3*1n (1-I*exp (I* (f*x+e))) *e~2+3/f"2xa~2*c~2*d*1n(
1+exp (2*I* (f*x+e)))-6/f"2%a~2*c~2*d*1n (exp (I* (f*x+e)))-12/f"3%a~2*d ~2*c*pol
ylog(3,-I*xexp (I*(f*x+e)))-2%I/f*a~2xd"3*x"3+4*I1/f ~4*a~2%e~3*d~3-4*I/f*a"2%c
~3*arctan(exp (I*(f*x+e)))-12xI*a"~2+d"3*polylog(4,-Ixexp(I*(f*x+e)))/f 4+12%
I*a~2*d"3*polylog(4,I*xexp(I*(f*x+e)))/f"4

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1887 vs. 2(318) = 636.

Time = 0.38 (sec) , antiderivative size = 1887, normalized size of antiderivative = 5.09

/(c +dz)3(a + asec(e + fx))? dz = Too large to display

[In] integrate((d*x+c) ~3*(ata*sec(f*x+e))”2,x, algorithm="fricas")
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[Out] 1/4%(24xI*a~2*d"3*cos(f*x + e)*polylog(4, I*cos(f*x + e) + sin(f*x + e)) +
24*I*a”~2xd"3*cos(f*x + e)*polylog(4, I*cos(f*x + e) - sin(f*x + e)) - 24xIx
a~2*d"3*cos(f*x + e)*polylog(4, -I*cos(f*x + e) + sin(fxx + e)) - 24*I*a~2%
d~3*cos(f*x + e)*polylog(4, -Ixcos(f*x + e) - sin(f*x + e)) - 12%(I*a~2%d"3
*f72%x72 + I*ka~2xc”2xd*xf"2 - Ixa”~2*cxd"2+f + Ix(2*a~2kc*d"2*f72 - a~2*d~3x*f
)*x)*cos (f*x + e)*dilog(I*cos(f*x + e) + sin(f*x + e)) - 12%(I*a~2*d~3xf~2%
X72 + I*xa~2xc™2xd*f~2 + Ika~2kckd™2*f + I*(2%xa~2xcxd™2*xf72 + a~2xd"3*f)*x)*
cos(f*x + e)*dilog(I*cos(f*x + e) - sin(f*x + e)) - 12%(-I*a"2%d~3*f"2%x"2
- I*a~2%c”2kd*f72 + I*ka~2xc*xd~2*f - Ix(2*a~2%c*d"2*xf72 - a~2%d~3*f)*x)*cos(
f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 12%(-I*a~2%d"3*f"2%x"2 - I
*a"2xcT2xd*f72 - I*ka~2kckd"2*xf - I*(2%a~2xcxd"2*xf72 + a~2xd"3*f)*x)*cos(f*x
+ e)*dilog(-Ixcos(f*x + e) - sin(f*x + e)) - 2%(2%a"2*%d"3*e”3 - 2*a~2xc~3*
73 - 3*%a”"2*%d"3%e”2 + 3% (2*a"2xc"2xd*e - a"2xc"2*xd)*f"2 - 6x(a~2*c*d"2*e”2
- a”2kcxd"2*xe) *xf)*xcos(f*x + e)*log(cos(f*x + e) + I*sin(f*xx + e) + I) + 2x(
2*%a”"2%d"3%e”3 - 2*%a”2*%c”3*f"3 + 3*%a”2+%d"3%e”2 + 3% (2*a"2xc"2xd*e + a~2*c”2x
d)*£f72 - 6%(a”2*c*d"2*%e"2 + a~2kcxd"2xe)*f)*cos(f*x + e)*log(cos(f*x + e) -
Ixsin(f*x + e) + I) + 2%(2%a”~2%d"3*f~3*x"3 + 2*%a~2*%d"3%e”3 + 6*a~2*c”2*d*e
*£72 - 3%a"2xd"3*%e”2 + 3% (2%a"2%c*xd"2+f"3 + a”2xd"3*f72)*x"2 - 6%(a"2xcxd"2
*xe"2 - a"2xcxd"2*e)*f + 6% (a"2kcT2xd*f"3 + a"2%ckd"2xf72)*x)*cos(f*xx + e)*1
og(Ixcos(f*x + e) + sin(f*x + e) + 1) - 2%(2%a"2*d"3*f~3*x"3 + 2%a~2%d"3*e”
3 + 6*%a”2*c"2*d*exf"2 + 3*%a"2*%d"3*e”2 + 3% (2xa"2kcxd"2*xf"3 - a"2xd"3*f72) *x
T2 - 6%x(a”2%c*d"2%e”2 + a"2xc*xd"2xe)*f + 6%(aT2xcT2xd*f"3 - a"2xcxd"2xf72)*
x)*cos(f*x + e)*log(Ixcos(f*x + e) - sin(f*x + e) + 1) + 2x(2*%a~2xd"3*f ~3*x
~3 + 2xa"2xd"3%e”3 + 6*%a"2xc”2xd*ke*f~2 - 3*%a"2xd"3*e”2 + 3% (2xa”2xcxd"2xf"3
+ a”2%d"3*%f72)*x"2 - 6%(a"2%c*kd"2%e”2 - a"2kcxd"2*e)*f + 6% (a"2%kc"2xd*xf"3
+ a”2%cxd"2xf"2)*x)*cos (f*x + e)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) -
2% (2%a~2xd"3*f"3%x"3 + 2*a~2*d"3*e”"3 + 6*a”2xc"2*kdxe*f"2 + 3*xa~2*d"3*e”2 +
3% (2xa"2xcxd"2*xf73 - a”2xd"3*f£72)*x72 - 6*(a"2*cxd"2%e"2 + a~2kckd"2*e)*xf +
6% (a~2xc"2xd*f"3 - a"2xcxd"2xf72)*x)*cos(f*x + e)*log(-I*cos(f*x + e) - si
n(f*x + e) + 1) - 2%x(2%a"2xd"3%e”3 - 2¥a~2%c”"3*f"3 - 3*%a"2xd"3*e”2 + 3x(2*a
T2%cT2xd*e - a"2xc”2xd)*f"2 - 6% (a"2xc*kd"2%e”2 - a~2%c*kd"2%e)*f)*cos(f*x +
e)*log(-cos(f*x + e) + I*sin(f*x + e) + I) + 2%(2%a"2*%d"3*e”3 - 2%a~2xc~3*f
~3 + 3*%a"2xd"3*%e”2 + 3% (2¥a"2xc"2xd*e + a"2xc”2xd)*f"2 - 6%(a"2xcxd"2*e”"2 +
a~2xcxd~2*e) *f)*xcos(f*x + e)*log(-cos(f*x + e) - I*sin(f*x + e) + I) - 12%
(2%a~2*d"3*xf*x + 2%a~2xcxd"2*f - a~2xd"3)*cos(f*x + e)*polylog(3, I*cos(f*x
+ e) + sin(f*xx + e)) + 12x(2*a™2xd"~3xf*x + 2*%a~2kc*d"2*f + a~2xd~3)*cos(f*
x + e)*polylog(3, I*cos(f*x + e) - sin(f*x + e)) - 12%(2*%a~2xd"3xf*x + 2%xa”
2xcxd~2+f - a~2xd"3)*cos(f*x + e)*polylog(3, -Ixcos(f*x + e) + sin(f*x + e)
) + 12%(2xa”2*%d"3xfxx + 2*%a"2xcxd"2*f + a~2+d"3)*cos(f*x + e)*polylog(3, -I
xcos(f*x + e) - sin(f*x + e)) + (a72%d"3*f74*xx"4 + 4*a~2xc*d"2*xf"4*xx"3 + 6%
a”2%cT2xd*f"4%x72 + 4*a”2xc”3*f"4x*x)*cos(fxx + e) + 4x(a”2xd"3*f"3*x"3 + 3
a~2xckd"2*xf"3*x72 + 3*%a”2%c”2*d*f"3%x + a”2+c”3*f"3)*sin(f*x + e))/(f 4xcos
(f*xx + e))
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Sympy [F]

/(c—i— dz)*(a + asec(e + fr))*dz = a® (/ cdx + /203 sec (e + fz)dx
—|—/c3 sec’ (e + fx) dx+/d3ac3 dx—l—/3cd2x2 dx
+/3czdxdx+/2d3x3 sec (e + fz)dz
+ /d3x3 sec’ (e + fz) dz + /(Scdzx2 sec (e + fz)dx
-I-/3cd2ac2 sec’ (e + fx) dx+/602dzsec (e+ fz)dzx

+ / 3ctdz sec® (e + fx) dw)

[In] integrate((d*x+c)**3*(ata*sec(f*x+e))**2,x)

[Out] a*x2*(Integral(c**3, x) + Integral(2*c*x3*sec(e + f*x), x) + Integral (c**3x
sec(e + f*xx)*x2, x) + Integral (d**3*x**3, x) + Integral (3kckd**2*x**2, x) +
Integral (3*c**2*d*x, x) + Integral (2xd**3xx*x3xsec(e + f*x), x) + Integral
(d**3*xx*x*3*sec(e + f*x)*x2, x) + Integral (6*xckd**x2*x*x2*sec(e + f*x), x) +
Integral (3kcxd**2xxx*2xsec(e + f*x)*x2, x) + Integral (6*c**2xd*x*sec(e + f*

x), x) + Integral(3*c*x*2*d*x*sec(e + f*x)*x2, x))

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 3403 vs. 2(318) = 636.

Time = 0.71 (sec) , antiderivative size = 3403, normalized size of antiderivative = 9.17

/(c + dz)*(a + asec(e + fz))? dr = Too large to display

[In] integrate((d*x+c) ~3x(ata*sec(f*x+e))”2,x, algorithm="maxima")

[Out] 1/4*x(4*x(f*x + e)*a~2%c”3 + (f*x + e) 4*xa~2*%d"3/f"3 - 4*(f*x + e) " 3*xa~2xd"3*
e/f~3 + 6x(f*x + e) " 2*%a"2+%d"3*e”"2/f"3 - 4x(f*x + e)*a~2xd"3*e"3/f"3 + 4x(f*
X + e)73%xa”2*c*d"2/f72 - 12+ (f*x + e) "2%a"2xcxd"2*e/f"2 + 12*%(f*x + e)*a"2%
cxd"2%e”2/f72 + 6k (f*x + e) " 2%a"2%c"2xd/f - 12%(f*x + e)*a~2xc"2xd*e/f + 8%
a~2xc"3*log(sec(f*x + e) + tan(f*x + e)) - 8*a~2xd"3*e"3*log(sec(f*x + e) +
tan(f*x + e))/f73 + 24*a"2*c*d"2*e"2xlog(sec(f*x + e) + tan(f*x + e))/f"2
- 24xa~2xc”2xdxexlog(sec(f*x + e) + tan(f*x + e))/f - 4x(4*a"2*d"3*e”3 - 12
*a"2xckd"2%e"2xf + 12%a”2xc”2kd*e*f"2 - 4*a”2+c”3*xf"3 + 4% ((fxx + e) " 3*a"2*
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d"3 - 3*(a”"2*%d"3*e - a"2*c*d"2xf)*x(f*x + e)"2 + 3*(a”2xd"3*%e”2 - 2*xa~2kc*d”
2%exf + a”2%cT2xd*xf"2) % (f*x + e) + ((fxx + e) 3*%a~2*xd"3 - 3*(a"2*xd"3*e - a~
2%cxd"2xf) * (f*xx + e)”2 + 3*x(a~2%d"3*e”2 - 2*%a"2*ckxd"2xexf + a~2xc 2xd*f"2)*
(f*x + e))*cos(2*f*x + 2*%e) + (I*x(f*x + e) 3*a"2*%d"3 + 3*(-I*a~2*xd"3xe + I*
a~2%ckd 2*f) *x (fxx + e)”2 + 3% (I*a~2%d"3%e”2 - 2xI*a~2xc*d 2%exf + I*xa~2%c~2
*d*xf~2) % (fxx + e))*sin(2xfxx + 2*xe))*arctan2(cos(fxx + e), sin(fxx + e) + 1
) + 4x((f*x + e) 3*a"2xd"3 - 3*(a"2xd"3*e - a~2xckxd"2*f)*(fxx + e)”2 + 3*(a
“2xd"3%e”2 - 2xa”~2kc*kd " 2xexf + a”2*xcT2xd*f"2)*(fxx + e) + ((fxx + e) " 3*xa"2x*
d"3 - 3*(a"2*%d"3*e - a"2*ckd"2*f)*k(fxx + e)”2 + 3*x(a"2*%d"3*e”2 - 2*a”~2*xc*xd”
2xexf + a”2xc”2*d*xf"2)x(f*x + e))*cos(2xf*x + 2xe) + (I*(fxx + e) 3*xa~2+d"3
+ 3% (-I*a”~2*%d"3*e + I*a~2*c*xd~2xf)*(f*x + e)~2 + 3*(I*a~2%d"3*e"2 — 2*I*a”
2%cxd"2xexf + Ixa~2kxc ™ 2*d*f~2)*x(f*x + e))*sin(2*f*x + 2%e))*arctan2(cos(f*x
+ ¢e), -sin(fxx + e) + 1) - 6%((f*x + e)™2%xa"2%d"3 + a~2*%d"3*e"2 - 2%a ~2%cx*
d"2*xexf + a”2*%c”2*xd*f"2 - 2*%(a"2*d"3*%e - a"2xckd"2*xf)*(f*x + e) + ((f*x + e
)"2%a”~2%d"3 + a~2*%d"3*%e”2 - 2*xa”~2%ckxd"2xexf + a"2%c”2*d*f"2 - 2% (a~2+d"3*e
- a”~2xckd"2xf)*x (fxx + e))*cos(2*f*x + 2%e) - (-Ix(f*x + e) 2*%a~2*d"3 - I*xa~
2%d"3*%e”2 + 2xI*xa~2xckxd"2ke*xf - I*a~2kc 2xd*xf~2 + 2% (I*a~2*%d"3*e - I*a~2*cx*
d"2xf)*x(fxx + e))*sin(2*f*x + 2%e))*arctan2(sin(2*xf*x + 2%e), cos(2xf*xx + 2
xe) + 1) + 4x((f*x + e)~3*%a"2%d"3 - 3*(a"2*d"3*e — a"2xcxd"2*f)*(f*x + e)”2
+ 3% (a"2*%d"3%e"2 - 2*a"2kckd"2*exf + a"2xc"2xd*f"2)*(f*x + e))*cos(2xfxx +
2xe) + 6% ((f*x + e)*a”2+%d"3 - a"2*%d"3xe + a"2*c*xd"2xf + ((f*x + e)*a”2%d"3
- a”2xd"3*e + a~2xc*kd"2*f)*cos(2*f*x + 2xe) + (I*x(f*xx + e)*a~2xd"3 - I*a”~2
*d"3%e + I*a~2%c*d"2*f)*sin(2xf*x + 2%xe))*dilog(-e~ (2*I*f*x + 2%I*e)) + 12x%
((f*x + e)"2*xa”2*%d"3 + a~2xd"3*e”2 — 2*%a~2*c*xd~2xe*xf + a~2xc~2xd*f~2 - 2*(a
“2%d"3%e - a~2kckd"2xf)*x(fxx + e) + ((f*x + e) " 2%a"2*%d"3 + a~2*%d"3*e”2 - 2%
a~2kxckd~2kxexf + a~2%xc 2xd*f"2 - 2x(a”2xd"3*e - a~2kckxd"2*f)*x(f*x + e))*cos(
2+%fxx + 2%e) + (I*x(f*x + e) 2*xa"2*%d"3 + I*a~2*%d"3*e"2 — 2*I*a~2xcxd”2*e*xf +
I*xa”~2%c™2+%d*f~2 + 2% (-I*a~2%d"3*e + I*a " 2*c*d " 2xf)*(f*x + e))*sin(2*f*xx +
2xe) ) *dilog(I*e™ (Ixfxx + Ixe)) - 12*%((f*x + e)"2*a"2%d"3 + a"2*d"3*e”2 - 2%
a~2kxckd"2xexf + a"2xc”2xd*f"2 - 2*%(a"2%d"3*%e - a"2xckd"2*f)*(f*x + e) + ((f
*X + e)72*%a"2%d"3 + a"2xd"3%e”2 - 2*a"2*ckd"2*exf + a~2xc”2xd*f"2 - 2% (a”2%
d"3%e - a~2kc*kd"2*f)*x(f*x + e))*cos(2*f*x + 2xe) - (-Ix(f*x + e) 2*xa~2*d"3
- I*a~2*d"3*%e”2 + 2xI*xa~2%c*d " 2%exf - I*a~2xc™2xd*f~2 + 2% (I*a~2*d"3*%e - Ix*
a~2xcxd"2*f) *(fxx + e))*sin(2*f*x + 2xe))*dilog(-Ixe” (Ixfxx + I*e)) + 3*(Ix
(fxx + e) 2xa~2xd"3 + I*xa~2xd"3*e”2 - 2kI*a ~2xcxd " 2ke*xf + I*xa~20kc 2*d*xf~2 +
2% (-I*a~2*%d"3*%e + I*a~2xckxd"2*f)*(f*x + e) + (I*x(f*x + e) 2*%a~2%d"3 + I*a~
2%d"3*%e”2 - 2xI*xa~2xckxd " 2*e*xf + I*a~20kc~2xd*xf~2 + 2% (-I*a~2*%d"3*e + I*a~2*c
*d"2xf) % (f*x + e))*cos(2xfxx + 2%e) - ((f*x + e) 2*xa"2*d"3 + a~2*xd"3*e"2 -
2%a~2xckxd"2%exf + a~2%c 2*xd*f"2 - 2% (a”2xd"3*ke - a"2xcxd"2*f)*(fxx + e))*si
n(2xf*xx + 2%e))*log(cos(2xf*x + 2%e)~2 + sin(2xfxx + 2%e)~2 + 2*cos(2xf*x +
2%e) + 1) + 2% (Ix(f*x + e)"3*%a~2+%d"3 + 3*(-I*a~2%d"3*e + I*xa~2*xc*xd~2*f)*(f
*x + e)”2 + 3k (I*a"2xd"3%e”2 - 2%I*a~2*c*kd"2*e*xf + I*xa~2xc 2xd*f~2)* (f*x +
e) + (Ix(f*x + e)~3*a"2+%d"3 + 3*(-I*a"2xd"3*e + I*a~2xckd 2*f)*(f*xx + e)~2
+ 3% (I*xa~2*d"3*e”2 — 2kI*a 2*xcxd " 2ke*xf + Ixa~2kc 2*xd*f~2)*x(f*x + e))*cos(2*
fxx + 2%e) - ((fxx + e)73*a~2*xd"3 - 3*x(a"2*d"3*e - a~2kc*d " 2*f)*x(f*x + e)~2
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+ 3*x(a”2xd"3*e”2 - 2*a”2*c*kd"2xexf + a”2xc”2xd*f"2)*(fxx + e))*sin(2xf*x +
2*xe))*xlog(cos(f*x + e)72 + sin(f*x + e)72 + 2*sin(f*x + e) + 1) + 2x(-Ix(f
*x + e) " 3*%a"2xd"3 + 3*(I*a~2xd"3*e - I*xa~2kc*d " 2xf)*x(f*x + e)~2 + 3*(-I*a”~2
*d"3*%e”2 + 2kI*ka~2xckxd " 2xexf - I*a~2*c ™ 2xd*f~2)*x(f*xx + e) + (-I*(f*x + e)~3
*a"2*d"3 + 3*x(I*a"2*%d"3xe — I*a~2*cxd~2*xf)*(f*x + e)~2 + 3*x(-I*a"2*%d"3*e”2
+ 2%Ixa~2xckd " 2%exf — I*a~2%c™2xd*f~2)*(fxx + e))*cos(2xf*x + 2xe) + ((f*x

+ e)73*xa"2*d"3 - 3*x(a"2*d"3*e - a"2*kc*kd"2xf)*x(f*x + e)”2 + 3*(a”2*xd"3*e”2 -
2%a~2xc*xd"2kexf + a”2*%cT2xdxf"2) x(£*x + e))*sin(2xf*x + 2xe))*log(cos(f*x

+ e)”2 + sin(fx*x + e)72 - 2*%sin(f*x + e) + 1) - 24x(a"2*%d"3*cos(2*xf*x + 2*e
) + I*a"2xd"3*sin(2xf*x + 2%e) + a~2xd"3)*polylog(4, I*xe” (I*xf*xx + Ixe)) + 2
4x(a~2xd"3*cos(2xfxx + 2%e) + I*a~2xd"3*sin(2xf*x + 2%e) + a~2xd"3)*polylog
(4, -Ixe” (Ixf*x + Ixe)) + 3x(I*xa~2*%d"3*cos(2*f*x + 2%e) - a~2xd"3*sin(2*f*x
+ 2xe) + I*a~2*%d"3)*polylog(3, -e”~ (2*Ixfxx + 2*I*e)) + 24x(Ix(f*x + e)*a”2
*d"3 - I*a"2*%d"3*e + I*a~2xcxd~2*xf + (I*(f*x + e)*a"2*xd"3 - I*a~2*%d"3*e + I
*xa " 2kckxd"2xf)*xcos (2*xf*x + 2%e) - ((fxx + e)*a”2*d~3 - a~2*d"3*e + a~2xc*d~2
*xf)*sin(2*f*x + 2%e))*polylog(3, I*e” (Ixfxx + Ixe)) + 24*%(-I*x(fxx + e)*a 2%
d"3 + I*a~2*d"3*e - I*a " 2%c*xd~2xf + (-I*(f*x + e)*a”2xd"3 + I*a~2xd"3*e - I
*a~2xckd"2+f ) xcos (2xf*x + 2xe) + ((f*x + e)*a”2*%d"3 - a"2+%d"3*e + a~2%c*d”~2
*xf)*sin(2*f*x + 2%xe))*polylog(3, -I*e” (I*xf*xx + Ixe)) + 4x(Ix(f*x + e) 3*a~2
*d"3 + 3k (-I*a”"2+xd"3*e + I*xa 2xc*d"2*f)*(f*x + e)72 + 3*(I*a"2+%d"3*xe”2 - 2%
Ixa~2xckd 2ke*xf + I*a~2%c 2%d*f~2)*(f*xx + e))*sin(2xf*x + 2%e))/(-2%xI*f~3%c
0s(2xfxx + 2%e) + 2xf"3*sin(2xf*xx + 2%e) - 2xI*f~3))/f

Giac [F]
/(c+dav)3(a+asec(e+fav))2 dz = /(dx+c)3(asec (fz +e)+a)dz

[In] integrate((d*x+c) 3*(ata*sec(f*x+e))”2,x, algorithm="giac")

[Out] integrate((d*x + c)~3*(axsec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.

a

oslet 72 (e+fx)) (c+dz)dz

/(c +dz)*(a+ asec(e + fz))*dxr = / (a +

[In] int((a + a/cos(e + f*x))~2x(c + d*x)~3,x)

[Out] int((a + a/cos(e + f*x)) 2*%(c + d*x)~3, x)



(s

3.7 [(c+ dz)*(a+ asec(e + fz))* dz
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Optimal result

Integrand size = 20, antiderivative size = 262

102 d 2 2 d 3

/(c +dz)*(a+ asec(e + fz))*dr = _a (C;_ z) L2 (C;;i )

4ia®(c + dx)? arctan (ei(eﬂc ’”))

f .
2a2%d(c + dz) log (1 + 62’(‘3”“))
72

4ia®d(c + dz) PolyLog (2, —iei(ct/2))

_|_
Iz
4ia’d(c + dz) PolyLog (2, ie'(¢*/2)
Iz

ia’d® PolyLog (2, —e%(¢+/®))
_ A

4ad? PolyLog (3, —ie'(ct/2))
_ B

4ad? PolyLog (3, z’ei(6+fw))
+

73
a*(c+ dzx)*tan(e + fz)
f

[Out] -Ixa~2%(d*x+c)~2/f+1/3*a~2*(d*x+c) ~3/d-4*I*a~2*(d*x+c) “2*arctan(exp (I*(f*xx+
e)))/f+2*a~2xd* (d*x+c) *1n(1+exp (2+I* (fxx+e))) /£~ 2+4*Ixa”~2*xd* (d*x+c) *polylog
(2,-Ixexp (I*(f*x+e)))/f~2-4xIxa~2*d* (d*x+c) *polylog(2, I*exp(I*(f*x+e)))/f~2
-I*a~2*d"2xpolylog(2,-exp(2*I*(f*x+e)))/f~3-4*a~2xd"~2*polylog(3,-I*exp(I*(f
xx+e))) /f73+4*a"2xd"2*polylog (3, I*exp (Ix(f*x+e))) /£ 3+a"~2*x (d*x+c) "2*tan (f*x

+e)/f
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.00,

number of steps used = 14, number of rules used = 10, number of rules _ 0.500, Rules
integrand size

used = {4275, 4266, 2611, 2320, 6724, 4269, 3800, 2221, 2317, 2438}

4ia?(c + dz)? arct i(e+fx)
/(c +dz)*(a + asec(e + fz))’*dr = — ia*(c + dz) a;c an (e )
4ia’d(c + dz) PolyLog (2, —ie'¢+/®))
+ 2
f
4z'a2d(c + dz) PolyLog (2, Z'ei(e-l-fx))
_ o
2a2d(c + dz) log (1 + e%(etf2))
72
a*(c+ dr)*tan(e + fz) _ ia?(c + dz)?
f f
a? (c+ dw)3 ia%d? PolyLog (2, _62Z(e+fz))
3d f3
4ad? PolyLog (3, —ie'(ct/2))
_ A
4ad? PolyLog (3, ie'c+/2))
+ 73

[In] Int[(c + d*xx)~2%(a + a*Sec[e + fx*x])~2,x]

[Out] ((-I)*a"2x(c + d*x)~2)/f + (a"2*%(c + d*x)~3)/(3*%d) - ((4xI)*a~2*(c + d*x)~2
xArcTan[E~(Ix(e + f*x))])/f + (2xa~2+d*(c + d*x)*Logl[l + E~((2*I)*(e + f*x)
)1)/£72 + ((4%I)*a~2*xd*(c + d*x)*PolyLogl[2, (-I)*E~(Ix(e + f*x))]1)/f72 - ((
4xI)*a~2xd*(c + d*x)*PolyLog[2, I*E~(I*(e + f*x))])/f"2 - (I*a~2*d~2*PolyLo

gl2, -E~((2%xI)*(e + £*x))])/£f"3 - (4*a~2xd"2*PolyLog[3, (-I)*E~(I*(e + f*x)
)1)/£7°3 + (4*a~2xd~2*PolyLog[3, I*E~(Ix(e + f*x))])/£f73 + (a~2*(c + d*x) 2%
Tan[e + f*xx])/f

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*x(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
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)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)]1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) "n]/(b*c*n*xLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x1, x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, 0]

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2*Ix(e
+ f*x))/(1 + ET(2xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 4266

Int[cscl(e_.) + Pi*x(k_.) + (£_.)*(x_)]*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol
1 :> Simp[-2*(c + d#*x) “m*(ArcTanh[E~ (I*k*Pi)*E~(I*(e + f*x))]1/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)"(m - 1)*Logl[l - E~(Ixk*Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x]1) /; FreeQ[{c, d, e, £}, x] && IntegerQ[2*k] && IGtQ[m, 0]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*
Cot[e + f*x], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

Rule 4275
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Int[(cscl(e_.) + (f_.)*(x_)]*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] && IGtQ[n, 0]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))~(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*x(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

Rubi steps

integral = / (a*(c+ dz)? + 2a*(c + dz)?sec(e + fz) + a®(c + dz)*sec’(e + fz)) dz

a*(c+ dz)?
=g
a®(c+dx)®  4ia*(c + dz)? arctan (e'(cT/2)
N 7
n a?(c+dz)*tan(e + fr) (2a%d) [(c+ dz)tan(e + fz)dz

f f
(4a2d) [(c+ dz)log (1 — iec+/)) dz N (4a2d) [(c + dz)log (1 + ie+/) dx
f f
ia®(c+ dx)? N a®(c+dz)®  4ia*(c+ dz)? arctan (e¢T/2))
f 3d f
4ia®d(c + dz) PolyLog (2, —ie“*f2))  4ia’d(c + dz) PolyLog (2, ie'(¢+/2))
+ 2 o 2
f  f
a®(c+ dz)?tan(e + fz)  (4ia®d?) [ PolyLog (2, —ie**/)) dx
f f?
. . e2i(e+fz) (et dr
(4ia®d?) [ PolyLog (2, iel(e"'fz)) de (4id*d) [ MT(JF;X) dx
+ s +
f f
ia®(c + dz)? N a®(c+dz)®  4ia*(c+ dz)? arctan (ecT/2)
f 3d f
2a%d(c + dz) log (1 + €%(¢+/?)  4ia’d(c + dz) PolyLog (2, —ie'(ct/2))
2 + 2
f f
4ia®d(c + dz) PolyLog (2,ie'“*/?))  a%(c + dzx)?tan(e + fz)
f f
(4a*d?) Subst < i —POlyLoi(z’_iw) dz, x, eletf x)>
73
(4a%d?) Subst (f MYLOTM dz, , ei(e+f””)) (202d2) [ log (1 + €2+ dg
13 o 12

+ a? /(c + dz)*sec’(e + fz) dx + (20°) /(c + dz)?sec(e + fz)dx

_|_
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ia®(c + dz)? N a®*(c+dz)®  4ia*(c+ dz)? arctan (eT/2))
f 3d f

2a%d(c + dz) log (1 + €%(¢+/?)  4ia’d(c + dz) PolyLog (2, —ie'(ct/2))

+ +
f? f?

4ia®d(c + dz) PolyLog (2,ie**/))  4a2d? PolyLog (3, —ie"¢+/®))
- f2 - 73
4a2d? PolyLog (3,ie'¢t)  42(c 4 dz)?tan(e + fz)

. +
f f
(ia?d?) Subst (| 5452) dg, z, e¥(e+/2))
73
ia®(c + dz)? N a®(c+dx)®  4ia*(c+ dz)? arctan (e'(¢+/2))
f 3d f

2a%d(c + dz) log (1 + €%(¢+/?)  4ia?d(c + dz) PolyLog (2, —ie'(cT/2))

+ +
f? f?

4ia®d(c + dz) PolyLog (2, ie'**/2)
_ e

ia’d? PolyLog (2, —e?(¢+/?))  442d? PolyLog (3, —ie'¢+/®))
_ 7 _ 5

4ad? PolyLog (3,ie“*/2))  g2(c 4 dz)?tan(e + fz)
+ 73 + 7

+

Mathematica [A] (verified)

Time = 2.73 (sec) , antiderivative size = 232, normalized size of antiderivative = 0.89

/(c +dz)*(a + asec(e + fz))* dzx

L <(C+ de)®  12i(c+ dz)? arctan (e/+/2)
=-a —

3 d f
3i(f(c+dz) (f(c+ dz) + 2idlog (1 + e*(¢T/2))) + d2 PolyLog (2, —e*(¢+/®))
_ 5
N 12id( f(c + dz) PolyLog (2, —ie"¢+/®) + id PolyLog (3, —ie"¢+/®)))
73
n 12d(—if(c + dz) PolyLog (2, ie**/®)) + d PolyLog (3, ie’¢+/®)))
73

3(c+ dz)*tan(e + fx))
! 7

[In] Integrate[(c + d*x)~2*x(a + a*Sec[e + f*x])~2,x]
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[Out] (a~2x((c + d*x)~3/d - ((12*I)*(c + d*xx) " 2xArcTan[E~(I*(e + f*x))])/f - ((3*

Dx(fx(c + dxx)*(f*(c + d*x) + (2+I)*dxLogl[l + E~((2*I)*(e + f*x))]) + d~2%
PolyLog[2, -E~((2*I)*(e + £*x))]))/£f73 + ((12*%I)*d*(f*(c + d*x)*PolyLogl2,

(-I)*E~(I*(e + f*x))] + I*d*PolyLogl[3, (-I)*E~(I*(e + f*x))]1))/£f73 + (12%dx*
((-I)*f*(c + d*x)*PolyLog[2, I*E~(Ix(e + f*x))] + d*PolyLogl[3, I*E~(I*(e +

f*x))1))/£73 + (3*%(c + d*x)~"2+Tan[e + f*x])/f))/3

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 678 vs. 2(237) = 474.

Time = 1.73 (sec) , antiderivative size = 679, normalized size of antiderivative = 2.59

method | result

2a2d? ln(l—iei(fm+e))m2 2a2e2d? ln(l—{—iei(f“'e)) 2a2d? ln(l—i—e%(f“”"'e))z + 4a2%d2e ln(ei(f“”'*'e))

2a2cd ln(l—i-e%(f“”‘*'E

risch 7 73 72 r3

f2

[In] int((d*x+c) 2x(ataxsec(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] -2/f*a”2*d"2*1n(1+I*exp(I*(f*xx+e)))*x"2+2/f*a~2*xd"2*1n(1-I*exp(I*(f*x+e)))*

X"2+2/f"3%a"2xe”2*%d"2*1n(1+I*exp (I* (f*x+e)))+2/f"2%xa~2+%d"2*1n (1+exp (2*I* (f*
x+e)) ) *xx+4/f"3*%a"2xd"2*e*1n (exp (I* (f*x+e)))+2/f " 2*%a"~2xcxd*1n (1+exp (2*I* (f*x
+e)))-4/f"2xa"2xckd*1n(exp (I* (f*x+e)))-2/f"3*a"2xe~2xd"2*1n (1-I*exp (I* (f*x+
e)))-2xI/f*xa~2%d"2*x"2-4*I/f*a~2*c"2*arctan(exp (I* (f*xx+e)))-2*%I/f"3*a~2*e"2
*Q"2+2%Tka” 2% (d72xx"2+2*%cxd*x+c”2) /£/ (1+exp (2% I* (f*x+e)) ) +a~2xd*c*x"2+a~2*c
~2xx-4/f*a~2xc*xd*1n(1+I*xexp (I* (f*x+e))) *x+4/f"2%a~2*c*d*1n(1-I*exp (I*(f*x+e
)) ) *e+4/fxa~2*ckd*1n(1-Ixexp (I* (f*x+e)) ) *x-4/f"2*a"2*%ckxd*1n(1+Ixexp (I* (f*x+
e)))*e-4xI1/f~3*%a"2xd"2xe"2*arctan (exp (I* (fxx+e)))-4*I/f"2xa~2%d " 2*exx-4*I1/f
~2%a”~2*d"2xpolylog (2, I*exp (I* (f*xx+e)))*x+4*I/f~2*%a~2*d"2*xpolylog(2,-I*exp (I
* (f*x+e) ) ) *x—4*xI/f"2%xa"2xc*xd*polylog(2, I*xexp(I* (fxx+e)))+4*I/f~2%a"~2*c*d*po
lylog(2,-I*exp (I*(f*x+e)))+8*I/f 2xa~2*c*d*exarctan(exp(I* (f*x+e)))+1/3*xa~2
*d"2%x"3+1/3*a~2/d*c"3-I*a"~2*d"2*polylog(2,-exp(2*xI* (f*x+e))) /£~3-4*a~2xd~2
*polylog(3,-I*exp (I*(f*xx+e)))/f~3+4*xa~2xd"2*polylog(3,I*xexp(I*(f*x+e)))/f"3

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1096 vs. 2(225) = 450.

Time = 0.34 (sec) , antiderivative size = 1096, normalized size of antiderivative = 4.18

/(c + dz)*(a + asec(e + fx))? dr = Too large to display

[In] integrate((d*x+c) ~2*(at+a*sec(f*x+e))”2,x, algorithm="fricas")
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[Out] -1/3%(6%a~2*d"2*cos(f*x + e)*polylog(3, I*cos(f*x + e) + sin(f*x + e)) - 6%
a~2xd"2*cos(f*x + e)*polylog(3, I*cos(f*x + e) - sin(f*xx + e)) + 6%a~2%d"2x
cos(f*x + e)*polylog(3, -I*cos(f*x + e) + sin(f*x + e)) - 6*a~2xd"2*cos(f*x
+ e)*polylog(3, -Ixcos(f*x + e) - sin(f*x + e)) + 3% (2*I*a~2xd"2*f*x + 2xI
*xa~2xcxdxf - I*a~2*d"2)*cos(f*x + e)*dilog(I*cos(f*x + e) + sin(f*xx + e)) +
3% (2xI*a~2+d"2xf*x + 2*I*ka~2xcxd*f + I*a~2+d"2)*cos(f*x + e)*dilog(I*cos(f
*x + e) - sin(f*x + e)) + 3*(-2xI*a~2+d"2xfxx - 2xIxa~2xcxd*xf + Ixa~2xd"2)*
cos(f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 3*%(-2*%I*a~2*%d"2*f*x -
2xIxa~2*ckd*f - I*a~2*%d"2)*cos(f*x + e)*dilog(-I*cos(f*x + e) - sin(f*x + e
)) = 3x(a™2xd"2*%e”2 + a”2xc"2*f"2 - a”2xd"2*e - (2%a”2xc*dxe - a”2kcxd)*f)*
cos(fxx + e)xlog(cos(f*x + e) + I*sin(fxx + e) + I) + 3*%(a"2*%d"2*e”2 + a~2x%
c”2xf72 + a”"2%d"2xe - (2%a”2*ckxdxe + a~2kcxd)*f)*cos(fxx + e)*log(cos(f*x +
e) - Ixsin(f*x + e) + I) - 3*%(a”2%d"2+f72%x"2 - a”2xd"2xe”2 + 2xa~2xckxd*ex
f + a™2xd"2%e + (2*%a~2*cxd*f~2 + a~2+d”"2xf)*x)*cos(f*x + e)*log(I*cos(f*x +
e) + sin(fxx + e) + 1) + 3*%(a"2*%d"2*f72%x"2 - a"2xd"2*e”2 + 2¥a~2kckdxexf
- a"2xd"2%e + (2%a"2xcxd*f~2 - a~2*d”2*f)*x)*cos(f*x + e)*log(I*cos(f*x + e
) - sin(f*xx + e) + 1) - 3x(a”™2*%d"2*%f"2%x"2 - a"2%d"2%e"2 + 2¥a"2*ckd*exf +
a"2xd"2%e + (2*%a"2xcxd*f"2 + a~2xd"2*f)*x)*cos(f*x + e)*log(-Ixcos(f*x + e)
+ sin(f*x + e) + 1) + 3%x(a™2xd"2*f"2*%x"2 - a"2*%d"2%e”2 + 2%a~2xcxd*exf - a
“2xd"2%e + (2xa"2*c*kd*¥f72 - a”2xd"2*f)*x)*cos(f*x + e)*log(-Ixcos(f*x + e)
- sin(fxx + e) + 1) - 3*x(a”2xd"2xe”2 + a”2xc”2+%f"2 - a”~2+%d"2*e - (2¥a”~2*cxd
xe — a~2kcxd)*f)*cos(fxx + e)xlog(-cos(f*x + e) + Ixsin(f*x + e) + I) + 3x(
a"2%d"2%e”2 + a”"2*%c”2*%f"2 + a"2%d"2%e - (2*a"2*cxd*e + a~2%c*d)*f)*cos(f*x
+ e)*log(-cos(f*x + e) - Ixsin(fxx + e) + I) - (a”™2*%d"2*f"3%x"3 + 3*a~2*cx*d
*£73%x72 + 3xa”2%c”2xf73xx)*cos(f*x + e) - 3x(a"2xd"2xf"2%x"2 + 2¥a”2kckxdxf
“2%x + a”~2xc"2*%f"2)*xsin(fxx + e))/(f 3xcos(fxx + e))

Sympy [F]

/(c +dz)%(a + asec(e + fx))* dz = a® (/ c®dz + /202 sec (e + fz)dx
—l—/c2 sec’ (e + fx) d£11+/d2x2 dx+/20da:dx
+/2d2$2 sec (e + fx)dx + /dQ:c2 sec? (e + fz) dx
+ /4cd:v sec (e + fz)dx + /QCdx sec’ (e + fx) da:)

[In] integrate((d*x+c)**2*(a+a*sec(f*xx+e))**2,x)

[Out] a**2*(Integral(c**2, x) + Integral(2xcx*2*sec(e + f*x), x) + Integral (c**2x
sec(e + f*x)**2, x) + Integral (d**2*x**2, x) + Integral(2xcxd*x, x) + Integ
ral (2«d*x2*x*x2*xsec(e + f*x), x) + Integral (dx*2*xxx*2*xsec(e + f*x)*x2, x) +
Integral (4xcxd*x*sec(e + f*x), x) + Integral(2xc*d*x*sec(e + f*x)*x2, x))
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1704 vs. 2(225) = 450.

Time = 0.46 (sec) , antiderivative size = 1704, normalized size of antiderivative = 6.50

/(c + dz)*(a + asec(e + fz))? dr = Too large to display

[In] integrate((d*x+c) 2% (ata*sec(f*x+e))”2,x, algorithm="maxima")

[Out] 1/3*x(3*(f*x + e)*a™2*c™2 + (f*x + e)~3*a"2%d"2/f"2 — 3*(f*x + e) " 2*a~2xd"2x*
e/f72 + 3k (f*x + e)*a"2+%d"2*xe"2/f"2 + 3x(f*x + e) 2xa"2kc*d/f - 6x(f*x + e)
xa~2*c*kd*e/f + 6*%a"2xc"2xlog(sec(f*x + e) + tan(f*x + e)) + 6xa~2*d"2*xe"2x1
og(sec(fxx + e) + tan(f*x + e))/f72 - 12xa~2*xcxd*exlog(sec(f*x + e) + tan(f
*x + e))/f + 3%(2%xa"2xd"2%e”2 - 4*xa~2xckdxexf + 2%a”2xc 2*xf"2 - 2% ((f*x + e
) "2x%a"2x%d"2 - 2% (a”2%d"2%e - a"2xckd*f)*(fxx + e) + ((f*xx + e) " 2%a~2xd"2 -
2% (a~2xd"2%e - a~2xckd*f)*(fxx + e))*cos(2xf*x + 2xe) + (I*(fxx + e) 2%a~2x*
d"2 + 2x(-I*a"2+%d"2xe + I*a~2xcxd*xf)*(f*x + e))*sin(2xf*x + 2%*e))*arctan2(c
os(fxx + e), sin(f*x + e) + 1) - 2x((f*x + e) 2*a"2*%d"2 - 2*%(a~2*%d"2*e - a~
2kckd*f)k(fxx + e) + ((f*x + e) 2*%a~2%d"2 - 2x(a~2*%d"2*e - a~2*c*dx*f)*(f*xx
+ e))*xcos(2xfxx + 2%e) + (I*(f*xx + e)"2*xa"2xd"2 + 2*x(-I*a~2*%d"2*e + I*a~2*c
*dxf)*(fxx + e))*sin(2*xfxx + 2%e))*arctan2(cos(f*x + e), —-sin(fxx + e) + 1)
+ 2% ((f*xx + e)*a~2xd"2 - a~2xd"2*xe + a~2xcxd*xf + ((fxx + e)*a™2xd"2 - a"2%
d"2%e + a~2kckd*f)*cos(2*xf*x + 2xe) - (-Ix(fxx + e)*a~2xd"2 + I*a~2xd"2*e -
I*a~2xc*d*f)*sin(2xf*x + 2xe))*arctan2(sin(2xf*x + 2xe), cos(2*xf*xx + 2x*e)
+ 1) - 2%x((f*xx + e)”2%a"2xd"2 - 2x(a"2xd"2%e - a~2kckd*f)*(f*xx + e))*cos(2*
fxx + 2%e) - (a”2xd"2xcos (2*f*x + 2%e) + I*a~2xd"2xsin(2*f*x + 2%e) + a~2*d
~2)*dilog(-e~ (2xIxf*xx + 2xIxe)) — 4*x((fxx + e)*a”2*%d"2 - a~2*%d"2%e + a~2%cx*
dxf + ((fxx + e)*a~2xd"2 - a~2xd"2*e + a~2xcxd*f)*cos(2xf*xx + 2xe) + (I*(f*
X + e)*a”2%d"2 - Ixa"2%d"2%e + I*a~2kckxd*f)*sin(2*f*x + 2%e))*dilog(I*e” (I*
f*xx + I*xe)) + 4x((f*x + e)*a~2xd"2 - a~2xd"2*e + a~2xckd*f + ((fxx + e)*a”2
*d"2 - a”"2+%d"2xe + a"2*cxdxf)*cos(2*xfxx + 2%e) - (-Ix(f*x + e)*a~2*d"2 + Ix
a"2xd"2%e - Ixa~2%c*d*f)*sin(2xfxx + 2%e))*dilog(-I*e” (I*f*x + Ixe)) + (-Ix
(fxx + e)*a~2xd"2 + I*xa~2xd"2%e - Ixa~2kc*d*f + (-I*(f*x + e)*a”"2+%d"2 + Ix*a
~2%d"2%e - I*a~2kcxd*xf)*cos(2*xf*x + 2%e) + ((f*x + e)*a”2xd"2 - a~2*%d"2*e +
a~2kckd*f) *sin(2xf*xx + 2%e))*log(cos(2xf*x + 2%e)~2 + sin(2xf*x + 2%e)”2 +
2%cos (2*%f*xx + 2xe) + 1) + (-I*(f*x + e) " 2*%a"~2%d"2 - 2x(-I*a~2*xd"2*e + I*a~
2%cxdxf)k (f*x + e) + (—I*(fxx + e) 2%a~2xd"2 - 2% (-I*a"~2*%d"2xe + I*a 2*cxdx*
f)*x(fxx + e))*cos(2xf*x + 2xe) + ((f*x + e) 2*%a"2xd"2 - 2*(a~2xd"2*e - a~2x*
cxd*xf)*(f*x + e))*sin(2xf*x + 2%e))*log(cos(f*x + e)”2 + sin(f*x + e)”2 + 2
*sin(f*x + e) + 1) + (I*x(f*x + e)”2%a"2*%d"2 - 2x(I*a~2*xd"2*xe - I*a~2*c*dx*f)
*(f*xx + e) + (Ix(f*xx + e) 2%a~2*%d"2 - 2% (I*a~2%d"2%e - I*a~2xckxd*f)*(f*x +
e))xcos(2*xf*x + 2xe) - ((fxx + e) 2%a~2xd"2 - 2+ (a~2xd"2%e - a~2xckxd*f)*(fx*
X + e))*sin(2xf*x + 2xe))*log(cos(f*x + e)~2 + sin(f*x + e)~2 - 2xsin(f*x +
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e) + 1) - 4x(Ixa~2*d"2*cos(2xf*x + 2%e) — a"2+%d"2*xsin(2*f*x + 2xe) + I*a”~2
*d~2)*polylog(3, I*xe” (I*xf*xx + Ixe)) - 4x(-I*a~2xd"2xcos(2xf*x + 2%e) + a~2x%
d"2*xsin(2xf*x + 2%e) - Ixa~2xd"2)*polylog(3, -I*xe” (Ixfxx + Ixe)) - 2x(I*(fx*
X + e)72%a"2xd"2 + 2% (-I*a~2*%d"2*%e + I*a~2xckxd*f)*(f*x + e))*sin(2xf*xx + 2%
e))/(~Ixf~2xcos (2xf*x + 2%e) + f~2*sin(2*fxx + 2%e) - I*f~2))/f

Giac [F]
/(c +dz)*(a+ asec(e + fz))*dr = / (dz + ¢)*(asec (fz +e) +a)’dzx

[In] integrate((d*x+c) ~2x*(ata*sec(f*x+e))”~2,x, algorithm="giac")

[Out] integrate((d*x + c) 2*(axsec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.
2
/(c +dz)?*(a+ asec(e + fz))*dr = / (a + m) (c+dz)’d

[In] int((a + a/cos(e + f*x)) 2%(c + d*x)~2,x)
[Out] int((a + a/cos(e + f*x)) " 2%(c + d*x)~2, x)
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3.8 [(c+dz)(a+ asec(e + fz))* dx

Optimal result . . . . . . . . . . . e 80l
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . .. 88
Maple [A] (verified) . . . . . . . .. 89
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... ]9
Sympy [F] . . o 90
Maxima [F] . . . . . o 90
Giac [F] . . o o OT]
Mupad [F(-1)] . . . o o 9Tl

Optimal result

Integrand size = 18, antiderivative size = 134

2 2 4ia*(c+d tan (ei(etfz)
/ (c+ do)(a+ asecle + o)) do = a dz)® _ 4ia’(c+ dz) a;c an (/7))
a?dlog(cos(e + fz)) = 2ia’dPolyLog (2, —ieic*/2))
+ +
f? 2
2ia*d PolyLog (2,1€/¢™/®)  a2(c + dz)tan(e + fz)
_ E n ;

[Out] 1/2*%a~2x(d*x+c)~2/d-4*I*xa”2x(d*x+c)*arctan(exp(I*(f*x+e)))/f+a~2xd*1n(cos(f
xx+e) ) /f72+2xI*xa~2*d*polylog(2,-I*exp(I*(f*x+e)))/£72-2*%I*a"2xd*polylog(2,I
xexp (I* (f*x+e)))/f"2+a~2* (d*x+c)*tan (f*x+e) /£

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.00,

number of steps used = 9, number of rules used = 6, Bumber of rules _ ; 333 Ry jes yged
integrand size

= {4275, 4266, 2317, 2438, 4269, 3556}

4ia®(c + dz) arctan (e+/2))

/(c +dz)(a + asec(e + fxr))*dx =

f
a*(c + dz) tan(e + fz) N a?(c + dz)?
f 2d
2ia’d PolyLog (2, —gelletf z))
IZ

2ia’d PolyLog (2,1e/**/®))  g2dlog(cos(e + fx))
o 12 + 12
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[In] Int[(c + d*x)*(a + a*Sec[e + f*x])~2,x]

[Out] (a=2*(c + d*x)~2)/(2%d) - ((4*I)*a~2x(c + d*x)*ArcTan[E~(Ix(e + f*x))])/f +
(a~2xd*Log[Cos[e + f*x]])/£f"2 + ((2*I)*a~2*d*PolyLog[2, (-I)*E~(Ix(e + f*x
11)/£72 - ((2*%I)*a~2*d*PolyLog[2, I*E~(I*(e + f*x))])/£f72 + (a"2*(c + d*x)
*Tan[e + f*xx])/f

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4d, x] /; FreeQ[{c, d}, x]

Rule 4266

Int[cscl(e_.) + Pix(k_.) + (f_.)*(x_)]*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol
1 :> Simp[-2*(c + d*x) “m*(ArcTanh[E~ (I*k*Pi)*E~(I*(e + f*x))]1/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)"(m - 1)*Log[l - E~(Ixk*#Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Logl[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, f}, x] && IntegerQ[2*k] && IGtQ[m, O]

Rule 4269

Int[cscl(e_.) + (f_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*
Cotl[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4275
Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)

, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rubi steps

integral = / (a*(c+ dz) + 2a°(c + dz) sec(e + fz) + a®(c + dz) sec*(e + fx)) dx
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2 2
= W + a® /(c + dz) sec’(e + fz) dz + (24%) /(c + dz) sec(e + fz)dz
_a?(c+dx)?  4id®(c+ dax)arctan (/7))
- 2d f
a’(c+dz)tan(e + fz)  (a’d) [tan(e + fz)dz
f f
(2a%d) [log (1 — ie'ct/2)) dg N (2a2d) [log (1 + i) dx
f f
_ d’(c+dz)®  4id®(c+ dz) arctan (efletfm) L a*dlog(cos(e + fx))
B 2d f 12
a¥(c + dz) tan(e + fz)  (2iad)Subst <f e g, o, 6i(em))
+ 2
f f
(2ia*d) Subst (f log4i2) gy, ei(e+f‘”)>
_ E
_a?(c+dz)?  4id®(c+ dax)arctan (/7))
2 f
a?dlog(cos(e + fz))  2ia’dPolyLog (2, —ie'+/®))
+ +
f? f?
2ia?d PolyLog (2,1€/*/®)  42(c + dz)tan(e + fz)
) Iz ’ f

Mathematica [A] (verified)

Time = 1.11 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.92

/(c +dz)(a + asec(e + fz))* dx

_ a*(f*(c+ dx)? — 8idf (c + dz) arctan (e'**/?)) + 2d% log(cos(e + fx)) + 4id? PolyLog (2, —ie“t/®)) — 4

2df?

[In] Integrate[(c + d*x)*(a + a*Sec[e + f*x])~2,x]

[Out] (a~2*%(£f~2x(c + d*x)"2 - (8*%I)*d*fx(c + d*xx)*ArcTan[E~(Ix(e + f*x))] + 2*%d"2

xLog[Cos[e + f*x]] + (4*I)*d~2*PolyLog[2, (-I)*E~(I*(e + f*x))] - (4*I)*d~2
*PolyLog[2, I*E~(I*(e + f*xx))] + 2xd*f*(c + d*x)*Tanl[e + f*x]))/(2xd*f~2)
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Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.43

method result
2 2 2 2a2 (d(_<fw+e) 1“(1+iei(fz+e)
dt dl t
parts a2(%da:2 + IC) + a an;fx—i-e)x + a n(cc;ts2(fx+e)) + a’c a,nf(fx+e) +
2 2 2
derivativediVideS azctan(fx—}-e)— a“de ta}l(fa:+e) + a“d((fz+e) tan(fa:}ke)-!»ln(cos(fa:-ke))) +2a2cln(sec(fz—l—e)—i-tan(fm—i-e))— 2a“deIn(sec(fz
2 2 2
default azctan(fw—l—e)—a deta?(fa:-&-e) +4 d((fz+e) tan(fm}—e)-}—ln(cos(fm-}—e))) ~|—2a20ln(sec(fx+e)+tan(fa:+e))—2“ deln(sec(fz
. a2d 22 2 2ia2 (dz+c) a?dIn(14-e2i(fz+e)) 2a%d In (et(fzte)) 4ia®carctan (e!(fo+e)) 4
risch 2 tatzet sy t 2 — 72 — 7 + -

[In] int((d*x+c)*(at+axsec(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] a~2*(1/2*d*x"2+x*c)+a~2/f*xd*tan (f*x+e)*x+a”~2*d*1n(cos(f*x+e))/f"2+a~2/f*xcxt
an (fxx+e)+2*%a~2/f* (1/f*d* (- (f*x+e) *1n (1+I*exp (I* (f*x+e)))+(f*x+e) *1n(1-I*ex
p(I*(f*x+e)))+I*dilog(1+I*exp(I*(f*x+e)))-I*xdilog(1-Ixexp (I*(f*x+e))))+c*1ln
(sec(f*x+e)+tan(f*x+e))-e/f*d*1ln(sec(f*x+e)+tan(f*xx+e)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 525 vs. 2(114) = 228.

Time = 0.31 (sec) , antiderivative size = 525, normalized size of antiderivative = 3.92

/(c+ dz)(a + asec(e + fz))*dx
_ =2 a’dcos (fr + e) Lig(i cos (fz + €) +sin (fz + e)) — 2ia’d cos (fz + e) Liz(i cos (fz + €) — sin (fz -

[In] integrate((d*x+c)*(a+axsec(f*x+e))”2,x, algorithm="fricas")

[Out] 1/2*%(-2*I*a"2*d*cos(f*x + e)*dilog(Ixcos(f*x + e) + sin(f*x + e)) - 2*I*a"2
xdxcos (f*x + e)*dilog(I*cos(f*x + e) - sin(fxx + e)) + 2xI*a~2*xd*cos(f*x +
e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 2*I*a~2xdxcos(f*x + e)*dilog(-Ix
cos(f*x + e) - sin(f*xx + e)) - (2%a"2xdxe - 2xa~2xcxf - a~2xd)*cos(f*x + e)
xlog(cos(f*x + e) + Ikxsin(f*xx + e) + I) + (2*%a~2*d*e — 2*xa~2kcxf + a~2%d)*c
os(fxx + e)*log(cos(f*x + e) - Ixsin(f*x + e) + I) + 2x(a~2xdxfxx + a~2xdxe
)*cos(fxx + e)*xlog(I*cos(f*x + e) + sin(f*x + e) + 1) - 2*(a~2*d*xf*x + a~2%
dxe)*cos(f*x + e)*log(Ixcos(f*x + e) - sin(f*x + e) + 1) + 2x(a"2xdxf*x + a
~2xdx*e) *cos (f*x + e)*log(-Ixcos(f*x + e) + sin(f*x + e) + 1) - 2x(a~2xdxf#*x

+ a~2xd*e)*cos(f*x + e)xlog(-Ixcos(f*x + e) - sin(f*x + e) + 1) - (2*a"2xd
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xe — 2%a”~2xcxf - a~2xd)*cos(fxx + e)*log(-cos(f*x + e) + Ixsin(f*xx + e) + I
) + (2%a”2*%d*e - 2%a”2xcxf + a~2*d)*cos(f*x + e)*log(-cos(f*x + e) - I*sin(
fxx + e) + I) + (a™2xd*f~2%x72 + 2%a~2xcxf~2*x)*cos(fxx + e) + 2*(a”~2*d*xf*x
+ a”2xcxf)*sin(f*x + e)) /(£ 2*cos(f*x + e))

Sympy [F]

/(c+dx)(a+asec(e+fx))2dac = a? (/cdx+/2csec (e+ fz)dz
-I—/csec2 (e-l-fx)da:—l—/dzdx
+/2dmsec (e + fx) dx+/dwsec2 (e+ fz) dx)

[In] integrate((d*x+c)*(ata*sec(f*x+e))**2,x)

[Out] a**2*(Integral(c, x) + Integral(2*c*sec(e + f*x), x) + Integral(c*sec(e + f
*x)**2, x) + Integral(d*x, x) + Integral(2*xd*x*sec(e + f*x), x) + Integral(
d*x*sec(e + f*x)*%2, x))

Maxima [F]
/(c—}—alx)(a+asec(e—|—fx))2 dx = /(dm—}—c)(asec (fr+e)+a)’dx

[In] integrate((d*x+c)*(ata*sec(f*x+e))”2,x, algorithm="maxima")

[Out] 1/2*x(a~2*xd*f~2*x"2 + 2*a~2*kc*xf~2%x + (a~2xd*f~2*x"2 + 2*a~2kc*xf~2*x)*cos (2%
fxx + 2%e) 72 + (a™2xd*f"2%x"2 + 2*a " 2kckf"2xx) *sin(2*f*x + 2%e) "2 + 2x(a~2x*
d*f72%x72 + 2%a”2xcxf"2%x) *cos(2xf*x + 2%e) + 8k (a”2*xd*xf"3*kcos(2*xfxx + 2%e)
"2 + a”2%d*f " 3*sin(2*f*x + 2*%e) "2 + 2xa~2kd*f " 3*cos(2xf*x + 2xe) + a”2*dxf”
3)xintegrate((x*cos(2*f*x + 2%e)*cos(f*x + e) + x*sin(2*f*x + 2xe)*sin(f*x
+ e) + xxcos(fxx + e))/(f*cos(2*f*x + 2*e)"2 + fxsin(2*f*x + 2%e)~2 + 2xfx*xc
os(2*xfxx + 2xe) + f), x) + (a"2xd*xcos(2*f*x + 2xe)~2 + a~2xd*sin(2*f*xx + 2%
e)”2 + 2xa~2xd*cos(2xfxx + 2%e) + a~2xd)*log(cos(2xf*x + 2%e)”2 + sin(2xf*x
+ 2%e) "2 + 2%cos(2xf*xx + 2%e) + 1) + 2x(a~2xckf*cos(2xf*xx + 2%e)”2 + a"2%*c
xfxsin (2xf*x + 2%e) "2 + 2xa~2xc*xf*cos(2xf*x + 2xe) + a~2xc*f)*log(cos(f*x +

e)”2 + sin(f*x + e)”2 + 2*sin(f*x + e) + 1) - 2x(a"2xcxfxcos(2*f*x + 2%e)”
2 + a"2kckf*sin(2*f*x + 2%e) "2 + 2xa~2xcxfxcos(2xf*xx + 2%e) + a~2*c*f)*log(
cos(f*x + e)”2 + sin(fxx + e)72 - 2*sin(f*x + e) + 1) + 4x(a~2*d*f*x + a~2%*
cxf)*sin(2*f*xx + 2%e)) /(£ 2xcos(2*f*x + 2%e) "2 + f~2xsin(2*f*x + 2%e)”2 + 2
*f~2xcos (2*%f*xx + 2%e) + f~2)



Giac [F]
/(c—l—alac)(a+asec(e+fav))2 dz = /(dx—i—c)(asec (fz +e)+a)dx

[In] integrate((d*x+c)*(ata*sec(f*x+e))~2,x, algorithm="giac")

[Out] integrate((d*x + c)*(a*sec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.

(c+dz)(a + asec(e + fx))? dx = a-l—ﬁ 2(c+da:) dz
(e+fz)

[In] int((a + a/cos(e + f*x)) 2%(c + d*x),x)

[Out] int((a + a/cos(e + f*x)) 2*%(c + d*x), x)

91
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3.9 f (cz—l—<zsec(e+fa:))2 dx

ct+dx
Optimal result . . . . . . . . . . . e 92]
Rubi [N/A] . . . 92
Mathematica [N/A] . . . . . ... 93
Maple [N/A] (verified) . . . . . . . . .. 93
Fricas [N/A] . . . . o o 93
Sympy [N/A] . . o 93
Maxima [N/A] . . . . . 94
Giac [N/A] . . . 94
Mupad [N/A] . . . o 94

Optimal result

Integrand size = 20, antiderivative size = 20

/ (a + asec(e + fx))? e — Int<(a + asec(e + fm))2’x)
c+dz c+dx

[Out] Unintegrable((at+a*sec(f*x+e)) 2/ (d*x+c),x)

Rubi [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0, Iﬁ%{gg;gfl rslilzlgs = 0.000, Rules used = {}

2 2

/(a+asec(e+fac)) dp — (a + asec(e + fx)) i
c+dr c+dz

[In] Int[(a + a*Sec[e + f*x])~2/(c + d*x),x]

[Out] Defer[Int] [(a + a*Secl[e + f*x])~2/(c + d*x), x]

Rubi steps

2
integral = / (a + asec(e + fzx)) s
c+dr
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Mathematica [N/A]

Not integrable
Time = 30.85 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a+ asec(e + fz))? g — (a+ asec(e + fz))? .
c+dz c+dz

[In] Integrate[(a + a*Sec[e + f*x])~2/(c + d*x),x]
[Out] Integrate[(a + a*Secl[e + f*x])~2/(c + d*x), x]

Maple [N/A] (verified)
Not integrable
Time = 0.76 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a+a,sec(fm+e))2dx
dr +c

[In] int((at+axsec(f*x+e))~2/(d*x+c),x)

[Out] int((atax*sec(f*x+e)) "2/ (d*x+c) ,x)

Fricas [N/A]
Not integrable
Time = 0.29 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.85

(a+asec(e+ fz))? . [ (asec(fz+e)+a)’
/ c+dx do = / dr +c de

[In] integrate((ata*sec(f*x+e)) 2/(d*x+c),x, algorithm="fricas")

[Out] integral((a~2*sec(f*x + e)~2 + 2xa~2*sec(f*x + e) + a~2)/(d*x + c), x)

Sympy [N/A]

Not integrable
Time = 1.07 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.05

9 2
st f o [A5le 1)y [oClettn [ L,
c+dx c+dzx c+dzx c+dx

[In] integrate((ata*sec(f*x+e))**2/(d*x+c),x)

[Out] a*x2*(Integral(2*sec(e + f*x)/(c + d*x), x) + Integral(sec(e + f*xx)**x2/(c +
d*x), x) + Integral(1/(c + d*x), x))
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Maxima [N/A]
Not integrable

Time = 1.03 (sec) , antiderivative size = 507, normalized size of antiderivative = 25.35

(a+asec(e+ fz))? [ (asec(fz+e)+a)
c+dx do = / dr +c de

[In] integrate((ata*sec(f*x+e))”2/(d*x+c),x, algorithm="maxima")

[Out] ((a"2xdxf*x + a~2xc*f)*cos(2xf*x + 2%e) "2+log(d*x + c) + 2*a~2xdxsin(2*f*x
+ 2xe) + (a”2xd*f*x + a~2xc*f)*log(d*x + c)*sin(2*f*x + 2%e)~2 + 2% (a~2*d*f
*x + a”~2kcxf)*cos(2xf*x + 2xe)*log(d*x + c) + (d"2%f*xx + ckd*f + (d™2xfxx +
cxdxf)*cos (2xf*xx + 2%e)"2 + (d"2*f*x + ckd*f)*sin(2xf*x + 2xe)”~2 + 2% (d"2x*
fxx + c*d*f)*cos(2xfxx + 2%e))*integrate(2x(2x(a~2xd*xf*xx + a~2xcxf)*cos(2*f
*x + 2%e)*cos(fxx + e) + 2x(a”2*d*f*x + a”~2*c*f)*cos(f*x + e) + (a”2%d + 2%
(a~2xd*f*x + a”~2*c*f)*sin(f*x + e))*sin(2*f*x + 2%e))/(d"2xf*x"2 + 2kxckxd*xfx*
X + c”2xf + (d72*%f*x"2 + 2kckdkf*rx + c”2%xf)*cos(2*xf*x + 2%e) "2 + (d"2xf*x"2
+ 2kckdxfxx + c”2%f)*sin(2*f*x + 2%e) "2 + 2% (d"2xf*x"2 + 2kckd*f*x + c”2%f
)*cos(2xfxx + 2%e)), x) + (a~2*d*xf*x + a~2*c*xf)*log(d*x + c))/(d"2xf*x + c*
d*f + (d~2xf*x + cxdxf)*cos(2*xfxx + 2%e)”2 + (d"2*f*x + ckxd*f)*sin(2xf*x +
2%e) "2 + 2% (d"2xfxx + c*d*f)*cos(2*f*x + 2*e))

Giac [N/A]
Not integrable

Time = 1.34 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+asec(e+ fz))? . [ (asec(fz+e)+a)’
c+dx dm_/ dx +c de

[In] integrate((a+a*sec(f*x+e)) 2/(d*x+c),x, algorithm="giac")

[Out] integrate((axsec(f*x + e) + a)~2/(d*x + c), x)

Mupad [N/A]
Not integrable

Time = 13.13 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

2

(a + asec(e + fz))? <a + cos(eifx))

dz = dz
c+dx c+dzx

[In] int((a + a/cos(e + f*x))~2/(c + d*x),x)
[Out] int((a + a/cos(e + f*x))~2/(c + d*x), x)
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Optimal result

Integrand size = 20, antiderivative size = 20

/ (a+ (z:(j(;;;?fx))z de — Tnt ( (a+ czsif(gxﬂ;fww ’ x)

[Out] Unintegrable((ata*sec(f*x+e))~2/(d*x+c)~2,x)

Rubi [N/A]
Not integrable

95

Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0, Bumber of rules _ 4 559 Ryles used = {}

’ integrand size

dz

/(a+asec(e+fx))2d _ [ (a+asec(e+ fzx))?
(c+dzx)? v (c+ dz)?

[In] Int[(a + a*Sec[e + f*x])~2/(c + d*x)~2,x]

[Out] Defer[Int] [(a + a*Sec[e + f*x])~2/(c + d*x)~2, x]

Rubi steps

, [ (a+asec(e+ fx))?
integral = / (c+ do)? d
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Mathematica [N/A]

Not integrable
Time = 24.75 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a + asec(e + fz))? dr = (a + asec(e + fx))? dr
(c+ dz)? (c+ dx)?

[In] Integrate[(a + a*Sec[e + f*x])~2/(c + d*x)~2,x]
[Out] Integratel[(a + a*Secl[e + f*x])~2/(c + d*x)~2, x]

Maple [N/A] (verified)

Not integrable
Time = 0.96 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a+asec(fz+ e))zdx
(dz + ¢)*

[In] int((at+axsec(f*x+e))~2/(d*x+c)"2,x)
[Out] int((ataxsec(f*x+e)) 2/(d*x+c)”2,x)

Fricas [N/A]

Not integrable
Time = 0.28 (sec) , antiderivative size = 48, normalized size of antiderivative = 2.40

(a+asec(e+ fz))? | [ (asec(fz+e)+a) .
/ (c+ dx)? dz = / (dx + 0)2 d

[In] integrate((ata*sec(f*x+e))”2/(d*x+c)”2,x, algorithm="fricas")
[Out] integral((a"2*sec(f*x + e)~2 + 2xa"2xsec(f*x + e) + a~2)/(d"2*x"2 + 2*c*d*x

+ ¢c72), x)
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Sympy [N/A]
Not integrable

Time = 2.13 (sec) , antiderivative size = 76, normalized size of antiderivative = 3.80

/ (a + asec(e + fz))? Jr — o / 2sec (e + fz) der/ sec? (e + fz)
(c+ dx)? N c? + 2cdx + d2z? c® + 2cdx + d2x2

+ / 1 dz
2 + 2cdx + d?z?

[In] integrate((a+a*xsec(f*x+e))**2/(d*x+c)**2,x)

[Out] a*x2*(Integral(2*sec(e + f*x)/(cx*2 + 2xc*d*x + d**2xx**2), x) + Integral(s
ec(e + f£xx)**x2/(c**2 + 2%ckd*x + d**2xx*%x2), x) + Integral(1l/(c**2 + 2kcxdx
X + d¥kkx**2), x))

Maxima [N/A]
Not integrable

Time = 1.38 (sec) , antiderivative size = 624, normalized size of antiderivative = 31.20

(a + asec(e + fx))? (asec(fz +€) +a)’ i
(c+ dx)? (dx + c)

[In] integrate((ata*sec(f*x+e)) 2/(d*x+c)”2,x, algorithm="maxima")

[Out] -(a"2*d*f*x + a~2xc*f - 2%a~2*d*sin(2xf*x + 2%e) + (a~2*d*f*x + a~2xc*f)*co
s(2*f*x + 2%e) "2 + (a~2xdxfxx + a~2*c*f)*sin(2xf*xx + 2%xe) "2 + 2% (a~2*d*f*x
+ a”2xcxf)*cos(2*fxx + 2%e) - (d73*f*x"2 + 2xckd"2*f*x + c”2*%d*f + (d"3*f*x
"2 + 2kc*kd"2xfxx + cT2%d*f)*cos(2*fxx + 2%e) "2 + (d73kf*x72 + 2kckd"2xfxx +
c72xd*f) *sin (2*f*x + 2*%e) "2 + 2x(d"3*xf*x"2 + 2*c*kd”"2*kf*x + c”2xd*f)*cos (2%
f*x + 2xe))*integrate (4x((a~2*%d*f*x + a~2%cxf)*cos(2*xf*x + 2*e)*cos(f*x + e
) + (2a72*dxfxx + a~2xckf)*xcos(fxx + e) + (a"2xd + (a~2*d*xfxx + a~2xc*f)*sin
(fxx + e))*sin(2*xf*x + 2xe))/(d"3*f*x"3 + 3*c*xd " 2xf*x"2 + 3*xc~2kd*f*x + c~3
*f + (A73*%f*x"3 + 3*kckd " 2xf*x"2 + 3kc"2kd*f*x + c”3*f)*cos(2xf*xx + 2%e)”"2 +

(d73*f*x"3 + 3kckd™2*f*xx"2 + 3*c™2xd*xf*x + ¢ 3*f)*sin(2*f*x + 2%e) "2 + 2%(
d"3xf*x"3 + 3kckd"2*f*x"2 + 3kcT2kdkfxx + c”3%f)*cos(2*f*x + 2%e)), x))/(d”
3kf*x"2 + 2kckxd " 2xfxx + c”2*d*f + (A73kF*x"2 + 2kxckd"2*f*x + c”2*d*f)*cos(2
*fxx + 2%e)72 + (d73*f*x72 + 2kc*kd"2xfxx + cT2*d*f)*sin(2*f*x + 2%e) 2 + 2%
(d™3*%f*x"2 + 2xckd™2*f*x + c”~2*d*f)*cos(2*xf*x + 2xe))



Giac [N/A]

Not integrable
Time = 29.71 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+asec(e+ fz))? . [ (asec(fz+e)+a)’ .
(c+ dzx)? de = / (dz + ¢)® 4

[In] integrate((a+a*sec(f*x+e)) 2/(d*x+c)~2,x, algorithm="giac")

[Out] integrate((axsec(f*x + e) + a)~2/(d*x + ¢c)~2, x)

Mupad [N/A]

Not integrable
Time = 13.16 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

2
(a + asec(e + fx))? / <a + COS(eifw)>
2 dxr = 3 dx

(c+dx) (c+dx)

[In] int((a + a/cos(e + f*x))~2/(c + d*x)~2,x)
[Out] int((a + a/cos(e + f*x))~2/(c + d*x)~2, x)
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3.11 [l gy

a+asec(e+fx)
Optimal result . . . . . . . . . . . . e 99]
Rubi [A] (verified) . . . . . . . . 99
Mathematica [A] (verified) . . . . . . . . . . ... 102
Maple [B] (verified) . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ..... 103
Sympy [F] . . o o 104
Maxima [B] (verification not implemented) . . . . . . . ... ... ... L. 104
Giac [F] . . . o o 105
Mupad [F(-1)] . . . . 1051

Optimal result

Integrand size = 20, antiderivative size = 152

/ (c+ dx)3 s = i(c+ dz)? N (c+dx)*  6d(c+dz)’log (1+ eiletfa)

a+ asec(e+ fx) = af dad af?
12id?(c + dz) PolyLog (2, —e'(c*/2)
+
af?
12d° PolyLog (3, —e®*/®)) (¢ + dz)®tan (£ + L¥)
af af

[Out] Ix(d*x+c)~3/a/f+1/4*(d*x+c)”~4/a/d-6%d*(d*x+c) " 2*x1n(1l+exp(I*(f*x+e)))/a/f~2+
12%I*d~2+* (d*x+c) *polylog(2,-exp(I*(f*x+e)))/a/f~3-12+%d"3*polylog(3,-exp (I*(
f*xx+e)))/a/f~4-(d*x+c) “3xtan(1/2xf*x+1/2%e) /a/f

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.00,
number of steps used = 9, number of rules used = 8, Lumber of rules _ 0.400, Rules used

integrand size
= {4276, 3399, 4269, 3800, 2221, 2611, 2320, 6724}

/ (c+ dx)3 dr — 12id?(c + dx) PolyLog (2, _ei(e~|—fx))

a+ asec(e + fzx) = af?
B 6d(c + dz)?log (1 + 'c+/)) ~ (c + dz)tan ( + %)
af? af
n i(c+ dzx)? n (c+dz)* 12d°PolyLog (3, —e'(c*/2))
af 4ad aft

[In] Int[(c + d*x)~3/(a + a*Sec[e + f*x]),x]



100

[Out] (I*x(c + d*x)"3)/(a*f) + (c + d*x)"4/(4xaxd) - (6%d*(c + dxx)"2*Logl[l + E~(I
*(e + f*x))1)/(axf~2) + ((12*%I)*d~2%(c + d*x)*PolyLog[2, -E~(Ix(e + f*x))])
/(a*f~3) - (12xd"3*PolyLogl[3, -E~(I*(e + f*x))])/(axf~4) - ((c + d*x)~3*Tan

[e/2 + (£*x)/2]1)/(axf)

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)]1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) "n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*cxnxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x1, x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3399

Int[((c_.) + (d_.)*(x))"(m_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_.)
, Xx_Symbol] :> Dist[(2*a)”n, Int[(c + d*x) m*Sin[(1/2)*(e + Pi*(a/(2xb))) +
fx(x/2)1°(2*n), x1, x] /; FreeQl[{a, b, c, d, e, £, m}, x] && EqQ[a"2 - b2
, 0] && IntegerQ[n] && (GtQ[n, 0] || IGtQ[m, 0])

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[I
x((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2*I*(e
+ £xx))/(1 + ET(2%I*x(e + f*x)))), x], x] /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*
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Cot[e + fxx], x], x] /; FreeQl[{c, d, e, f}, x] && GtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)I1*(b_.) + (a_))"(n_.)*((c_.) + (d_)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + fxx])"n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
> €, I, p}, X] && EqQ[b*d, a*e]

Rubi steps
3 3
integral = / (c+dz)” (c+ dz) d
a a+ acos(e + fx)
(c+dzx)* / (c+ dz)? i

~ 4ad a+acos(e + fx)
_ (e+dz)*  [(c+dz)’esc® (<fF + ) dz

4ad %2,
_ (c+ dx)4 B (C+dx)3tan (% + %) N (3d) f(c—i— dx)ztan (% n f_;) d

4ad af af

. eQi(%+%>(c+d$)2
_i(c+dzx)® + (c+dz)* B (c+dz)3tan (£ + %) ~ (6id) [ TR d
= CLf 4ad af G/f
_ i(c+dz)® 4 (c+dz)*  6d(c+ dz)’log (1 4 eiletia)
a af 4ad af?
2 2i(5+4%)
(c+doy tan (g + L) (128 [(e+da)log (1 +e ) dz
af * af?
_ i(c+dx)® + (c+dz)*  6d(c+ dz)?log (1 + €ilet/))
~ af 4ad af?
" 12id?(c + dz) PolyLog (2, —e'(=+/2)) B (c+dz)3tan (£ + %)
af3 af

12id?) [ PolyLog [ 2, —e2(i+%) ) dp
yLog
_ =
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_ile+ dr)3 4 (c + dx)* B 6d(c + dx)?log (1 + ei(e+fac))

af 4ad af?
12id?(c + dz) PolyLog (2, —e'“*/®) (¢ + dz)®tan (£ + L&)
+ _
af? af
(124) Subst ( [ PBLoERmD) gy 62i<3+€’”)>
aft
_i(c+dz)? + (c+dzx)*  6d(c+ dz)?log (1 4 e'(et/2)
~ af 4dad af?
12id*(c + dz) PolyLog (2, —e'(ct/2))
+ 3
af
_ 12d*PolyLog (3, —eiletin) _ (c+dz)’tan (¢ + L&)
af* af

Mathematica [A] (verified)

Time = 2.11 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.42

(c+dz)3
/ a+ asec(e + fr) de

¢3 3
8cos (% (e+fx)) (—%—Bd

cos (3(e + fx)) sec(e + fx) (x(4c3 + 6c2dz + ded?x? + dPz3) cos (L (e + fz)) +

2a(1 + sec(e +

[In] Integrate[(c + d*x)~3/(a + a*Secl[e + f*x]),x]

[Out] (Cos[(e + fxx)/2]*Secl[e + fxx]*(x*x(4*c™3 + 6*c™2*d*x + 4*c*xd"2*x"2 + d~3*x~
3)*Cos[(e + f*x)/2] + (8%Cos[(e + f*x)/2]1*(((-I)*f~3*(c + d*x)~3)/(1 + E~(I
*xe)) - 3*d*xf~2x(c + d*x) 2*Log[l + E~((-I)*(e + f*x))] - (6*I)*d~2xf*(c + d
*x)*PolyLog[2, -E~((-I)*(e + f*x))] - 6*%d~3*PolyLog[3, -E~((-I)*(e + f*x))]
))/f74 - (4*x(c + d*x) " 3*Secl[e/2]*Sin[(£f*x)/2])/f))/(2*ax(1 + Sec[e + f*x]))

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 416 vs. 2(138) = 276.

Time = 0.55 (sec) , antiderivative size = 417, normalized size of antiderivative = 2.74

method | result

12id?c polylog (2,—e(fz+e)) 2i(d3z3+3c d?z2+3c?da+c3) 6d3e? In (ef(f2+e

: d3zt d?cz3 3d c?x? Az ct
risch 4a + a + 2a + “a + 4ad + af3 fa(ei(fzte)41) + aft
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[In] int((d*x+c)~3/(at+axsec(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/4/a*xd”~3*x~4+1/a*xd~2*%c*x~3+3/2/a*d*c”2*x"2+1/a*c”3*x+1/4/a/d*c~4+12%I/a/f"
3*d~2xc*polylog(2,-exp (I*(f*x+e)))-2*%I* (d"3*x"3+3*c*kd~2*x"2+3*c~2xd*x+c~3) /
f/a/(exp(Ix(f*x+e))+1)+6/a/f~4*xd"3*e"2x1n(exp (I*(f*x+e)))-6/a/f~2+d"3*1n(ex
p(I*(f*x+e))+1)*x"2-12*d"3*polylog(3,-exp(I*x(f*x+e)))/a/f~4+6/a/f~2*d*c™2%1
n(exp(I*(f*x+e)))-6/a/f~2*d*c"2x1n(exp (I*(f*x+e))+1)+2*%I/a/f*d"3*x"3-12/a/f
~2xd"2*c*1n(exp (I*(f*xx+e))+1)*x-4*I/a/f~4+d"3*%e~3+6xI/a/f*d"2xc*xx~2-6%I/a/f
~3xd"3%e"2xx+12*I/a/f~3*d"3*polylog(2,-exp(I*(f*x+e))) *x+6%I/a/f"3*xd"2*c*e”
2+12%I/a/f72%d"~2*%c*exx-12/a/f"3*%d"2*exc*1n(exp (I* (f*x+e)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 516 vs. 2(135) = 270.

Time = 0.30 (sec) , antiderivative size = 516, normalized size of antiderivative = 3.39

(c + dx)3
/ a+ asec(e+ fz) de

Bt +Acd? fra® + 6 Edf'a? + 40 flo 4+ (B flat + ded? [P + 6 Adf'a® + 4 fix) cos (fr 4 €) — 24

[In] integrate((d*x+c) 3/ (ata*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/4%(d"3*f74xx"4 + 4xcxd~2+f74*x"3 + 6*%c™2xd*xf~4*x"2 + 4xc™3*f"4xx + (d73*f
“4xx"4 + 4xcxd"2*%f74*%xX"3 + 6kcT2xd*xfT4*x"2 + 4*c”3*f"4xx)*cos(f*x + e) - 24
*(I*d~3*f*x + Ikckd™2+f + (I*d"3*f*x + I*kckd™2*f)*cos(f*x + e))*dilog(-cos(
fxx + e) + I*sin(f*xx + e)) - 24*%(-Ixd~3*f*x - Ixc*d~2*f + (-I*d"3*xf*x - I*c
*xd~2*f)*cos(f*x + e))*dilog(-cos(f*x + e) - I*sin(f*x + e)) - 12x(d~3*f"2x*x
T2 + 2xckdT2+f72xx + cT2kd*fT2 + (A73*ET2%xT2 + 2xckdT2+f72xx + cT2kd*f72) *
cos(fxx + e))*log(cos(f*x + e) + Ixsin(f*x + e) + 1) - 12x(d"3*f72xx"2 + 2%
ckxd"2*%f72%x + c”2xd*f72 + (d73*f72%xT2 + 2%ckdT2*f72%x + c”2%d*f"2) *cos (f*xx
+ e))*log(cos(f*x + e) - I*sin(f*x + e) + 1) - 24*(d"3*cos(f*x + e) + d~3)
*polylog(3, -cos(f*x + e) + Ixsin(f*x + e)) - 24*(d"3*cos(fxx + e) + d”3)*p
olylog(3, -cos(f*x + e) - Ixsin(f*xx + e)) - 4x(d"3*f73%x"3 + 3xc*xd~2*f " 3*x~
2 + 3xc”2*%d*f"3xx + c"3*f£73)*sin(f*x + e))/(axf~4xcos(f*x + e) + axf~4)
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Sympy [F]

(c+ dx)3
/ a+ asec(e + fx) dz

3 d3z3 3cd?x2 3¢c2d
_ f sec (eifz)+1 dz + f sec (e+wfz)+1 dz + f sec (e+fa;)+1 dz + f sec (ec-l-fi)+1 dzx
a

[In] integrate((d*x+c)*+*3/(at+axsec(f*x+e)),x)

[Out] (Integral(c**3/(sec(e + f*x) + 1), x) + Integral (d**3*x*x3/(sec(e + f*xx) +
1), x) + Integral(3*cxd**2xxx*2/(sec(e + f*x) + 1), x) + Integral (3*c*x2xd*
x/(sec(e + fxx) + 1), x))/a

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1285 vs. 2(135) = 270.

Time = 0.46 (sec) , antiderivative size = 1285, normalized size of antiderivative = 8.45

(c+ dx)? :
dz = Too 1 to displ
/ o+ asecle £ fz) 1 = Too large to display

[In] integrate((d*x+c) 3/ (ata*sec(f*x+e)),x, algorithm="maxima")

[Out] 1/2*%(6*c*xd"2xe"2*x(2*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/(axf~2) - sin(f
*x + e)/(a*xf~2%(cos(f*x + e) + 1))) - 6%c™2*xd*ex(2*arctan(sin(f*x + e)/(cos
(fxx + e) + 1))/(a*f) - sin(f*x + e)/(axf*(cos(f*x + e) + 1))) - 6%((f*x +
e) " 2xcos(f*x + e)”2 + (f*x + e) " 2*sin(f*xx + e)72 + 2x(f*x + e) 2xcos(f*x +
e) + (fxx + e)72 - 2*(cos(f*x + e)”2 + sin(f*x + e)72 + 2xcos(f*x + e) + 1)
*xlog(cos(f*x + )72 + sin(f*x + e)72 + 2%kcos(f*x + e) + 1) - 4*(f*x + e)*si
n(f*xx + e))*c*d"2*e/(a*f"2xcos(f*xx + e)~2 + a*f~2*sin(f*x + e)~2 + 2xaxf 2%
cos(f*x + e) + a*xf~2) + 2xc"3*(2*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/a
- sin(f*x + e)/(ax(cos(f*x + e) + 1))) + 3*x((f*x + e) " 2*xcos(f*x + e)"2 + (f
*x + e) " 2*sin(fxx + e)72 + 2x(f*x + e) " 2xcos(f*x + e) + (f*x + e)”2 - 2x(co
s(fxx + e)”2 + sin(f*xx + e)”2 + 2*cos(f*x + e) + 1)*xlog(cos(f*x + e)72 + si
n(fxx + )72 + 2xcos(f*xx + e) + 1) - 4x(fxx + e)*sin(f*x + e))*c~2*d/(axf*c
os(fxx + e)72 + axfxsin(f*x + e)”2 + 2xaxfxcos(f*x + e) + a*f) - 2x(I*(f*x
+ e)74%d"3 + 6xI*(f*x + e) " 2xd"3*e”2 - 4*xI*x(f*x + e)*d"3*e”3 - 8*d"3*e”3 -
4% (Ixd"3xe — Ikxckd~2*xf)*x(f*x + e)73 + 24*x((f*x + e)"2%d"3 + d"3*e”2 - 2*x(d~
3xe — cxd"2*f)*x(fxx + e) + ((f*x + e)72xd"3 + d"3*e"2 - 2*%(d"3*e - c*d"2xf)
*x(f*x + e))*cos(f*x + e) - (-Ik(f*x + e)"2%d"3 - I*d"3*e”2 + 2*%(I*d"3*xe - I
*ckd~2xf) *x (f*xx + e))*sin(f*x + e))*arctan2(sin(f*x + e), cos(fxx + e) + 1)
+ (Ix(fxx + e)”4%d"3 - 4*x(I*d"3*e — Ixcxd"2xf + 2xd"3)*(f*x + e)~3 - 6k (-Ix*
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d"3%e"2 - 4*d"3*e + 4xckd"2*f)*(fxx + e)72 - 4*x(I*d"3*e"3 + 6*%d"3*e”2) *(f*x
+ e))xcos(f*x + e) — 48%((f*x + e)*d"3 - d"3*xe + c*d™2*xf + ((f*x + e)*d"3

- d"3%e + c*d"2xf)*cos(f*x + e) + (I*(fxx + e)*d~3 - I*d"3*e + I*xckd " 2*f)x*s
in(f*x + e))*dilog(-e~ (I*f*x + I*e)) - 12x(I*(f*x + e)~2%d"3 + I*d"3%e”2 +

2% (-I*d"3*e + Ixcxd"2*f)*(fxx + e) + (I*x(f*xx + e)72%d"3 + I*d"3*xe"2 + 2*(-I
*d"3*e + Ikckxd"2xf)*(fxx + e))*cos(f*x + e) - ((f*x + e)"2%d"3 + d~3*e"2 -

2% (d"3*%e - c*xd"2*f)*(f*x + e))*sin(f*x + e))*log(cos(f*x + e)~2 + sin(fx*x +
e)”2 + 2%cos(f*x + e) + 1) - 48%(I*d"3*cos(f*x + e) - d~3*sin(f*xx + e) + I
*d~3)*polylog(3, -e~(I*f*x + Ixe)) - ((f*x + e)~4%xd"3 - 4x(d"3xe - c*d"2xf

- 2xIxd"3)*(f*x + e)”3 + 6%(d"3*e”2 - 4xIxd"3*e + 4xIxckxd 2*f)*(f*xx + e)~2

- 4x(d"3*e"3 - 6xIxd"3*e"2)*x(f*x + e))*sin(f*x + e))/(-4*xI*a*xf~3*cos(f*x +

e) + 4xaxf~3*sin(f*xx + e) - 4xI*xa*xf~3))/f

Giac [F]

(c+ dx)? B (dz + c)®
/a+asec(e+fx)dw_/asec(fac—l—e)+adx

[In] integrate((d*x+c)~3/(ata*sec(f*x+e)),x, algorithm="giac")
[Out] integrate((d*x + c)~3/(axsec(f*x + e) + a), x)

Mupad [F(-1)]

Timed out.
5 3
/ (c+de)y® . _ [ (ct+da)”
a+ asec(e + fx) 0+ D

[In] int((c + d*x)~3/(a + a/cos(e + f*x)),x)
[Out] int((c + d*x)~3/(a + a/cos(e + f*x)), x)
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3.12 [l gy

a+asec(e+fx)
Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . ..
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... .. 108
Maple [B] (verified) . . . . . . . . . .. 109
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ........ 110
Sympy [F] . . o o 110
Maxima [B] (verification not implemented) . . . . . . . ... ... L 111
Giac [F] . . . o o 111
Mupad [F(-1)] . . . o o 117

Optimal result

Integrand size = 20, antiderivative size = 119

/ (c+ dz)? do — i(c+ dx)? N (c+dx)®  4d(c+ dz)log (14 eiletfa)

a+asec(e + fx) = af 3ad af?
4id? PolyLog (2, —'*/))  (c+ dz)?tan (£ + L)
+ —
af? af

[Out] Ix(d*x+c)~2/a/f+1/3*(d*x+c)~3/a/d-4*xd*(d*x+c)*1ln(1l+exp(I*(f*x+e)))/a/f~2+4x%
I*xd~2*polylog(2,-exp(I*(f*x+e)))/a/f~3-(d*x+c) "2xtan(1/2xfxx+1/2%e) /a/f

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.00,

number of steps used = 8, number of rules used = 7, Mumber of rules _ ( 35, Ryles used
integrand size

= {4276, 3399, 4269, 3800, 2221, 2317, 2438}

a+asec(e + fz) af? af
i(c+ dx)? 4 (c + dx)? N 4id? PolyLog (2, —e'(ct/2))
af 3ad af?

/ (c+dz)? o — _4d(c+dz)log (1 +eH/?))  (c+dz)*tan (5 + )

+

[In] Int[(c + d*x)~2/(a + a*Sec[e + f*x]),x]

[Out] (Ix(c + d*x)~2)/(a*f) + (c + d*x)~3/(3*axd) - (4xd*(c + d*x)*Log[l + E™(I*(
e + £xx))])/(a*f~2) + ((4xI)*d~2xPolyLogl[2, -E~(Ix(e + f*x))])/(a*xf~3) - ((
c + d*x)"2xTan[e/2 + (£*x)/2])/(axf)

Rule 2221
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Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3399

Int[((c_.) + (d_.)*(x)) " (m_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_.)
, x_Symbol] :> Dist[(2*a)”n, Int[(c + d*x) m*Sin[(1/2)*(e + Pix(a/(2*b))) +
fx(x/2)1°(2*%n), x], x] /; FreeQl{a, b, c, d, e, f, m}, x] && EqQ[a"2 - b2
, 0] && IntegerQ[n] && (GtQ[n, 0] || IGtQ[m, 0])

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2*I*(e
+ fxx))/(1 + EC(2%Ix(e + f*x)))), x], x] /; FreeQ[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*
Cot[e + f*x], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]
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Rubi steps
2 2
integral = / (c+ dz) — (c + dz) de
a a+ acos(e+ fx)
(c+ dz)? / (c + dz)?
= - dz
3ad a+ acos(e + fz)
_ (c+dzx)? _ [(c+dz)?csc® (4T + J;_””) dx
~ 3ad 2m
_ (c+dz)* (et dz)?tan (£ + £2) N (2d) [(c+dz)tan (S + L) dz
3ad af af
@) (o)
_iletdaf | (crdaf _(crdafran(sfp) WDIT GG
B af 3ad af G/f
_i(c+dx)? N (c+dx)®  4d(c+dz)log (1 + eile+fo)
B af 3ad a,fQ
2 21‘(%4—%)
(c+dz)?*tan (£ + &) (4d?) [ log <1+€ ) dz
af * af?
_ i(c+ dx)? L (et de)®  4d(c+ dz)log (1 4 €/c+/2)
B af 3ad af2
. 19 log(1+x) Qi(gju%m)
(c+dz)*tan (5 + fz) (44 Subst (f S dr 3, e )
af af?
_i(c+dx)? N (c+ dx)3 B 4d(c + dz)log (1 + eilc+/2)
-~ af 3ad af?
" 4id? PolyLog (2, —e'(¢+/2)) B (c+dz)?tan (§ + %x)
af? af

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count

of optimal. 528 vs. 2(119) = 238.
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Time = 6.69 (sec) , antiderivative size = 528, normalized size of antiderivative = 4.44

a+ asec(e + fzr) v 3(a + asec(e + fx)§
8cd cos? (£ + LX) sec (&) sec(e + fz) (cos (&) log (cos (£
a f?(a+ asec(e + fx)) (cos?

/ (c+ dz)? q 22(3c? + 3cdz + d*3?) cos? (£ + L£2) sec(e + fz)

2
cot(%) (%sz (—m—2arctan (cot(%))) -7 10g(1+e_if’”) —2(’%c —arctas

8d? cos? (£ + %’”) csc (£) (ieiaman(mﬁ(;))ﬂ 2 _

fPla+a:
2cos (£ + L&) sec () sec(e + fz) (csin (L) + 2cdz sin (£F) + d?2?sin (£2))
f(a+ asec(e+ fx))

[In] Integratel(c + d*x)~2/(a + a*Sec[e + f*x]),x]

[Out] (2*x*(3%xc™2 + 3*xcxd*x + d~2*x"2)*Cos[e/2 + (fxx)/2]"2xSecle + fxx])/(3*(a +
axSec[e + f*x])) - (8*c*kd*Cos[e/2 + (f*x)/2]"2+Sec[e/2]*Sec[e + f*x]*(Cos[
e/2]*Log[Cos[e/2]*Cos [(f*x) /2] - Sin[e/2]*Sin[(f*x)/2]] + (f*x*Sin[e/2])/2)
)/ (£72%(a + axSec[e + f*x])*(Cos[e/2]"2 + Sinl[e/2]172)) - (8*d"2*Cos[e/2 + (
fxx) /2] "2xCsc[e/2]* ((£~2%x~2) / (4*xE~ (I*ArcTan[Cot [e/2]]1)) - (Cot[e/2]*((I/2)
*fxxk(-Pi - 2*%ArcTan[Cot[e/2]]) - PixLog[1l + E~((-I)*f*x)] - 2x((f*x)/2 - A
rcTan[Cot [e/2]])*Log[1 - E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]]1))] + PixLogl[C
os[(f*x)/2]] - 2*ArcTan[Cot[e/2]]*Log[Sin[(f*x)/2 - ArcTan[Cot[e/2]]1]] + Ix
PolyLog[2, E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]11))1))/Sqrt[1 + Cotl[e/2]72])*
Sec[e/2]*Sec[e + f*xx])/(£73*(a + a*Sec[e + f*x])*Sqrt[Cscle/2] 2*(Cos[e/2]~
2 + Sin[e/2]72)]) - (2%Cosl[e/2 + (f*x)/2]*Secl[e/2]*Secle + f*x]*(c™2*Sin[(f
*x) /2] + 2xcxdxx*Sin[(f*x)/2] + d~2*x"2*Sin[(f*x)/2]))/(f*x(a + a*Sec[e + f*
x]))

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 235 vs. 2(107) = 214.

Time = 0.53 (sec) , antiderivative size = 236, normalized size of antiderivative = 1.98

method | result

. 4223 dexz2 2z 3 2i (d2m2+2cdm+cz) 4dcln (ei(f“'e)—i—l) 4dcln (ei(fz+e)) 2id2x2 4id2ex 2id”
risch 3a + a + a +3a,d fa(ei(fz+e)+1) af? + af? + of + af? + aj

[In] int((d*x+c)~2/(ata*sec(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/3/a*d~2%x"3+1/axd*c*x~2+1/a*xc”2*x+1/3/a/d*c~3-2xI*(d~2*x~2+2*c*xd*x+c~2) /f
/a/ (exp(I*(f*x+e))+1)-4/a/f~2*d*c*x1ln(exp(I*(f*x+e))+1)+4/a/f~2xd*c*1n(exp (I
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*x(fxx+e)))+2%I/a/fxd"2%x"2+4xI/a/f~2%d"2%e*x+2%1/a/f~3*%d"2%xe"~2-4/a/f~2*%d"2*
1n(exp(I* (f*x+e))+1)*x+4*xI*d"2*polylog(2,-exp(I*(f*x+e)))/a/f~3-4/a/f"3xd"2
*xex1n(exp (I*(f*x+e)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 292 vs. 2(104) = 208.

Time = 0.27 (sec) , antiderivative size = 292, normalized size of antiderivative = 2.45

(c + dx)?
/ a+ asec(e+ fz) de

A2 f3® + 3cdf®x? + 32 f2x + (P f32® + 3cdf’x? + 32 f3x) cos (fx + e) — 6 (i d? cos (fz + e) + i d?) Lia(:

[In] integrate((d*x+c)~2/(at+a*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/3%(d"2*f73*x"3 + 3kcxd*f~3*%x"2 + 3*c™2*f"3xx + (d"2*#f73*%x"3 + 3*kckd*f~3*x
"2 + 3*%c"2xf73*x)*cos(f*x + e) - 6x(I*d"2xcos(f*x + e) + I*d~2)*dilog(-cos(

fxx + e) + I*sin(f*x + e)) - 6%(-I*d"2*cos(f*x + e) - I*d"2)*dilog(-cos(f*x

+ e) - Ixsin(f*x + e)) - 6x(d"2*fxx + cxd*f + (d"2*f*x + ckxd*f)*cos(f*x +
e))*log(cos(f*x + e) + I*sin(fxx + e) + 1) - 6%(d"2*f*x + cxd*f + (d~2*f*x

+ cxd*f)*cos(f*x + e))*log(cos(f*x + e) - I*sin(f*x + e) + 1) - 3x(d~2xf~2x

X"2 + 2%kcxd*xf72+x + c"2xf72)xsin(f*x + e))/(axf"3*cos(fxx + e) + a*xf~3)

Sympy [F]

2 2 .2
/ (C + d.’L')2 de — f sec (ej—fx)+1 dz + f sec (g+a]:"m)+1 dz + f sec (62-(;-%"9;)+1 dx
a + asec(e + fr) a

[In] integrate((d*x+c)**2/(ataxsec(f*x+e)),x)

[Out] (Integral(c*x2/(sec(e + f*x) + 1), x) + Integral(d**2*x*x2/(sec(e + f*xx) +
1), x) + Integral(2*cxd*x/(sec(e + f*x) + 1), x))/a
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 377 vs. 2(104) = 208.

Time = 0.43 (sec) , antiderivative size = 377, normalized size of antiderivative = 3.17

/ (c+ dz)? dp —

a+ asec(e+ fz)
id2f3z% + icdf3z + 3i P f3r + 62 f2 + 12 (d* fx + cdf + (d%fz + cdf) cos (fx +e) — (—id*fx —ic

[In] integrate((d*x+c)~2/(at+a*sec(f*x+e)),x, algorithm="maxima")

[Out] -(I*d"2+f73%x"3 + 3*I*cxd*xf~3*x"2 + 3*xI*kc™2+%f " 3*x + 6*%c™2xf~2 + 12+ (d"2xf*x
+ ckxd*xf + (d72*f*xx + ckd*f)*cos(f*x + e) — (-I*d"2*fxx — I*c*d*f)*sin(f*x

+ e))*arctan2(sin(f*x + e), cos(f*x + e) + 1) + (I*d"2*xf"3*x"3 - 3*(-I*c*d*

£f73 + 2%d"2%xf"2)*x"2 - 3% (~I*c"2*%f"3 + 4dxcxd*xf~2)*x)*cos(f*x + e) - 12x(d"2
xcos(f*x + e) + I*d"2*sin(f*x + e) + d"2)*dilog(-e” (Ixf*x + Ixe)) - 6%(I*d”

2%fxx + Ikckd*f + (I*d"2*f*x + Ikckd*f)*cos(f*x + e) — (d"2*f*x + ckxd*f)*si

n(f*x + e))xlog(cos(f*x + e)~2 + sin(f*x + e)~2 + 2xcos(f*x + e) + 1) - (d~
2+%f"3%x"3 + 3k (ckxd*xf~3 + 2%I*xd"2*f"2)*x"2 + 3% (c™2%f~3 + 4*xI*ckxd*xf~2)*x)*si

n(f*x + e))/(-3*I*axf~3xcos(f*x + e) + 3*a*xf~3xsin(f*x + e) - 3*I*axf~3)

Giac [F]

2 2
/ (c+dzx) dp — / (dz + c) s
a+ asec(e + fz) asec(fx+e)+a
[In] integrate((d*x+c)~2/(ata*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)~2/(a*sec(f*x + e) + a), x)

Mupad [F(-1)]

Timed out.

2 2
/ (c+dzx) dp — (c+ dax) i
a+ asec(e + fz) o+ et

[In] int((c + d*x)~2/(a + a/cos(e + f*x)),x)
[Out] int((c + d*x)"2/(a + a/cos(e + f*x)), x)
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3.13 [ -4 __dr

a+asec(e+fx)
Optimal result . . . . . . . . .. 112l
Rubi [A] (verified) . . . .. . . ... .. 112
Mathematica [A] (verified) . . . . . . . . ... L 113
Maple [A] (verified) . . . . . . . .. 114
Fricas [A] (verification not implemented) . . . . . . . . ... .. ... ... ... ... 114
Sympy [F] . . o o 114
Maxima [B] (verification not implemented) . . . . . . ... ... ... . ... 115
Giac [B] (verification not implemented) . . . . . . . . .. ... ... ... 115
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 116

Optimal result

Integrand size = 18, antiderivative size = 67

/ c+dzx dr — (c+dz)? _2dlog(cos(§+f7$)) B (c+dz)tan (& + L2)
a+ asec(e + fz) 2ad af? af

[Out] 1/2*x(d*x+c)~2/a/d-2*d*1n(cos(1/2xf*xx+1/2xe))/a/f~2-(d*x+c) *xtan(1/2xf*xx+1/2%
e)/a/f

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4 number of rules _ 0.222, Rules used = {4276,

’ integrand size
3399, 4269, 3556}

dz = —
a+ asec(e + fz) v af 2ad af?

/ c+dz (ctda)tan (5+%5)  (c+da)*  2dlog (cos(5+5))

[In] Int[(c + d*x)/(a + axSec[e + f*x]),x]

[Out] (c + d*x)~2/(2%a*d) - (2+d*Logl[Cos[e/2 + (f*x)/2]]1)/(axf~2) - ((c + d*x)*Ta
nle/2 + (£f*x)/2])/(a*f)

Rule 3399

Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_.)

, X_Symbol] :> Dist[(2*a)"n, Int[(c + d*x) m*Sin[(1/2)*(e + Pix(a/(2%b))) +
fx(x/2)]1°(2*n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a"2 - b~2

, 0] && IntegerQ[n] && (GtQ[n, 0] || IGtQ[m, 0])

Rule 3556
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Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4, x] /; FreeQ[{c, d}, x]

Rule 4269

Int[cscl(e_.) + (f_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)x*
Cotle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rubi steps
integral = / (c +dz c+do )) dz

a  a+acos(e+ fz

_(c+da:)2_/ c+dx i
~ 2ad a+ acos(e + fx)

(c+dx)*  [(c+dz)esc? (5" + &) do

2ad 2a
(erdef _(erdun(5+ ) | dften (54 5) o
2ad af af
_ (c+dz)? _ 2dlog (cos (£ + %)) B (¢ +dz)tan (& + %)
~ 2ad af? af

Mathematica [A] (verified)

Time = 1.00 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.55

/ c+dx
dx
a+ asec(e+ fz)
_cos (1(e+ fz)) sec(e + fx) (—2f(c+ dz) sec (£) sin (£Z) + cos ((e + fz)) (f?z(2c + dz) — 4dlog (cos

af?(1+ sec(e + fx))

[In] Integrate[(c + d*x)/(a + a*Secl[e + f*x]),x]

[Out] (Cos[(e + fxx)/2]*Secl[e + f*xx]*(-2xfx(c + d*x)*Sec[e/2]*Sin[(f*x)/2] + Cosl[
(e + f*x)/2]*(£72xx*x(2%c + d*x) - 4*d*Log[Cos[(e + f*x)/2]] - 2*d*f*x*Tan[e
/21)))/(a*xf~2%(1 + Sec[e + f*x]))
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Maple [A] (verified)

Time = 0.46 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.79

method result size
) dln(sec(%ﬂ_,_%)Q)_,_((_dx—c)tan(%—i—%)—i—fﬂ:(%ﬂc—i—c))f
parallelrisch a7 53
2 ctan<%+%> dmtan(%+%> dln<1+tan<%+%)2>
norman <+ ‘% — ot - of + a7 76
. dx2 2id. 2d 2i(dz+-c) 2dln(ei(f””+e)+1)
risch %0 T @t ar Tap = Faeuerosn) — af? 87

[In] int((d*x+c)/(a+a*sec(f*x+e)),x,method= RETURNVERBOSE)
[Out] (d*1ln(sec(1/2xfxx+1/2%e)~2)+((-d*x—-c)*tan(1/2xf*xx+1/2%e)+f*x* (1/2*%d*x+c))*f
)/a/f"2

Fricas [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.48

c+dx
/a+asec(e+fx) dz
_ df*a® + 2cf?x + (df*2® + 2 cf?x) cos (fx + €) — 2 (dcos (fz + e) + d) log (5 cos (fz +e) + 5) — 2 (dfz A
B 2(af?cos(fzx+e)+af?)

[In] integrate((d*x+c)/(ata*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/2%(d*f~2%x"2 + 2%c*f~2%x + (d*f~2%x"2 + 2%c*f~2%x)*cos(f*x + e) - 2x(d*co
s(fxx + e) + d)*log(1/2*cos(f*x + e) + 1/2) - 2x(d*xf*x + c*f)*sin(f*x + e))
/(axf~2%cos(f*x + e) + a*xf~2)

Sympy [F]

d.
/ c+dx de — f sec (e-l-cfw)-l-l dz + f sec (€+g.cfw)+1 dz

a+ asec(e + fz) a

[In] integrate((d*x+c)/(ata*sec(f*x+e)),x)
[Out] (Integral(c/(sec(e + fxx) + 1), x) + Integral(d*x/(sec(e + f*x) + 1), x))/a
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Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 273 vs. 2(57) = 114.

Time = 0.31 (sec) , antiderivative size = 273, normalized size of antiderivative = 4.07

/ c+dx d
xTr =
a + asec(e + fz)
9 de (2 arctan(%) _ sin(fz+e) ) _9¢ (2 arctan(%) __ sin(fa+te) ) _ <(f1‘-|-e)2 cos(fzr+e)

af af(cos(fz+e)+1) a a(cos(fz+e)+1)

[In] integrate((d*x+c)/(ata*sec(f*x+e)),x, algorithm="maxima")

[Out] -1/2%(2xd*e*(2*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/(a*xf) - sin(f*x + e)
/(axf*x(cos(fxx + e) + 1))) - 2*cx(2*arctan(sin(f*x + e)/(cos(f*x + e) + 1))

/a - sin(f*x + e)/(a*x(cos(f*x + e) + 1))) - ((f*x + e) " 2*cos(f*x + e)"2 + (

f*xx + e) " 2*sin(f*x + e)72 + 2x(f*x + e) " 2xcos(f*x + e) + (f*x + e)”2 - 2x(c
os(f*x + e)”2 + sin(f*x + e)”2 + 2*cos(f*x + e) + 1)xlog(cos(f*x + e)”2 + s
in(f*x + e)”2 + 2%cos(f*x + e) + 1) - 4*x(f*x + e)*sin(f*x + e))*d/(axf*cos(

f*x + e)72 + axfxsin(f*x + e)”2 + 2*axfxcos(f*x + e) + axf))/f

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 248 vs. 2(57) = 114.

Time = 0.32 (sec) , antiderivative size = 248, normalized size of antiderivative = 3.70

/ c+dz
dx
a + asec(e + fz)

df*z? tan (3 fz) tan (3 e) + 2cf?ztan (3 fz) tan (3 ) — df?z? — 2¢f?x + 2dfztan (3 fz) + 2dfz tan (

[In] integrate((d*x+c)/(ataxsec(f*x+e)),x, algorithm="giac")

[Out] 1/2x(d*xf~2xx"2*tan(1/2*f*x)*tan(1/2xe) + 2xc*xf~2*x*tan(1/2*f*x)*xtan(1/2xe)
- d*xf72%x72 - 2xcxfT2%x + 2xdxfirxktan(1/2xf*x) + 2xdxf*rxktan(1/2*e) - 2*dx1
og(4*(tan(1/2xf*x) "2xtan(1/2*e) "2 - 2xtan(1/2xfxx)*tan(1/2*e) + 1)/(tan(1/2
*f*x) "2%tan(1/2*%e) "2 + tan(1/2*xf*x)"2 + tan(1/2*e)”2 + 1))*tan(1/2*f*x)*tan
(1/2%e) + 2xcxfxtan(1/2xfxx) + 2*kc*f*tan(1/2%e) + 2xd*log(4*(tan(1/2*f*x)"2
xtan(1/2*e) "2 - 2*xtan(1/2xfxx)*tan(1/2*e) + 1)/(tan(1/2xf*xx) " 2*xtan(1/2*e) "2

+ tan(1/2xf*x) "2 + tan(1/2%e)"2 + 1)))/(axf~2xtan(1/2*f*x)*tan(1/2*%e) - ax
£°2)
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Mupad [B] (verification not implemented)

Time = 13.61 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.18

/ c+dx dx_dx2_2dln(ee“ef“i+l) (c+dz) 2 z (c f+ d2i)
a+asec(e+ fx)  2a a f2 af (eelitfzliy 1) af

[In] int((c + d*x)/(a + a/cos(e + f*x)),x)

[Out] (d*x~2)/(2*a) - (2*d*log(exp(ex1i)*exp(f*x*1i) + 1))/(a*f~2) - ((c + d*x)*2
i)/ (axfx(exp(ex1i + f*x*1i) + 1)) + (x*(d*2i + cx*f))/(a*f)



1
3.14 f (c+dz)(a+asec(e+fr)) dﬂ?

Optimal result . . . . . . . . ..
Rubi [N/A] .« . o
Mathematica [N/A] . . . . . . ..
Maple [N/A] (verified) . . . . . . . . . .
Fricas [N/A] . . . o
Sympy [N/A] . . .
Maxima [N/A] . . . . o
Giac [N/A] .« . .
Mupad [N/A] . . . o

Optimal result

Integrand size = 20, antiderivative size = 20

1
/ (c+ dz)(a + asec(e + fz)) do = Int((c +dz)(a + asec(e + fz))’ v

[Out] Unintegrable(1/(d*x+c)/(at+a*sec(f*x+e)),x)

Rubi [N/A]
Not integrable

117

118]
L1
119
119
119

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

— . humber of rules

of steps used = 0, number of rules used

1

> integrand size

/(c+dx)(a+asec(e+fm)) dm:/(c+dx)(a+

[In] Int[1/((c + d*x)*(a + a*xSec[e + f*x])),x]

[Out] Defer[Int][1/((c + d*x)*(a + a*Sec[e + f*x])), x]

Rubi steps
1

asec(e + fz)) d

integral = / (c+dz)(a+ asec(e + fx))

= 0.000, Rules used = {}
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Mathematica [N/A]

Not integrable
Time = 7.80 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1
asec(e + fx)) dz

1
/(c+dm)(a+asec(e+fx)) dx:/(c+da:)(a+

[In] Integrate[1/((c + d*x)*(a + a*Secl[e + f*x])),x]
[Out] Integrate[1/((c + d*x)*(a + axSecle + fxx])), x]

Maple [N/A] (verified)

Not integrable
Time = 0.48 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dz
(dz +c) (a+ asec(fz+e))

[In] int(1/(d*x+c)/(ataxsec(f*x+e)),x)
[Out] int(1/(d*x+c)/(ata*sec(f*x+e)),x)

Fricas [N/A]

Not integrable
Time = 0.25 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

1 1
/(c+dw)(a—|—asec(e+fx)) dm:/(dx+c)(asec(fm+e)+a) de

[In] integrate(1/(d*x+c)/(at+a*sec(f*x+e)),x, algorithm="fricas")

[Out] integral(1l/(a*xd*x + a*c + (a*xd*x + a*c)*sec(f*x + e)), x)

Sympy [N/A]

Not integrable
Time = 1.05 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

dz

1

/ 1 dr — f csec (e+fz)+c+dz sec (e+fz)+dx
T =

(c+dzx)(a+ asec(e + fz)) a

[In] integrate(1/(d*x+c)/(at+a*sec(f*x+e)),x)
[Out] Integral(l/(c*sec(e + f*x) + c + dxx*sec(e + f*x) + d*x), x)/a
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Maxima [N/A]
Not integrable
Time = 0.52 (sec) , antiderivative size = 391, normalized size of antiderivative = 19.55

1 1
/(c+dx)(a+asec(e+fx)) dx:/(dx+c)(asec(fx+e)+a) de

[In] integrate(1/(d*x+c)/(ata*sec(f*x+e)),x, algorithm="maxima")

[Out] ((d*fxx + c*f)*cos(f*x + e) 2xlog(d*x + c) + (dxfxx + c*f)*log(d*x + c)*sin
(fxx + e)72 + 2x(d*f*xx + c*xf)xcos(f*x + e)*log(d*x + c) - 2x(a*xd"3xf*x + ax
c*xd"2+f + (a*xd"3*xf*xx + axcxd"2*f)*cos(f*x + e)”2 + (axd"3xfxx + a*c*d™2*f)*
sin(f*x + e)72 + 2% (a*xd"3*f*x + axcxd~2xf)*cos(f*x + e))*integrate(sin(f*x

+ e)/(a*xd™2xf*x"2 + 2xakxckxd*f*xx + axc™2xf + (a*xd™2%f*x~2 + 2*akckd*f*xx + ax
c"2%f)*cos(f*x + e€)"2 + (axd™2xf*x"2 + 2*axckdxf*x + axc™2xf)*sin(f*x + e)~

2 + 2% (axd™2xfxx"2 + 2%xaxckd*f*x + axc™2xf)*xcos(fxx + e)), x) + (dxf*xx + cx*
f)*log(d*x + c) - 2*d*sin(f*x + e))/(axd™2xf*x + axcxd*f + (a*d"2xf*xx + a*c
*d*f)*cos(f*x + e)”2 + (axd™2xf*x + a*ckd*f)*sin(fxx + e)”2 + 2% (a*d " 2*f*x

+ axckxd*f)*cos(f*x + e))

Giac [N/A]
Not integrable
Time = 0.30 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/(c-l—dx)(a-l—asec(e-l—fx)) dx:/(da:+c)(asec(fx+e)+a) de

[In] integrate(1/(d*x+c)/(at+a*sec(f*x+e)),x, algorithm="giac")
[Out] integrate(1/((d*x + c)*(a*sec(f*x + e) + a)), x)

Mupad [N/A]
Not integrable

Time = 13.25 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1

/(c+dx)(a+asec(e+fx)) dz =/ (a—i— dz

) (c+dx)

__a
cos(e+f )

[In] int(1/((a + a/cos(e + f*x))*(c + d*x)),x)
[Out] int(1/((a + a/cos(e + f*x))*(c + d*x)), x)
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1
3.15 f (c_|_dg;)2(a—l—a, sec(e+fx)) dz

Optimal result . . . . . . . . . . e 120
Rubi [N/A] © o oo e T20
Mathematica [N/A] . . . . . . . 1211
Maple [N/A] (verified) . . . . . . . . .. 121]
Fricas [N/A] . . . . o o 121
Sympy [N/A] . . o 122
Maxima [N/A] . . . . 122
Giac [N/A] .« . o o 123]
Mupad [N/A] . . o 123

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c+ dx)%(a + asec(e + fz)) de = Int((c +dz)%(a + asec(e + fz))’ x)

[Out] Unintegrable(1/(d*x+c)~2/(a+a*sec(f*x+e)),x)

Rubi [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

i _ n number of rules _ _
of steps used = 0, number of rules used = 0, integrand size — 0.000, Rules used = {}

1 1
(c+dz)%(a+ asec(e + fx)) de = / (c+dz)%(a + asec(e + fx)) dz

[In] Int[1/((c + d*x)~2x(a + a*Secl[e + f*x])),x]
[Out] Defer[Int][1/((c + d*x)~2*(a + a*Sec[e + f*x])), x]

Rubi steps
1
integral = d
Hesra / (c+ dz)%(a + asec(e + fz))
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Mathematica [N/A]

Not integrable
Time = 6.31 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1

/ (c+ dz)?*(a + asec(e + fx)) de = / (c+ dz)?*(a + asec(e + fx)) dz

[In] Integrate[1/((c + d*x)~2x(a + a*Sec[e + f*x])),x]
[Out] Integrate[1/((c + d*x)~2x(a + axSec[e + fx*x])), xI]

Maple [N/A] (verified)

Not integrable

Time = 0.41 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
1

/ (dz + c)* (a—!—asec(fm—}—e))dz

[In] int(1/(d*x+c) "2/ (at+a*sec(f*x+e)),x)
[Out] int(1/(d*x+c) 2/ (ata*sec(f*x+e)),x)

Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.55
1 1

(c+dz)%(a+ asec(e + fz)) do = / (dz + ¢)*(asec (fz +e) +a) d

[In] integrate(1/(d*x+c)~2/(at+a*sec(f*x+e)),x, algorithm="fricas")
[Out] integral(1l/(a*d~2*x~2 + 2*axcxd*x + a*xc™2 + (axd~2*x"2 + 2%a*c*kd*x + a*c™2)

xsec(f*x + e)), x)
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Sympy [N/A]
Not integrable

Time = 2.12 (sec) , antiderivative size = 58, normalized size of antiderivative = 2.90

1
/ 1 de — f c? sec (e+fx)+c2+2cdz sec (e+ fz)+2cdz+d2z2 sec (e+ fr)+d2z2 dzx
T =
(c+ dx)%*(a+ asec(e + fz)) a

[In] integrate(1/(d*x+c)**2/(at+axsec(f*x+e)),x)

[Out] Integral(1l/(c**2*sec(e + f*x) + c**2 + 2kcxdxx*sec(e + f*x) + 2*ckd*x + d¥x*
2%x**2*xsec(e + f*xx) + d**x2*x**2), x)/a

Maxima [N/A]
Not integrable

Time = 0.90 (sec) , antiderivative size = 522, normalized size of antiderivative = 26.10

1 1
(c+dz)?(a + asec(e + fr)) de = / (dz + ¢)*(asec (fz + €) + a)

dz

[In] integrate(1/(d*x+c)~2/(a+a*sec(f*x+e)),x, algorithm="maxima")

[Out] -(dxfxx + (d*f*x + c*f)*cos(f*x + e)”2 + (dxfxx + c*f)*sin(f*x + e)~2 + cxf
+ 2% (dxf*xx + c*f)*xcos(f*x + e) + 4*x(a*d™4xf*xx"2 + 2xaxcxd"3*f*x + axc™2*d”
2+%f + (axd"4*f*x"2 + 2*a*ckxd~3xf*xx + axc™2xd"2*f)*cos(f*x + e)”2 + (axd™4xf
*xX72 + 2kakckd"3kfxx + axc”2xd"2*f)*sin(f*x + e)”2 + 2x(axd"4xf*x"2 + 2*axc
*d"3xf*x + axcT2kd"2xf)*cos(f*x + e))*integrate(sin(f*x + e)/(axd”3xf*x~3 +
3kakckd 2xfxx"2 + 3kakxc 2*d*f*xx + akc”3xf + (axd"3*xf*xx"3 + 33kakckd " 2xfxx"2
+ 3xaxc”2xd*f*x + axc”3*f)*cos(f*xx + e)72 + (a*d " 3*xf*xx"3 + 3*axckxd 2xf*x"2
+ 3xaxc”2xdxf*x + axc”3*kf)*sin(fxx + e)72 + 2k (a*d " 3*xf*xx"3 + 3kaxckd 2kf*x
2 + 3kakc T 2xdxf*xx + axc”3xf)*cos(f*x + e)), x) + 2xd*sin(fxx + e))/(a*d"3x*
f*xx72 + 2kakxcxd " 2xf*xx + axc”2xdxf + (axd”3xf*xx"2 + 2xaxckd 2*fxx + akc 2*d*
f)*cos(f*x + e)~2 + (a*xd™3*f*x"2 + 2kakxckxd™2xfxx + axc”2*d*f)*sin(f*x + e)”
2 + 2x(axd"3*f*xx"2 + 2%axcxd"2xf*x + axc”2xd*f)*cos(f*x + e))
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Giac [N/A]

Not integrable
Time = 0.57 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)?(a + asec(e + fx)) de = / (dz + ¢)*(asec (fz + €) + a) d

[In] integrate(1/(d*x+c)~2/(ata*sec(f*x+e)),x, algorithm="giac")

[Out] integrate(1/((d*x + c)~2*(a*sec(f*x + e) + a)), x)

Mupad [N/A]

Not integrable
Time = 13.15 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1

/ (c+ dz)(a+ asec(e + f2) -/ (a+ gy ) (4 da? “

[In] int(1/((a + a/cos(e + f*x))*(c + d*x)~2),x)
[Out] int(1/((a + a/cos(e + f*x))*(c + d*x)~2), x)
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316 [l dg

a+asec(e+fx))
Optimal result . . . . . . . . . . e 124
Rubi [A] (verified) . . . . . . . . . . 1251
Mathematica [B] (warning: unable to verify) . . . . . . ... ... ... .. 129
Maple [B] (verified) . . . . . . . . . .. 131
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... . ..., 13T
Sympy [F] . . o 132
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... .. 133
Giac [F] . . . o o 1351
Mupad [F(-1)] . . . oo

Optimal result

Integrand size = 20, antiderivative size = 288

(c +dz)° gp = Sle+de)® | (c+dn)t  10d(c+ dz)?log (1 + eiletfa))
(a+ asec(e + fx))? 3af 4a%d a?f?
4d®log (cos (& + £7))
a2 f4
20id?(c + dz) PolyLog (2, —e'+/2))
+ a2 f3
_20d® PolyLog (3, —eiletin) _ d(c+ dz)?sec’ (£ + &)
a?f4 2a2 f2
2d*(c + dz) tan (£ + L) _ 5(c+dz)’tan (g + L)
a?f3 3a2f
(c+dz)®sec? (£ + %) tan (£ + %)
+
6a? f

[Out] 5/3*%Ix(d*x+c)~3/a~2/f+1/4*x(d*x+c) 4/a~2/d-10*d* (d*x+c) ~2x1n(1+exp (I* (f*x+e)
))/a~2/f"2+4*%d"3*1n(cos (1/2xfxx+1/2%e)) /a~2/f~4+20%I*d~2* (d*x+c) *polylog(2,
—exp(I*x(f*x+e)))/a~2/£73-20*d"3*polylog(3,-exp(I*(f*x+e)))/a~2/f~4-1/2*xd*(d

*xx+c) “2*sec (1/2*f*x+1/2%e) "2/a"~2/£72+2%d 2% (d*x+c) *tan(1/2*f*x+1/2%e) /a~2/f
~3-5/3%(d*x+c) “3*tan(1/2xf*x+1/2%e) /a~2/f+1/6% (d*x+c) ~3*sec(1/2*f*x+1/2xe) "~
2xtan(1/2*xf*x+1/2%e) /a~2/f
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Rubi [A] (verified)

Time = 0.87 (sec) , antiderivative size = 288, normalized size of antiderivative = 1.00,

number of steps used = 19, number of rules used = 10, Bumber of rules _ 0.500, Rules
integrand size

used = {4276, 3399, 4271, 4269, 3556, 3800, 2221, 2611, 2320, 6724}

(c+dz)? 20id?(c + dz) PolyLog (2, —e'*/2))
/ 5 dz = 3
(a + asec(e + fzx)) a’f

2d%(c + dz)tan (£ +L2)  10d(c + dz)?log (1 + eict/2))
a?f3 B a2 f2

o+ datsect (5 4 1) 5ot da)ttam (5 + )
20 f 3af

N (c+dz)3tan (& + ) sec? (£ + L2)
6a2f

5i(c+dz)® (c+dx)?
3a?f + 4a%d
20d® PolyLog (3, —€'(¢*®))  4d®log (cos (£ + %))
B a? f4 + a2 f4

[In] Int[(c + d*x)~3/(a + a*Secl[e + f*x])~2,x]

[Out] (((5*%I)/3)*(c + d*x)~3)/(a"2*f) + (c + d*x)~4/(4*a"2%d) - (10*d*(c + d*xx)"2
xLog[1l + E"(Ix(e + f*xx))])/(a"2%£72) + (4*d~3x*Logl[Cos[e/2 + (f*x)/2]])/(a"2

*£74) + ((20*%I)*d"2*(c + d*x)*PolyLog[2, -E~(Ix(e + f*x))])/(a"2%£"3) - (20
*d~3%PolyLog[3, -E~(I*(e + f*x))])/(a"2xf~4) - (dx(c + dxx)~2xSec[e/2 + (fx*
x)/2]172)/(2%a~2+%f72) + (2%d"2x(c + d*x)*Tanl[e/2 + (f*x)/2])/(a~2xf~3) - (5%

(c + d*x)"3*xTan[e/2 + (f*x)/2])/(3*xa~2xf) + ((c + d*x) " 3*Sec[e/2 + (f*x)/2]
~2%Tan[e/2 + (f*x)/2])/(6%a~2%f)

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_D*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))°n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]
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Rule 2611

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x_))))"(n_.)I*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLog[2, (-e)*(F~(c*x(a +

b*x))) “n]/(b*c*nxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3399

Int[((c_.) + (@_.)*(x))"(m_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_.)
, x_Symbol] :> Dist[(2*a)”n, Int[(c + d*x) m*Sin[(1/2)*(e + Pix(a/(2*b))) +
fx(x/2)]1°(2*n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a"2 - b~2
, 0] && IntegerQ[n] && (GtQ[n, 0] || IGtQ[m, 0])

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4d, x] /; FreeQl{c, d}, x]

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
x((c + d*xx)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2*Ix*(e
+ fxx))/(1 + E~(2*xIx(e + f*x)))), x]1, x] /; FreeQl{c, d, e, £}, x] && IGtQ
[m, O]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*
Cotle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 4271

Int[(cscl(e_.) + (£_.)*(x_)I1*(b_.))"(n_)*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> Simp[(-b~2)*(c + d*x) “m*Cot[e + f*x]*((bxCsc[e + f*x])~(n - 2)/(fx(n
- 1)), x] + (Dist[b™2%d"2*m*x((m - 1)/(£f"2*x(n - 1)*(n - 2))), Int[(c + d*x)
“(m - 2)*(bxCscle + fxx])~"(n - 2), x], x] + Dist[b™2*((n - 2)/(n - 1)), Int
[(c + d*x) m*(b*Csc[e + f*x])~(n - 2), x], x] - Simp[b~2*d*m*(c + d*x)~(m -
1)*((bxCscle + fxx])"(n - 2)/(f"2x(n - D*(n - 2))), x]) /; FreeQ[{b, c, d
, e, T}, x] && GtQ[n, 1] && NeQ[n, 2] && GtQ[m, 1]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
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nle + f*xx])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & ILtQ[n, 0] && IGt
Qm, 0]

Rule 6724

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] && EqQ[b*d, axe]

Rubi steps

. B (C + d$)3 (C 4+ d.’l?)3 2(0 + dx)3
integral = / ( a2 + a2(1 + cos(e + fz))2 B a?(1 + cos(e + fx))) o

ctdx)3 ct+dx
(C + d:l}) f (1+(§0:E‘ei+)f$))2 diI? 2 f 1+(co:ge-i)-fx
4a2d 0,2 a2
(et | JlordePesct (4 B) dr_ [erdePesd (5 ) ao
4a2d 4a2 a2

(c+dz)* d(c+dr)?sec? ($+L)  2(c+dz)’tan (§+ &)

4a02d 2a2 f? B a2f
(c+ dz)®sec? (§ + L) tan (£ + £2) N [(c+dz)sec® (§ + L&) dz
6a? f 6a2
@ [(c+dz)sec? (£ + L) dz  (6d) [(c+ dz)?tan (£ + L&) dz
+ +
a? f? a’f
2i(c + dzx)* N (c+dz)*  d(c+dr)’sec® (§+4F)
a?f 4a2d 202 f?
N 2d?(c + dz) tan (£ + %) B 5(c+ dz)3tan (§ + %)
a? f3 3a2f
(c+dz)sec® (£ + L) tan (S + L&) (2d°) [tan (S + L&) dx
+ —
6a? f aZf3
2 T)(c-l—d:c)2
(12:d) f 2i(5+1F) dz d [(c+dz)*tan (S + L&) dx
a2f af
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_ 5i(c+ dz)® (c+dzx)* 12d(c+ dz)?log (1 + ei(e”x))

3a?f 402d af?
4d®log (cos (£ +£F))  d(c+dm)?sec? (£ 4+ L)  2d*(c+dz)tan (£ + LF)
+ a2 f4 - 242 f2 + a2 f3
_ 5(c+dz)*tan (5 + 5) N (c+dz)3sec? (¢ + &) tan (& + L2)
3a?f 6a?f
2 % fT . e2i(%+%) (ctdx)?
(24d?) [(c+ dz)log dr  (2id) [ “——— %> dz
+ + 142 (515)
a®f? a’f
_ Si(c+dz)®  (c+dx)*  10d(c+ dz)’log (1+ eile+fo))
3a%f 4a2d a2 f?
4d3log (cos (& + %x)) 24id?(c + dz) PolyLog (2, —e!(¢+/?)
* a?f4 aZf3
_d(c+ dz)?sec? (£ + L&) N 2d*(c + dz) tan (£ + L&) _5(c+ dz)®tan (£ + L&)
242 f? a3 3a°f
(24id®) [ PolyLog | 2 _62¢(§+f§) dz
(c+dz)®sec? (£ + %) tan (£ + %) )
+ _
6a? f a2 f3
(4d?) [(c+ dz)log (1 + e2i(§+f2m>) dz
B a? f?
_ 5i(c+dz)®  (c+dx)*  10d(c+ dz)’log (1+ eile+fo))
3a?f 4a2d a?f?
4d®log (cos (¢ + £°))  20id?(c + dz) PolyLog (2, —e'c*/?)
a?f4 + aZf3
B d(c + dz)? sec? (g + %) N 2d?(c + dx) tan ( + fx)
2a? f? a2f3
et ds (4 ) (er st (5 ) an (54 )
3a2f 6a2 f
(24d?) Subst (f POvLoB@.22) g 7, e (SJ“J;))
a2 f4

(4id®) [ PolyLog (2, et ’2)) dz

+ a2f3
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_ Si(c+dz)®  (c+dz)*  10d(c+ dz)?log (1 + €'+ 4d%log (cos (& + ££))
~ 3a2f 4a02d a? f? a?f4
20id?(c + dz) PolyLog (2, —€'¢t/®)) 2443 PolyLog (3, —e'(¢*/2))
+ a?f3 o a2 f4
d(c+dz)?sec? (S + L) 2d2(c+dz)tan (£ + LF)
242 f2 a2 f3
_ 5(c+dz)’tan (£+L)  (c+dz)®sec? (£ + L&) tan (£ + &)
3a?f 6a?f
(4d3) Subst ( [ PovLesma) gy g e%(§+’?>)
+ a2 f4
_ bi(c+dx)® | (c+dz)! B 10d(c + dz)?log (1 + €'¢+f®)  4d®log (cos (& + f;))
-~ 3af 4a%d a2 f? a?f4
20id?(c + dz) PolyLog (2, —e'¢+®))  204° PolyLog (3, —e'(*/2))
+ a2 f3 o a2 f4
d(c+dr)?sec? (¢ + L) 2d2(c+dz)tan (£ + £F)
242 f2 a2 f3
_ 5(c+dz)’tan (5 + &Y (c+dx)sec? (£ + &) tan (£ + &)
3a2f 6a? f

Mathematica [B] (warning: unable to verify)

Both result and optimal contain complex but leaf count is larger than twice the leaf count

of optimal. 1447 vs. 2(288) = 576.

Time = 7.95 (sec) , antiderivative size = 1447, normalized size of antiderivative = 5.02

(c+ dz)?

dx =
(a + asec(e + fx))?
20id%e” % cos* (§ + &) (2 (fz — 3i(1 + ) log (1 + e~*+/7))) + 6(1 + €*) fz PolyLog (2, —e~***
B 3f*(a+ asec(e + fx))?
N 16d3 cos* (£ + %””) sec (£) sec?(e + fz) (cos (£) log (cos (£) co (%) sin (£) sin (f;)) + :fzsin (%))

f(a+ asec(e + fz))? (cos?
_ 40c’d cos* (£ + £2) sec (&) sec?(e + fx) (cos (£) log (cos (

(

Joo

) + sin? (

5))
s (£) —sin (

co )sin (7)) + 3 fasin (5)

€
2

f2(a+ asec(e + fz))? (cos? (£) + sin? (£))
cot(&)( Lifz(—n—2arctan(cot(2)))—mlog(l+e~#2) -2 2 _ar
800d2 COS4 (% + f?ac) csc (%) (Lllezarctan (cot ( % f2 2 t(2)(2 ( tan t(2))) g(1+ ) ( 2
fPa+a
cos (& + L) sec (£) sec?(e + fx) (—24c%df cos (L) — 48cd? fz cos (&) + 36¢° f3w cos (L) — 24d° f?.
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[In] Integrate[(c + d*x)~3/(a + axSec[e + f*x])~2,x]

[Out] (((-20%I)/3)*d"3*Cos[e/2 + (f*x)/2] 4x(£f~2*x"2x(f*xx — (3*I)*(1 + E~(I*e))*L
ogll + ET((-I)*(e + £*x))]) + 6%(1 + E~(I*e))*f*xxxPolyLog[2, -E~((-I)*(e +
fxx))] - (6%I)*(1 + E~(I*e))*PolyLogl[3, -E~((-I)*(e + f*x))])*Secl[e/2]*Sec[
e + £*x]°2)/(E~((I/2)*e)*f~4x(a + a*Sec[e + f*x])~2) + (16*xd"3*Cos[e/2 + (f
xx) /2] ~4*Sec[e/2] *Sec[e + f*x]~2x(Cos[e/2]*Log[Cos[e/2]*Cos[(f*x)/2] - Sin[
e/2]1*Sin[(f*x)/2]] + (f*x*Sin[e/2])/2))/(f~4x(a + a*xSec[e + f*x]) " 2*(Cosl[e/
2172 + Sinf[e/2]172)) - (40%c~2*d*Cos[e/2 + (f*x)/2] "4xSec[e/2]*Secl[e + f*xx]~
2% (Cos[e/2] *Log[Cos [e/2] *Cos [(f*x) /2] - Sin[e/2]*Sin[(f*x)/2]] + (f*x*Sin[e
/21)/2))/(£~2x(a + a*Sec[e + f*x]) 2*(Cos[e/2]"2 + Sin[e/2]72)) - (80%c*d~2
xCos[e/2 + (f*x)/2] 4*Cscle/2]*((f~2*xx~2)/(4*E~(I*ArcTan[Cot[e/2]]1)) - (Cot
[e/2]*((I/2)*f*x*x(-Pi - 2xArcTan[Cot[e/2]]) - PixLog[l + E~((-I)*f*x)] - 2%
((£*x)/2 - ArcTan[Cot[e/2]]1)*Log[l - E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]]))
1 + PixLog[Cos[(f*x)/2]] - 2*ArcTan[Cot[e/2]]*Log[Sin[(f*x)/2 - ArcTan[Cot[
e/2]11]1 + I*PolyLogl[2, E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]1))1))/Sqrt[1 + C
ot[e/2]"2])*Sec[e/2]*Sec[e + £xx]~2)/(£f"3*(a + a*Sec[e + f*x]) 2*Sqrt([Cscle
/2] 2% (Cos[e/2]"2 + Sin[e/2]1"2)]) + (Cosl[e/2 + (f*x)/2]*Secl[e/2]*Sec[e + fx*
x] "2% (-24xc”2*d*f*Cos [(f*x) /2] - 48*c*d~2xf*x*Cos[(f*x)/2] + 36*c~3*f " 3*x*C
os[(f*xx) /2] - 24xd~3*f*x"2xCos [(f*x)/2] + 54*xc™2*d*f " 3*x"2*Cos[(f*x)/2] + 3
6*cxd”"2*xf~3*x"3*Cos [(f*x) /2] + 9*d"3*f " 3*x"4*Cos [(f*x)/2] - 24*c~2*d*f*Cos[
e + (f*x)/2] - 48xc*d”~2xf*xx*Cosl[e + (f*x)/2] + 36%c”~3*xf " 3*x*Cos[e + (f*x)/2
] - 24xd"3*f*x"2xCos[e + (f*x)/2] + 54xc~2xd*f " 3*x"2*Cos[e + (f*x)/2] + 36%
cxd~2xf"3*%x"3*Cos[e + (f*x)/2] + 9*d~3*f"3*x"4*Cos[e + (f*x)/2] + 12%c~3*f~
3*xx*xCos[e + (3*xf*xx)/2] + 18*xc~2xd*f " 3*x~2xCos[e + (3*f*x)/2] + 12%c*d"2*f~3
*x"3*%Cos[e + (3*f*xx)/2] + 3*d"3*f"3*x"4*Cos[e + (3*xf*xx)/2] + 12%c~3*f " 3*x*C
os[2xe + (3xfx*x)/2] + 18xc~2xd*f~3*x~2*Cos[2*xe + (3xfxx)/2] + 12kcxd™~2*xf 3
x"3*Cos[2*e + (3*fxx)/2] + 3*d~3*f " 3*x"4*Cos[2*e + (3*f*xx)/2] + 96*c*d”~2*Si
n[(£f*x)/2] - 72*%c”3*f~2xSin[(f*x)/2] + 96*d~3*x*Sin[(f*x)/2] - 216*c~2xd*xf~
2+x*Sin [(£*x) /2] - 216%c*d™2*xf~2xx"2+Sin [ (f*x) /2] - 72*d"3*f "2*xx~3*Sin[(f*x
)/2] - 48xcxd”~2*Sin[e + (f*x)/2] + 48%c~3*f~2xSin[e + (f*x)/2] - 48*d~3*x*S
infe + (£f*x)/2] + 144*c~2xd*xf~2*xx*Sin[e + (f*x)/2] + 144*xcxd~2*xf 2xx~2*Sin[
e + (f*x)/2] + 48*%d~3*xf~2*x"3*Sin[e + (f*x)/2] + 48*c*d~2*Sin[e + (3*fx*xx)/2
] - 40*c”3*f"2xSin[e + (3*f*x)/2] + 48+d~3*x*Sin[e + (3*f*x)/2] - 120*c™2*d
*f~2xx*Sin[e + (3*%f*x)/2] - 120*%c*d~2*xf~2*x"2*Sin[e + (3*f*x)/2] - 40%d~3*f
~2xx~3*Sin[e + (3*f*x)/2]))/(24xf"3*(a + a*Sec[e + f*xx])~2)
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 809 vs. 2(246) = 492.

Time = 0.66 (sec) , antiderivative size = 810, normalized size of antiderivative = 2.81

method | result

A3z + d2cz3 + 3d 272 + Sz ot + 20id%cex 2i(6d° f2z3e? (fote) —6icd? fx ellf2te) +18¢c d2 f2x2e?H(f2te) 4943
2d

4a? 2a2 a? 4a a? f2

risch 5
a

[In] int((d*x+c)~3/(ataxsec(f*x+e)) 2,x,method= RETURNVERBOSE)

[Out] 1/4/a"2*%d"3*x"4+1/a”~2*d"2%c*x~3+3/2/a"2*%d*c~2*%x"2+1/a"~2*%c"3*x+1/4/a"2/d*c"4
+20%I/a"2/f72xd"2*ckexx-2/3*I* (6*d~3*f " 2xx"3*exp (2*xI* (f*x+e) ) ~6*I*cxd~2*f*x
xexp (I* (f*x+e))+18*%cxd~2+f ~2%x"2xexp (2% I* (f*x+e) ) +9*d~3*f ~2xx~3*exp (I* (f*x+
e))—6xI*ckd~2xfxx*exp (2*xI* (f*xx+e) ) -3*I*c~2xd*f*exp (I* (f*x+e) ) +18*c~2*xd*f 2%
xxexp (2% Ik (f*x+e) ) +27*xcxd~2+f ~2xx"2xexp (I* (f*x+e) ) +5xd~3*f " 2%x~3-3*I*d " 3*f*
x"2xexp (I* (f*x+e) ) —3*xI*d"3*xf*x"2xexp (2*xI* (f*x+e) ) +6%c~3*f ~2%exp (2*I* (f*x+e)
)+27xc~2%d*f " 2xx*exp (I* (f*x+e) ) +15%cxd~2*f ~2%x~2-3*I*c~2xd*f*xexp (2% I* (f*x+e
))+9%c"3*f " 2xexp (I* (f*x+e) ) +15kc™2*d*f ~2*%x—6*d " 3*x*exp (2*xI* (f*x+e) ) +5*c~3*f
~2-6*c*d”"2xexp (2*I* (f*x+e) ) -12*d"3*x*exp (I* (f*x+e) ) -12%xcxd~2*exp (I* (f*x+e))
—-6+d~3*x-6xc*d~2) /£~3/a"2/ (exp (I*x(f*x+e))+1)~3-10/a"2/£"2*d"3*1n(exp (I* (f*x
+e))+1)*x"2+10*%I/a~2/f*d"2*cxx~2-20/a~2/£"3*d"2*c*e*1n (exp (I* (f*x+e)))+10/3
*xI/a~2/f*d"3%x"3-20/3*%I/a"2/f~4*d"3%e~3-10%I/a~2/f"3*%d"3*xe~2*x+20%I/a~2/£"3
*d"2xcxpolylog(2,-exp (I*x(f*xx+e)))+4/a~2/f~4+d"3*1n(exp(I*(f*x+e))+1)-4/a"2/
f74xd"3*1n(exp (I* (f*x+e)))-20*%d~3*polylog(3,-exp(I*(f*x+e)))/a~2/f~4+20*I/a
~2/£73*%d"3*polylog(2,-exp(I*(f*xx+e)))*x-20/a~2/f"2*d"2xc*1n(exp (I* (f*x+e))+
1)*x-10/a"2/£f"2*d*c”"2x1n(exp (I* (f*x+e) )+1)+10/a"2/£"2xd*c~2*1n (exp (I* (f*x+e
)))+10/a"2/£74*d"3*%e”2x1n(exp (I* (f*x+e)))+10*I/a~2/f"3*d"2*c*e"2

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 933 vs. 2(243) = 486.

Time = 0.30 (sec) , antiderivative size = 933, normalized size of antiderivative = 3.24

(c+dx)?
(a+ asec(e + fx))?
3 ftat + 12cd? f1a® — 12c%df? 4 6 (3c2df* — 2d° f?)2® + 3 (& f'a? 4 4 cd’ f*2® + 6 Pdf*a® + 4’ fix)

dz

[In] integrate((d*x+c)~3/(ata*sec(f*x+e))~2,x, algorithm="fricas")

[Out] 1/12%(3%d"3*%f"4*xx~4 + 12%c*d"2*%f 4*x~3 - 12%c™2%d*f~2 + 6% (3*c™2xd*f~4 - 2%
d"3%xf"2)*x"2 + 3% (d"3*f"4*x"4 + 4xckd " 2*xf"4*x"3 + 6xc”2xd*xf"4*x"2 + 4xc”3*f
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“4xx)*kcos(f*x + e)72 + 12x(c"3*f"4 - 2xckd"2*%f72)*x + 6% (d"3*f"4*x"4 + 4xcx*
d"2+%f74%x"3 — 2%cT2xd*f"2 + 2% (3*c”2*d*f"4 - d"3*%f72)*x"2 + 4% (c”3*xf"4 - c*
d"2+%f"2)*x) *kcos (f*x + e) - 120%(I*d"3*f*x + Ikckd™2+f + (I*d"3*fxx + I*xc*d~
2xf)*xcos(f*xx + e)72 + 2% (I*xd~3xf*xx + Ixcxd™2*xf)*cos(f*x + e))*dilog(-cos(fx*
X + e) + Ixsin(f*x + e)) - 120%(-I*d"3*f*x — Ikc*d™2*f + (-I*d"3*fxx — I*c*
d~2xf)*cos(f*x + e)”2 + 2x(-I*d"3*fxx - I*kcxd~2xf)*cos(f*x + e))*dilog(-cos
(fxx + e) - Ixsin(f*x + e)) - 12+ (5xd"3*f"2%x72 + 10*c*d~2*xf~2%x + 5xc~2*xd*
£f72 - 2xd"3 + (5xd"3*f"2%x72 + 10*c*d"2*xf~2%x + 5xc”2xd*f"2 - 2xd~3) *cos(fx*
X + e)72 + 2x(5xd"3*f72%x72 + 10*kckd"2*xf"2xx + 5xc”2*d*f"2 - 2*%d"3)*cos(f*x
+ e))*log(cos(f*x + e) + I*sin(f*x + e) + 1) - 12%(5xd"3*f"2xx"2 + 10*c*d”
2%f72%x + 5xcT2xd*f"2 - 2%d"3 + (5kdA"3*f"2%xx"2 + 10%ckd"2*f"2%x + 5kcT2kd*f
"2 - 2%d"3)*cos(f*x + e)72 + 2k (5¢d"3*xf"2%x"2 + 10*ckd"2*%f 2xx + 5kc 2*d*f”
2 - 2xd"3)xcos(f*x + e))*log(cos(f*x + e) - Ixsin(f*x + e) + 1) - 120%(d"3*
cos(f*xx + e)72 + 2*d"3*cos(f*x + e) + d~3)*polylog(3, -cos(f*x + e) + I*sin
(f*x + e)) - 120%(d"3*cos(f*x + e)"2 + 2*d"3*cos(f*x + e) + d~3)*polylog(3,
-cos(f*x + e) - Ixsin(fxx + e)) - 4*(4*d"3*f"3*%x"3 + 12%xckd™2*%f"3*x"2 + 4x*
c73*f"3 - 6*xckxd"2*f + 6% (2xc”2xd*f~3 - d73*f)*x + (5xd"3*f"3*%x"3 + 15%c*d”"2
*f~3%x"2 + B5xc”3*f"3 - 6xckxd"2xf + 3*x(5xc”2*%d*f"3 - 2%d"3*f)*x)*cos(f*x + e
Y)*sin(f*x + e))/(a"2%f"4dxcos(f*x + e)72 + 2*a~2*%f 4d*xcos(f*x + e) + a~2*xf~4

)

Sympy [F]

/ (c+dx)?
5 dz
(a + asec(e + fx))

o3
. f sec? (e+fz)+2sec (e+fz)+1

d3 23 3cd? 22 3c2d
dz + f sec? (e+fz)+2msec (e+fz)+1 dz + f sec? (e+fz)—cf-2 ::ec (e+fz)+1 dz + f sec? (e+fz)—:2 s:gc (e

a2

[In] integrate((d*x+c)**3/(ataxsec(f*x+e))**2,x)

[Out] (Integral(c**3/(sec(e + f*xx)**2 + 2*sec(e + f*x) + 1), x) + Integral (d**3+*x
*%3/(sec(e + f*x)*x2 + 2*sec(e + f*x) + 1), x) + Integral (3*cxd**2xx**2/(se

c(e + fxx)**2 + 2xsec(e + f*x) + 1), x) + Integral (3*cx*2*xd*x/(sec(e + f*x)

**%2 + 2%sec(e + f*x) + 1), x))/ax*x2
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 4283 vs. 2(243) = 486.

Time = 1.33 (sec) , antiderivative size = 4283, normalized size of antiderivative = 14.87

(c+ dz)? B .
/ (a + asec(e + fﬂ?))2 dx = Too large to dlsplay

[In] integrate((d*x+c)~3/(ata*sec(f*x+e))~2,x, algorithm="maxima")

[Out] -1/6*(3*xcxd~2*xe~ 2% ((9*sin(f*x + e)/(cos(f*xx + e) + 1) - sin(f*x + e)~3/(cos
(fxx + e) + 1)73)/(a"2%f"2) - 12xarctan(sin(f*x + e)/(cos(fxx + e) + 1))/(a
~2%f72)) - 3kc"2xdxex((9xsin(f*x + e)/(cos(f*x + e) + 1) - sin(f*xx + e)~3/(
cos(fxx + e) + 1)73)/(a"2xf) - 12*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/(
a~2xf)) + 6x(3x(fxx + e) " 2xcos(3*xf*xx + 3%e)~2 + 3k (f*x + e) " 2*sin(3*xf*xx + 3
*¥e) "2 + 3k (9x(fxx + e)”2 - 4)*cos(2*fxx + 2%e)”2 + 3% (9x(fxx + e)~2 - 4)*co
s(fxx + )72 + 3% (9*(f*x + )72 - 4)*sin(2*f*x + 2*e) "2 + 3*x(9kx(f*x + e)~2
- 4)xsin(f*x + e)”2 + 3*x(fxx + )72 + 2x(3*(f*x + e)”2 + (9*x(f*x + e)”2 - 2
Yxcos (2*xf*x + 2%e) + (9k(f*x + e)72 - 2)*cos(f*x + e) + 12%(f*x + e)*sin(2*
fxx + 2%e) + 18*x(f*x + e)*sin(f*x + e))*cos(3*xfxx + 3*e) + 2% (9 (f*x + e)~2
+ 3% (9k(fxx + e)”2 - 4)*cos(f*x + e) + 18x(f*x + e)*sin(f*x + e) - 2)*cos(
2%fxx + 2%e) + 2x(9k(f*x + e)”2 - 2)*cos(f*x + e) - 10%(2*(3*xcos(2xf*x + 2%
e) + 3*xcos(fxx + e) + 1)*cos(3*f*x + 3*e) + cos(3xfxx + 3*e)”2 + 6%(3*cos(f
*x + e) + 1)xcos(2xf*x + 2xe) + 9*cos(2xf*x + 2%e)~2 + 9*cos(f*x + e)”2 + 6
*(sin(2*f*x + 2%e) + sin(f*x + e))*sin(3*f*x + 3*e) + sin(3*xfxx + 3*e)”2 +
O*sin(2*%f*xx + 2%e) "2 + 18*sin(2*f*x + 2*e)*sin(f*x + e) + 9*sin(f*x + e)~2
+ 6xcos(f*x + e) + 1)*xlog(cos(f*x + e)”2 + sin(f*x + e)”2 + 2*cos(f*x + e)
+ 1) - 2x(10*f*x + 12%x(f*x + e)*cos(2*f*x + 2*%e) + 18x(f*x + e)*cos(f*x + e
) = (9%(fxx + )72 - 2)*sin(2*f*x + 2%e) - (9*x(f*xx + e)72 - 2)*sin(f*x + e)
+ 10*%e)*sin(3*xf*x + 3*e) - 6%(6*xf*x + 6x(f*x + e)*cos(f*x + e) - (9x(f*x +
e)”2 - 4)*sin(fxx + e) + 6*e)*sin(2*f*x + 2%e) - 24x(fxx + e)*sin(f*x + e)
Yxcxd"2xe/ (a~2*%f"2%cos (3kf*xx + 3%e)~2 + 9*xa~2*xf " 2*cos(2xf*x + 2%e)~2 + 9*a”
2+%f"2xcos (f*x + e€)72 + a~2xf " 2xsin(3*f*xx + 3*e) 2 + 9*a " 2*%f " 2xsin(2*f*x + 2
*x@) "2 + 18*a~2xf " 2*xsin(2*xf*x + 2*e)*sin(f*x + e) + 9*a " 2*%f " 2xsin(f*x + e)”2
+ 6*%a”~2xf"2xcos(f*x + e) + a”"2*%f"2 + 2x(3*xa~2xf"2xcos(2*f*x + 2%e) + 3*a”2
*f~2xcos(f*x + e) + a"2xf"2)*cos(3*xfxx + 3*e) + 6x(3*a~2*xf " 2xcos(f*x + e) +
a~2xf~2) kcos (2%f*xx + 2%e) + 6x(a~2*xf " 2*xsin(2*xf*xx + 2%e) + a~2*xf " 2*sin(f*x
+ e))*sin(3xfxx + 3*e)) + c"3*((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x
+ e)”3/(cos(fxx + e) + 1)73)/a"2 - 12*xarctan(sin(f*x + e)/(cos(f*x + e) +
1))/a"2) - 3*%(3*x(f*x + e) " 2*%cos(3xf*xx + 3xe)”2 + 3*(f*x + e) " 2*sin(3*f*x +
3*%e) "2 + 3x(9x(f*x + e)72 - 4)*cos(2*xf*x + 2*e)"2 + 3% (9*(f*x + e)”2 - 4)*c
os(fxx + e)72 + 3% (9% (fxx + e)72 - 4)xsin(2xf*xx + 2%e)~2 + 3% (9*x(f*x + e)~2
- 4)xsin(f*x + e)”2 + 3*x(fxx + )72 + 2x(3*(f*x + e)”"2 + (9*x(f*x + e)72 -
2)*cos(2xf*x + 2xe) + (9*x(fxx + e)72 - 2)*cos(f*x + e) + 12+ (f*x + e)*sin(2
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xfxx + 2%e) + 18*x(f*x + e)*sin(f*x + e))*cos(3*f*xx + 3*e) + 2x(9*x(f*x + e)”
2 + 3% (9k(fxx + e)”2 - 4)*cos(f*x + e) + 18x(fxx + e)*sin(f*x + e) - 2)*cos
(2xf*xx + 2xe) + 2% (9*x(fxx + e)”2 - 2)*cos(f*x + e) - 10*%(2x(3*cos(2*f*x + 2
*xe) + 3*cos(f*x + e) + 1)*cos(3*f*x + 3*e) + cos(3*xf*xx + 3*e)”2 + 6*(3*cos(
f*x + e) + 1)*cos(2xf*x + 2xe) + 9*cos(2xf*x + 2%e)~2 + 9*cos(f*x + e)"2 +
6*(sin(2xf*x + 2xe) + sin(f*x + e))*sin(3*f*x + 3*e) + sin(3*f*x + 3*e)”2 +
Oxsin(2*f*x + 2%e) 2 + 18*sin(2*f*x + 2xe)*sin(f*x + e) + 9*sin(f*x + e)”2
+ 6*%cos(f*x + e) + 1)*log(cos(f*x + e)"2 + sin(f*x + e)”2 + 2xcos(f*x + e)
+ 1) - 2x(10*fxx + 12*%(f*x + e)*cos(2xf*x + 2*xe) + 18+ (f*x + e)*cos(f*x +
e) - (9x(f*x + e)”2 - 2)*sin(2*f*x + 2%e) - (9*x(f*x + e)”2 - 2)*sin(f*x + e
) + 10*e)*sin(3*f*x + 3*ke) — 6x(6xfxx + 6% (f*x + e)*cos(f*x + e) - (9x(f*x
+ e)72 - 4)*sin(f*x + e) + 6*e)*sin(2*f*x + 2*%e) - 24x(f*xx + e)*sin(f*x + e
))*c”2+d/ (a~2xf*xcos (3*xf*xx + 3*e)”2 + 9*ka 2*fxcos(2xf*x + 2xe) 2 + 9*xa~2xf*c
os(f*x + e)72 + a"2xfxsin(3*f*x + 3*e)”2 + 9*a"2xfxsin(2*f*x + 2%e)”2 + 18%
a~2+fxsin(2xf*x + 2%e)*sin(f*x + e) + 9*a~2xf*sin(f*x + e)”2 + 6*a~2*f*xcos(
fxx + e) + a~2xf + 2% (3*xa~2*f*cos(2xf*x + 2%xe) + 3xa~2*f*cos(f*x + e) + a2
*f)*xcos(3*f*x + 3*e) + 6x(3*xa”2*f*cos(f*x + e) + a~2*f)*cos(2xf*x + 2xe) +
6% (a~2xf*sin(2*xf*x + 2%e) + a~2xf*sin(f*x + e))*sin(3*f*xx + 3*e)) + 6% (3*I*
(f*x + e)74%d"3 + 18*I*(f*x + e)"2*%d"3*e”2 - 12*%I*(f*x + e)*d"3*e~3 - 40*d~
3%e”3 - 12%(I*d"3*e — I*c*kd " 2*f)*(f*x + e)”3 + 48*%d"3*e - 48*c*d~2*f + 24x*(
5x(fxx + e)72%d"3 + 5%d"3%e"2 - 2*%d"3 - 10*(d"3*e - cxd"2*f)*(f*xx + e) + (5
*(fxx + e)72%d"3 + 5%d"3*e”2 - 2%d"3 - 10*(d"3*e - c*d"2*f)*(f*x + e))*cos(
3xfxx + 3*ke) + 3x(5k(f*x + e)"2%d"3 + 5xd"3*e”2 - 2*xd"3 - 10*%(d"3*e - c*d~2
*f)x(fxx + e))*cos(2*f*x + 2%e) + 3*x(5x(f*x + e)~2*xd"3 + 5xd~3*e”2 - 2*xd~3
- 10%(d"3*%e - cxd"2*xf)*(f*x + e))*cos(f*x + e) - (-5xI*x(f*x + e) 2*d"3 - 5%
I*d~3*%e"2 + 2*%I*d"3 + 10%(I*d"3*e — Ixc*xd~2*f)*(f*x + e))*sin(3xf*x + 3*e)
- 3*x(-5xI*(f*x + e)"2%d"3 - 5xI*d"3*e”2 + 2*xI*d"3 + 10*x(I*d"3*e - I*xc*xd " 2xf
Yx(f*xx + e))*sin(2*f*xx + 2%e) - 3 (-5xI*(f*x + e)”"2%d"3 - 5xI*d"3*e”2 + 2x*I
*d~3 + 10*%(I*d"3*%e - I*cxd~2*xf)*(f*x + e))*sin(f*x + e))*arctan2(sin(f*x +
e), cos(fxx + e) + 1) + (3*xI*(f*x + e) 4*d"3 - 4*(3*xI*d"3*e - 3*I*c*kd~2*f +
10*d"3) *(f*x + e)73 - 6x(-3*I*d"3*e"2 - 20*%d"3*e + 20*c*xd~2*xf)*(f*x + e)~2
- 12x(I*d"3*e"3 + 10*d"3*e"2 — 4*d"3)*(f*x + e))*cos(3*f*x + 3*xe) - 3*(-3x%
Ix(f*x + e)~4*d"3 + 16*%d"3*e”3 + 8*xIxd"3*e”2 + 12*x(I*d"3*e — Ikc*d " 2xf + 2%
d"3)*(f*xx + e)”3 - 16*d"3*e + 16*xc*d"2+f + 2% (-9*%I*d~3*e”"2 - 36*%d"3*e + 36%
c*xd"2+f + 4*xI*d"3)*(f*x + e)”2 + 4% (3*%I*d"3*%e”3 + 18*d"3*e"2 - 4*xI*d"3*e +
4xT*xcxd~2xf — 8xd~3) *(f*x + e))*cos(2xf*x + 2ke) - 3k (-3*I*x(f*xx + e) 4*d"3
+ 24%d"3*e”3 + 8*Ixd"3*e”2 + 4x(3*xI*d"3*e — 3kI*c*d " 2xf + 4*d"3)*(f*x + e)~
3 - 32%d"3*%e + 32xckxd"2xf + 2% (-9*%I*d"3*%e”2 - 24xd"3xe + 24*c*d"2*f + 4*xI*d
“3)x(f*x + e)”2 + 4% (3*%I*xd"3*%e”3 + 12*xd"3*e”2 - 4xI*d"3*e + 4xIkc*d"2xf - 4
*d"3)*(f*x + e))*cos(f*xx + e) - 240*%((f*x + e)*d"3 - d"3xe + c*xd™2*f + ((f*
X + e)*d~3 - d"3%e + c*xd~2*f)*cos(3xf*x + 3xe) + 3x((f*x + e)*d"3 - d"3*e +
cxd~2*f) *cos (2xf*x + 2xe) + 3*((f*x + e)*d"3 - d"3*e + c*xd~2*xf)*cos(f*x +
e) + (Ix(f*x + e)*d"3 - I*d"3*e + I*c*xd~2xf)*sin(3*xf*x + 3*e) + 3x(I*(f*x +
e)*d”3 - I*d"3xe + I*c*d " 2xf)*sin(2*fxx + 2%e) + 3*x(I*(f*x + e)*d"3 - Ixd~
3%e + Ikc*kd™2*f)*sin(f*x + e))*dilog(-e~ (Ixf*xx + I*xe)) - 12x(5kI*x(fxx + e)”
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2%d~3 + 5*I*d"3*e"2 - 2*%I*d"3 + 10*%(-I*d"3*e + I*cxd~2*f)*(f*x + e) + (5xIx
(fxx + e)72%d"3 + 5*%I*d"3*e”2 - 2*%I*d"3 + 10*%(-I*d"3*e + Ixcxd~2*f)*(fxx +
e))*xcos(3xf*x + 3xe) + 3% (5xIx(f*x + e)~2%xd"3 + 5xI*xd"3*e”2 - 2xI*d"3 + 10x*
(-I*d"3*e + I*c*d"2*f)*(f*x + e))*cos(2*f*x + 2%e) + 3k (5xI*x(f*x + e) 2%d"3
+ BxI*xd"3%e”~2 - 2%I*d~3 + 10%(-I*d~3%e + Ixc*d~2*xf)*(f*x + e))*cos(f*x + e
) — (B%(f*x + e)72%d"3 + 5*d"3%e”2 - 2*d"3 - 10*(d"3*e - cxd"2*f)*(f*x + e)
)*xsin(3*xf*x + 3*e) - 3*x(5x(f*x + e)~2*d"3 + 5xd"3*e”"2 - 2xd"3 - 10*%(d"3*e -
cxd"2*f) % (fxx + e))*sin(2xf*xx + 2%e) — 3k (5x(f*x + e€)”"2*%d"3 + 5*xd"3*e”2 -
2%d”™3 - 10*x(d"3%e - c*d"2*f)*(f*x + e))*sin(f*x + e))*log(cos(f*x + e)72 +
sin(fxx + e)”2 + 2*cos(f*x + e) + 1) - 240*(I*d"3*cos(3*f*xx + 3*xe) + 3*Ixd~
3*kcos (2xf*x + 2xe) + 3*xI*d"3*cos(f*x + e) - d~3*sin(3*f*x + 3*e) - 3*d"3*si
n(2*f*x + 2xe) - 3*%d"3*sin(f*x + e) + I*d"3)*polylog(3, -e~(Ixf*x + I*e)) -
(Bx(f*x + e)~4*d"3 - 4x(3*d"3*e - 3xckxd"2*f - 10*xI*d"3)*(f*x + e)~3 + 6*(3
*d"3*%e"2 - 20*%I*d"3*%e + 20*%Ixc*xd"2*f)*(f*x + e)”2 - 12*x(d"3*e”3 - 10*I*d"3*
e”2 + 4xI*d"3)*(f*xx + e))*sin(3*f*x + 3xe) - 3*(3*x(f*x + e)~4xd"3 + 16*Ixd”
3*%e~3 - 8*%d"3*e"2 - 12%(d"3*e - c*d"2xf - 2*xI*d"3)*(f*x + e)~3 - 16*%I*d"3*e
+ 16%Ixcxd”"2*f + 2x(9*d"3*e”2 — 36*%I*d"3*e + 36*%I*c*xd~2xf — 4*d"3)*(f*x +
e)”2 - 4x(3*%d"3*e”3 - 18*%I*xd"3*e”2 - 4xd"3*e + 4*xcxd~2xf + 8*xI*xd~3)*(f*x +
e))*sin(2xfxx + 2xe) - 3*%(3*%(f*x + e)~4*d"3 + 24*xI*d"3*e”3 - 8*%d"3*e”2 - 4x
(3%d"3*%e - 3*kc*xd"2+f - 4*xI*d"3)*(f*x + e)~3 - 32*%I*xd"3*e + 32*xI*cxd"2*f + 2
*(9*%d"3*%e"2 - 24*%Ixd"3xe + 24*I*c*d~2*f - 4*d"3)*(f*x + e)”2 - 4%(3*d"3*e”3
- 12xI*d"3%e”2 - 4*d"3*e + 4xcxd"2*f + 4xI*d"3)*(f*x + e))*sin(f*x + e))/(
-12xI*xa”~2*f"3*cos (3*f*x + 3*e) — 36*I*a~2xf " 3*kcos(2xf*x + 2%e) - 36*xI*xa 2xf
“3xcos(f*x + e) + 12*%a"2xf " 3*xsin(3*f*x + 3*e) + 36*a~2xf " 3*sin(2xf*x + 2xe)
+ 36*%a~2xf"3xsin(fxx + e) - 12%I*xa~2%f~3))/f

Giac [F]

(c+ dx)3 - (dz +¢)® .
/(a—i—asec(e+fac))2 _/(asec(fx+e)+a)2d

[In] integrate((d*x+c)~3/(ata*sec(f*x+e))”2,x, algorithm="giac")

[Out] integrate((d*x + c)~3/(a*sec(f*x + e) + a)~2, x)
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Mupad [F(-1)]

Timed out.
(c+ dx)3
(a + asec(e + fx))

5 dz = Hanged

[In] int((c + d*x)~3/(a + a/cos(e + £*x))~2,x)
[Out] \text{Hanged}
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Optimal result

Integrand size = 20, antiderivative size = 229

/ (c + dz)? do — 5i(c + dz)? N (c+dzx)®>  20d(c+ dz)log (1+ eiletfa)
(a + asec(e + fz))? 3af 3a%d 3a? f2

20id? PolyLog (2, —e'®*/®))  d(c+ dz)sec? (£ + L)

3a?f3 B 3a2f?
2d%tan (£ + &) _ 5(c+ dz)?tan (£ + £2)
3af3 3a2f
N (c+dz)?sec? (¢ + L) tan (£ + L&)
6a? f

[Out] 5/3*%Ix(d*x+c)~2/a~2/f+1/3*(d*x+c) ~3/a~2/d-20/3*d* (d*x+c)*1n(1+exp (I* (f*x+e)
))/a~2/£72+20/3*%I*d"2*polylog(2,-exp (I*(f*x+e)))/a~2/£73-1/3*d* (d*x+c) *sec(
1/2xf*xx+1/2%e)"2/a~2/£"2+2/3*%d"2*tan (1/2xf*x+1/2*e) /a~2/£"3-5/3* (d*x+c) ~2*t
an(1/2xf*x+1/2xe)/a~2/f+1/6*x (d*x+c) "2xsec(1/2*f*x+1/2*xe) "2+tan (1/2*f*x+1/2x%
e)/a~2/f

Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.500, Rules

number of steps used = 17, number of rules used = 10,
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used = {4276, 3399, 4271, 3852, 8, 4269, 3800, 2221, 2317, 2438}

/ (c+ dzx)? do— 20d(c + dz) log (1 + e'(¢+/))

(a + asec(e + fx))? 3a? f?
dletd)sec (54 5) 5+ do)tan (5 + )
3a? f? 3a2f
ferdaion (5 + B)sect (54 ) Sife oy
6a? f 3a2f
(c+dzx)®  20id? PolyLog (2, —e'¢+/®)) N 2d%tan ($ + L&)
3a%d 3a2f3 3a2f3

[In] Int[(c + d*x)~2/(a + a*Secl[e + f*x])~2,x]

[Out] (((5*%I)/3)*(c + d*x)"2)/(a"2*f) + (c + d*x)~3/(3*a"2*d) - (20*d*(c + d*x)*L
ogll + E~(I*x(e + £x*x))])/(3*a"2+%£72) + (((20%I)/3)*d"2*PolyLog[2, -E~(Ix(e

+ f*x))])/(a"2%f73) - (d*(c + d*x)*Sec[e/2 + (£f*x)/2]72)/(3*a~2+f"2) + (2xd
~2«Tan[e/2 + (£f*x)/2])/(3*a~2*xf~3) - (5x(c + d*x) " 2xTan[e/2 + (f*x)/2])/(3%*
a~2xf) + ((c + d*x) " 2*Sec[e/2 + (f*x)/2] 2xTan[e/2 + (f*x)/2])/(6*a~2*f)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))°n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3399

Int[((c_.) + (@_.)*(x))"(m_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_.)
, x_Symbol] :> Dist[(2*a)”n, Int[(c + d*x) m*Sin[(1/2)*(e + Pi*(a/(2xb))) +
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fx(x/2)1°(2*%n), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a"2 - b~2
, 0] && IntegerQ[n] && (GtQ[n, 0] || IGtQ[m, 0])

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[I
x((c + d*x)~(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2*I*(e
+ £xx))/(1 + ET(2%I*x(e + f*x)))), x], x] /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 4269

Int[cscl(e_.) + (f_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*
Cot[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 4271

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(n_)*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> Simp[(-b~2)*(c + d*x) “m*xCot[e + f*x]*((bxCscl[e + f*x])~(n - 2)/(f*x(n
-1))), x] + (Dist[b"2xd"2«m*x((m - 1)/(f"2x(n - 1)*(n - 2))), Int[(c + d*x)
“(m - 2)*(bxCscle + f*x])"(n - 2), x], x] + Dist[b"2*((n - 2)/(n - 1)), Int
[(c + d*x) “m*(b*Csc[e + f*x])~(n - 2), x], x] - Simp[b~2*d*m*(c + d*x)~(m -
1)*((bxCscle + fxx])~(n - 2)/(f~2x(n - V*(n - 2))), x]1) /; FreeQ[{b, c, d
, e, T}, x] && GtQ[n, 1] && NeQ[n, 2] && GtQ[m, 1]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rubi steps

. B (C+ d.’E)Q (C+ d$)2 2(C+ d.’,C)?
integral = / ( 2 a®(1+ cos(e + f))>  a(1+ cos(e + fx))) &

_ (ctdx)? _ (ct+dz)®
(C + dfl:) f (1+cos(e+f:p))2 dx 2 f 1+COS(e+f:E
3a2d a? a?




140

_ (c+dx)® | [(c+dz)?csct (AT + ) dz f(c—i— dz)?csc? (7 + L&) dx
N 3a2d 40,2 a2
(c+dz)®  d(c+dr)sec? (£ + L&) _ 2(c + dz)?tan (& + L2)
3a%d 3a? f? a’f
(c+dx)2sec (£ + L&) tan (£ + &) N
6a2f 6a2
d? [sec? (¢ +1L2) dx N (4d) [(c+dz)tan (£ + L&) dz
3a? f? a’f
_ 2i(c+dzx)? N (c+dz)® d(c+ dr)sec? (£ + L2) B 5(c+ dz)?tan (£ + L2)
N a?f 3a%d 3a2f? 3a%f
(c+ dz)?sec? (§ + ££) tan (£ + £2) B (2d2) Subst ([ 1dz, z, — tan (§ + ££))
6a? f 3a2f3

+
—(g ) (?:dx) dx

GG Y @) (et da)tan (54 ) do
a*f 3a? f
_ 5i(c+dz)®  (c+dx)® 8d(c+dz)log (1 + eitc+r2)
B 3a?f 3a2d a2 f2
d(c+ dz)sec? (£ + £¥) N 2 tan (£ + 12)
3a? f? 3a2f3
et e (54 5) | (e doPsect (54 ) (5 + )
3a%f 6a2f
(8¢2) [ log <1+e i(5+ )) iz 4zd)fﬂd
14e'\2
+ a2 f? + 307f

20d(c + dz)log (1 + €=H/®)  d(c+ dz)sec® (£ + LF

N

w“”

_ 5i(c+ dx)? N (c+ dx)3 B
- 3a?f 3a%d 30 f2
2d*tan (£ + L2) 5+ dz)? tan (§ + )
3a2 f3 3a2f 6a2f
(8id?) Subst (f w dz,x, e2i<§+f2z>) (4d?) [ log (1 +e '<2+2)> da
- 3a2f2

a2f3
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_ 5i(c+dz)? | (c+dx) - 20d(c + dz) log (1 + €i=+f=)

3a* f 3a?d 3a2 f2
8id? PolyLog (2, —e!c*/®)  d(c+ dz)sec? (£ + L&)
a?f3 3a2 f2
2d? tan (£ + fz) 5(c+ dz)?tan (£ + %)
3a? f3 3af
. 9 log(1+x) 22‘(%4—%’”)
(c—i—dx) sec ( n %) tan (% n %) N (4id )Subst(f =S dr, z,e )
6a? f 3a2f3
_ Si(c+dz)*  (c+dx)®  20d(c+dz)log (1+ eiletfo))
- 3a?f 3a%d 3a? f?
20id® PolyLog (2, —e'=*/®)) B d(c + dz) sec? (& + %) L 2d? tan (£ + %)
3a2 f3 3a2 f2 302 3
5(c + dr)? tan (§+ ) (c+dz)?*sec? (£ + f”")tan (§+%)
3a%f 6a2 f

Mathematica [B] (warning: unable to verify)
Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 925 vs. 2(229) = 458.

Time = 7.17 (sec) , antiderivative size = 925, normalized size of antiderivative = 4.04

(c+ dzx)?
(a+ asec(e + fx))?
80cd cos® (£ + £2) sec () sec?(e + fz) (cos (£) log (cos (&
- 3f%(a + asec(e + fz))? (cos?

dz =

) cos (%) —sin (5) sin (%)) + 3 fosin (5))
(5) +sin* (5))

) cot(£)( sifz(—m—2arctan(cot(£)))—mlo (1+e_ifm)—2 £Z _arct

80d2 COS4 (g 4 J%m) cse (%) (}lezarctan (cot ( 5 f2 2 2 ( 2 & ( 2
3f3(a+a
L 0o (£ + £2) sec (&) sec?(e + fx) (—4cdf cos (£2) — 4d?fz cos (L2) + 9¢% f3z cos (L) + 9cdf?z? cos (£

[In] Integrate[(c + d*x)~2/(a + a*Sec[e + f*x])~2,x]

[Out] (-80*c*d*Cos[e/2 + (f*x)/2] 4xSec[e/2]*Sec[e + f*x]~2*(Cos[e/2]*Log[Cos[e/2
1*Cos[(f*x)/2] - Sin[e/2]1*Sin[(f*x)/2]] + (f*x*Sin[e/2]1)/2))/(3*f"2x(a + a*
Sec[e + f*x])~2x(Cos[e/2]"2 + Sin[e/2]72)) - (80xd~2*Cos[e/2 + (f*x)/2]74*C
scle/2]*((£~2*x~2) / (4+#E~ (I*ArcTan[Cot [e/2]])) - (Cot[e/2]*((I/2)*fxx*(-Pi -
2xArcTan[Cot[e/2]]) - PixLogl[l + E~((-I)*fxx)] - 2x((f*x)/2 - ArcTan[Cot[e
/211)*Log[1 - E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]]1))] + Pi*Log[Cos[(f*x)/2]
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] - 2xArcTan([Cot[e/2]]*Log[Sin[(f*x)/2 - ArcTan[Cot[e/2]]]] + I*PolyLogl2,

E~((2*I)*((f*x)/2 - ArcTan[Cot[e/2]]1))]1))/Sqrt[1 + Cotle/2]"2])*Sec[e/2]*Se
cle + £*x]72)/(3*£"3%(a + axSec[e + fx*x])~2xSqrt[Cscl[e/2]2x(Cos[e/2]"2 + S
in[e/2]72)]) + (Cosl[e/2 + (f*x)/2]*Secl[e/2]*Sec[e + f*x] " 2x(-4*xcxd*f*Cos[(f
*x) /2] - 4*%d"2*xf*xx*Cos [(f*x)/2] + 9*c™2*f " 3*x*Cos [(f*xx) /2] + 9kckxd*f " 3*x"2%*
Cos[(f*x) /2] + 3*%d~2*xf~3*x"3*Cos[(f*x)/2] - 4xcxdxfxCos[e + (f*x)/2] - 4*xd~
2+xfxx*xCos[e + (f*x)/2] + 9xc~2xf " 3*x*Cos[e + (f*x)/2] + 9*c*xd*xf~3*x"2*Cos[e
+ (fxx)/2] + 3*d"2xf"3*x"3*Cos[e + (f*x)/2] + 3*c™2*xf " 3*xx*Cos[e + (3*f*x)/
2] + 3*ckd*xf~3*xx"2xCos[e + (3*f*x)/2] + d"2*xf~3*x"3*Cos[e + (3*f*x)/2] + 3%
c~2xf"3xx*Cos [2%e + (3*f*x)/2] + 3kcxd*f~3*x"2xCos[2%e + (3*f*x)/2] + d~2xf
~3xx"3*Cos [2*xe + (3*f*x)/2] + 8*d"2*Sin[(f*x)/2] - 18*c™2*f~2xSin[(f*x)/2]

- 36xcxdxf"2*x*Sin[(f*x) /2] - 18*d"2*f " 2xx~2*Sin[(f*x)/2] - 4*d~2*Sin[e + (
f*xx)/2] + 12+%c™2xf"2*Sin[e + (f*x)/2] + 24*xc*d*f~2xx*Sin[e + (f*x)/2] + 12x%
d"2xf~2xx"2xSin[e + (f*x)/2] + 4*d"2*Sin[e + (3*f*x)/2] - 10*c~2*xf~2*Sin[e

+ (3xf*xx)/2] - 20*c*d*f~2*x*Sin[e + (3*f*xx)/2] - 10*%d"2*f"2*x~2*Sin[e + (3%
fxx)/2]))/(6%f~3%(a + a*xSec[e + f*x])~2)

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 452 vs. 2(187) = 374.

Time = 0.58 (sec) , antiderivative size = 453, normalized size of antiderivative = 1.98

method | result

3 2% (6d2f2w2e2i(fz+e) —2id2fz ei(fz+e)+12cd f2CL‘ e2i(fz+e)+gd2f2w2ei(fz+e) —2id2fw e2i(fz+e)

. d2g3 dcx c‘z
I'lSCh 342 + = 4+ a2 +

[In] int((d*x+c)~2/(ata*sec(f*x+e))”2,x,method=_RETURNVERBOSE)

[Out] 1/3/a"2*%d"2*x"3+1/a”~2*kd*c*x~2+1/a"~2%c”2*x+1/3/a"2/d*c”3-2/3*I* (6*d~2*f " 2%x"
2xexp (2*I* (f*x+e) ) -2xI*d~2*f*xx*exp (I* (f*x+e) ) +12kcxd*f ~2*x*exp (2*I* (f*x+e))
+9%d~2%f ~2%x"2%exp (I* (f*x+e) ) ~2%I*d~2*f*x*kexp (2% I* (f*xx+e) ) —2xI*xcxd*f*exp (I*
(fxx+e) ) +6*xc™2xf ~2%exp (2xI* (fxx+e) ) +18*ckd*f~2xx*exp (I* (f*x+e)) +5%d~2%f " 2%x
~2-2*I*ckdxfxexp (2% I (f*x+e) ) +9*c~2%f " 2xexp (I* (f*x+e) ) +10*kckxd*f ~2*x+5*%c”™2xf
~2-2xd"2xexp (2% I* (f*x+e) ) —4*d~2*exp (I* (f*x+e) ) -2*d~2) /£73/a~2/ (exp (I* (f*x+e
))+1)73+20/3/a~2*d/f~2*c*1n(exp (I* (f*x+e)))-20/3/a~2*d/f~2*c*1n(exp (I* (f*x+
e))+1)+10/3*I/a"~2xd"2/£f*x"2+20/3*%I/a~2*d~2/f"2*e*x+10/3*I/a~2*d~2/f"3*e~2-2
0/3/a~2%d~2/£"2x1n(exp (I* (f*x+e))+1) *x+20/3*I*d"2*polylog(2,-exp (I*(f*x+e))
)/a~2/£73-20/3/a~2%d"2/f"3*e*1n(exp (I* (f*x+e)))
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 493 vs. 2(184) = 368.

Time = 0.30 (sec) , antiderivative size = 493, normalized size of antiderivative = 2.15

/ (c+dz)? d

(a+ asec(e + fx))?
_ & f%2% + 3cdf*a? — 2cdf + (d?f2° + 3 cdf*x® + 3 2 fox) cos (fx + e)’+ (332f3 —2d%f)x + 2 (& f3a?

[In] integrate((d*x+c)~2/(ata*sec(f*x+e))~2,x, algorithm="fricas")

[Out] 1/3%(d"2+f73%x"3 + 3*ckxd*f~3*x"2 - 2xckd*f + (d"2*xf"3*x"3 + 3*kckd*f~3*x"2 +
3*%c72xf"3*kx) *kcos(f*xx + e)72 + (3*xc”™2*%f~3 - 2xd"2*f)*x + 2% (d"2*%f"3*x"3 + 3
xckd*xf~3*%x72 - ckxdxf + (3*xc”2*f"3 - d72*xf)*x)*cos(f*x + e) - 10*x(I*d"2*cos(
fxx + e)72 + 2*I*d"2xcos(f*x + e) + Ix*d"2)*dilog(-cos(f*x + e) + I*sin(f*x
+ e)) - 10*x(-I*d"2xcos(f*x + e)~2 - 2xI*d"2*cos(f*x + e) - I*d~2)*dilog(-co
s(f*x + e) - Iksin(fxx + e)) - 10*%(d"2*f*x + ckd*f + (d~2xfxx + c*xd*f)*cos(
fxx + e)”2 + 2%(d"2*f*x + cxd*f)*cos(f*x + e))*log(cos(f*x + e) + I*sin(f*x
+ e) + 1) - 10x(d"2xf*x + ckxd*xf + (d"2*f*x + ckd*f)*cos(f*x + e)~2 + 2x(4d~
2xf*x + ckd*f)*cos(f*x + e))*log(cos(f*x + e) - I*sin(f*x + e) + 1) - (4%d™
2xf"2%x72 + 8kckd*xf2%x + 4*xcT2+f72 - 2%d72 + (5xd72*f"2%x72 + 10*ckd*f"2*x
+ Bkc"2xf"2 - 2xd"2)*cos(f*x + e))*sin(fxx + e))/(a"2*f " 3*cos(f*x + e)~2 +
2%a"2%f"3*%cos(f*xx + e) + a~2xf"3)

Sympy [F]

/ (c + dx)? e
(a + asec(e + fx))?

2 d2z2 2¢d;
o f sec? (e+fz)+3 sec (e+fx)+1 dz + f sec? (e+fz)+2xsec (e+fz)+1 dz + f sec? (e+fz)+2 swec (e+fz)+1 dzx
a2

[In] integrate((d*x+c)**2/(at+a*sec(f*xx+e))**2,x)

[Out] (Integral(c**2/(sec(e + f*xx)*x2 + 2%sec(e + f*x) + 1), x) + Integral (d*x2x*x
*x*%2/(sec(e + f*x)**2 + 2xsec(e + fxx) + 1), x) + Integral(2xcxd*x/(sec(e +
fxx)**2 + 2xsec(e + f*xx) + 1), x))/a*x*2
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1035 vs. 2(184) = 368.

Time = 0.78 (sec) , antiderivative size = 1035, normalized size of antiderivative = 4.52

c + dz)? .
/ (a+ cgsec(e _?_ 1)) dz = Too large to display

[In] integrate((d*x+c)~2/(ata*sec(f*x+e))”2,x, algorithm="maxima")

[Out] -(I*xd~2*f~3%x"3 + 3*I*ckxd*xf~3*x"2 + 3*xI*c™2*%f"3*x + 10%c”™2*xf"2 - 4*xd~2 + 20
*x(d72*fxx + cxd*f + (d"2xfxx + c*d*xf)*cos(3xf*x + 3*e) + 3*%(d"2xf*x + c*xd*f
Yxcos (2xf*x + 2%e) + 3k (d"2xf*xx + ckxd*f)*cos(f*x + e) - (-Ixd™2xfxx - I*c*d
*f)*xsin(3*f*x + 3*ke) - 3*x(-I*d"2*f*x — Ikckd*f)*sin(2xf*x + 2xe) — 3*(-Ixd”
2%f*xx - I*xcxdxf)*sin(f*x + e))*arctan2(sin(fxx + e), cos(f*x + e) + 1) + (I
*d"2+%f"3%x"3 + (3*kIxckxd*f~3 - 10*%d"2*%f"2)*x"2 + (3*xI*xc™2*%f~3 - 20*c*d*f~2)*
x)*cos(3xfxx + 3xe) + (3*I*d"2%f"3*x"3 + 12%c"2*%f"2 - 4*I*ckd*f - 9x(-I*cxd
*f73 + 2%d72%F"2)*x"2 - 4%d"2 + (9*I*c”2*%f"3 - 36kckd*xf~2 — 4xI*d"2*f)*x) *c
0s(2xfxx + 2%e) + (3*kI*d"2*%f~3*x"3 + 18*c™2*f"2 - 4xIxckxd*f - 3*x(-3*xI*xc*d*f
"3 + 4*%d72+f72)*x72 - 8%d"2 + (9*I*cT2xf"3 - 24xckxd*xf"2 - 4*Ixd"2*f)*x)*cos
(fxx + e) - 20%x(d"2*cos(3xf*x + 3*e) + 3*d"2*cos(2xf*x + 2*e) + 3*d"2*cos(f
*x + e) + I*d"2*sin(3*f*x + 3*e) + 3*%I*d"2*sin(2*xf*x + 2*e) + 3*xI*d"2*sin(f
*x + e) + d"2)*dilog(-e” (I*xf*x + Ixe)) - 10*(Ixd~2*f*x + Ixckd*xf + (I*xd~2xf
*x + Ikc*d*f)*cos(3*f*x + 3*xe) + 3% (I*xd"2*xf*x + Ixckd*f)*cos(2xf*x + 2xe) +
3% (I*xd~2xf*x + Ixcxdxf)*cos(fxx + e) - (d™2xf*xx + c*d*f)*sin(3*f*x + 3*e)
- 3x(d"2%f*x + cxd*xf)*sin(2xf*xx + 2%e) — 3% (d"2*f*xx + ckd*f)*sin(f*x + e))x*
log(cos(f*x + e)~2 + sin(f*x + e)”2 + 2xcos(f*x + e) + 1) - (d™2*xf73%x"3 +
(3kc*xd*f~3 + 10*I*d"2*xf"2)*x"2 + (3*%c™2*%f~3 + 20*%I*kckd*xf~2)*x)*sin (3*f*x +
3ke) - (3xd"2xf"3%x"3 - 12%I*c"2*%f~2 - 4dxcxd*xf + 9x(ckxd*f~3 + 2xI*xd~2xf~2)*
X"2 + 4xIxd"2 + (9*c™2*f"3 + 36*Ikckd*f~2 — 4*xd"2+f)*x)*sin(2*f*x + 2%e) -
(3%d"2%f"3%x"3 — 18*I*c™2*xf"2 — 4xcxdxf + 3*(3kxckxd*xf~3 + 4xIxd"2*f"2)*x"2 +
8*xIxd"2 + (9*c™2+f~3 + 24xIxcxd*f~2 - 4xd"2xf)*x)*sin(f*x + e))/(-3*I*xa"2%
f~3xcos(3*f*x + 3xe) - 9*Ixa~2xf " 3*cos(2xf*x + 2%e) — 9kI*a~2xf " 3*xcos(f*x +
e) + 3*%a~2xf"3xsin(3xfxx + 3*e) + 9*a " 2*%f " 3ksin(2xf*xx + 2%e) + 9*a~2*f " 3*s
in(f*x + e) — 3*%I*a~2xf~3)
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Giac [F]

(c+ dz)? (dz + c)?
(a+ asec(e+ fr))? (asec(fz +€) +a)’

[In] integrate((d*x+c)~2/(ata*sec(f*x+e))”2,x, algorithm="giac")

[Out] integrate((d*x + c)~2/(axsec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.
(c+ dx)?

(a + asec(e + fx))

5 dz = Hanged

[In] int((c + d*x)~2/(a + a/cos(e + f*x))~2,x)

[Out] \text{Hanged}
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3.18 [ arigapde

a+asec(e+fx))?
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Rubi [A] (verified) . . . . . . ... . 146
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Giac [B] (verification not implemented) . . . . . . . .. ... .. L. 151
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 1511

Optimal result

Integrand size = 18, antiderivative size = 140

/ c+dz iy (et dz)*  10dlog (cos (5 + ) dsec® (5 +5)
(a+ asec(e + fx))? 2a%d 3a? f? 6a? f?
_ 5(c+dz) tan (g + L) N (c+ dz)sec? (& + L&) tan (§ + L&)
3a?f 6a2f

[Out] 1/2*(d*x+c)~2/a"2/d-10/3*d*1n(cos(1/2%xf*x+1/2%e))/a"2/f"2-1/6*d*xsec(1/2*f*x
+1/2%e)~2/a"2/f"2-5/3x (d*x+c)*tan(1/2*xf*xx+1/2%e) /a~2/f+1/6%(d*x+c) *sec(1/2x%
fxx+1/2%e) ~2%tan(1/2xf*xx+1/2%e) /a~2/f

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.00,

number of steps used = 9, number of rules used = 5, number of rules _ 0.278, Rules used
integrand size

= {4276, 3399, 4270, 4269, 3556}

c+dzx dr — _5(c+ dx) tan (g + f2—x) N (c+ dz) tan (% + fgx) sec? (§ + %z)
(a+asec(e + fz))2 ~ 3a2f 6a2f
(c+dzx)® dsec? (£ + L&) _ 10dlog (cos (£ +£2))
2a2d 6a2 f2 3a2f?

[In] Int[(c + d*x)/(a + a*Sec[e + f*x])~2,x]

[Out] (c + d*x)~2/(2*a~2xd) - (10*d*Logl[Cosle/2 + (fxx)/2]11)/(3*a~2xf~2) - (dxSec
[e/2 + (£fxx)/2]172)/(6%xa~2%f~2) - (5x(c + d*x)*Tan[e/2 + (f*x)/2])/(3%a~2xf)
+ ((c + d*x)*Secl[e/2 + (f*x)/2] 2xTanl[e/2 + (f*x)/2])/(6%a~2xf)

Rule 3399
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Int[((c_.) + (@_.)*(x))"(m_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_.)
, x_Symbol] :> Dist[(2*a)”n, Int[(c + d*x) m*Sin[(1/2)*(e + Pi*(a/(2xb))) +
fx(x/2)1°(2*n), x], x] /; FreeQl{a, b, c, d, e, £, m}, x] && EqQ[a"2 - b~2
, 0] &% IntegerQ[n] && (GtQ[n, O] || IGtQ[m, 0])

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4, x] /; FreeQl{c, d}, x]

Rule 4269

Int[csc[(e_.) + (£_.)*(x_)]1"2x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)~(m - 1)=*
Cotle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 4270

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(-b~2)*(c + d*x)*Cot[e + f*x]*((b*Cscle + f*x])"(n - 2)/(f*(n - 1))),
x] + (Dist[b™2*x((n - 2)/(mn - 1)), Int[(c + d*x)*(b*Csc[e + f*x])~(n - 2),

x], x] - Simp[b~2*d*((b*Csc[e + f*x])~(n - 2)/(f"2x(n - 1)*(n - 2))), x]) /
; FreeQ[{b, c, d, e, £}, x] & GtQ[n, 1] && NeQ[n, 2]

Rule 4276

Int[(cscl(e_.) + (£_)*(x)1*(_.) + (@)~ (a_.)*((c_.) + (@_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
n[e + f*x])"°n), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rubi steps
c+dx c+dx 2(c+ dx)
. 1 — _ d
integra / ( a? + a?(1+cos(e + fx))2  a?(1+ cos(e + fx)) o
ct+dx ct+dx
_ C + dm f (1+cos-i(-e—f-fac))2 dx . 2 f 1+co:(e+fz) dzx

2a2d a,2 a2
_ (c+dz)? n J(c+ dz)csc* (5 + &) da _ J(c+dz)esc® (5 + &) do
2a2d 4a2 a2
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(c+dx)®  dsec® (§£+ fgx) B 2(c+ dz)tan (£ + %)

2a2d 6a? f? a’f
N (c+dz)sec? (£ + L&) tan (£ + L&)
6a? f
[(c+dz)sec? (£ + L&) dx (2d [tan (£ +£F) dz
+ 6a? a’f
_ (c+dz)* 4dlog (cos (£ +L2)) _ dsec’ (¢+ L) _ 5(c+dz)tan (£ + &)
2a%d a?f? 6a? f? 3af
(c+dx)sec (£+ &) tan (64+ L&)  dftan (£ + &) do
6a?f B 3af
_ (c+dx)*  10dlog (cos (5 + %‘”)) dsec? (£ + %)
~ 2a2d 3a? f? 6a? f?
e datan (5 + ) | (o do)oec (5.4 ) tan (5 + )
3a%f 6af

Mathematica [A] (verified)

Time = 1.98 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.23

c+dx dx
(a + asec(e + fx))?
_ 2cos (3(e+ fz)) sec’(e + fz) (f(c + dz)sec () sin (£) — 10f(c + dz) cos? (1 (e + fz)) sec (&) sin (£F) -

[In] Integrate[(c + d*x)/(a + a*Secle + f*x])~2,x]

[Out] (2*Cos[(e + f*xx)/2]*Sec[e + f*x] 2*x(f*x(c + d*x)*Sec[e/2]*Sin[(f*x)/2] - 10x%
fx(c + d*x)*Cos[(e + f*x)/2] 2xSec[e/2]*Sin[(f*x)/2] + Cos[(e + f*xx)/2] 3% (
3kf"2*x*k (2xc + d*x) - 20*d*Logl[Cos[(e + f*x)/2]] - 10*d*fxxxTan[e/2]) + Cos
[(e + f*x)/2]*(-d + fx(c + d*x)*Tan[e/2])))/(3*a"2xf~2+(1 + Sec[e + fx*x])"2

)

Maple [A] (verified)

Time = 0.62 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.61
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method result
2 3 2

10dIn (sec(%’”+§> )+(dm+c)ftan<%+%) —dtan(%+§> -9 tan(%+%>f(dx+c)+6f2 (%+c>w

parallelrisch 6aZf2
3 2 3

g+¢_3ctan(%+%)+ctan(1§+%) _dtan(sz-ﬁ-%) _Sdmtan(me-F%)dl_da:tan(i}ﬁ-%) 5dln(1+tan<%+§>2)

norman a 2a 2af 6af 6a f2 2af 6af +
a 3a2f2

risch da? | e y 10ide | 10ide _ 2i(6dfze®Vote) —ide?Uste) 6ef U ote) 19dfa e fote) —idelUs+e) +9cf /= te)

2a2 a2 3a,2f 3a,2f2 3f2a2 (ei(fa:+e)+1)3

[In] int((d*x+c)/(at+axsec(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] 1/6%(10*d*1n(sec(1/2xf*xx+1/2%e) ~2)+(d*x+c)*f*xtan(1/2*xf*x+1/2%e) " 3-d*tan(1/2
*fxx+1/2%e) "2-9%tan (1/2xfxx+1/2%e) *f* (d*x+c) +6*xf~2x (1/2*%d*xx+c) *x) /a~2/f~2

Fricas [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 183, normalized size of antiderivative = 1.31

c+dz de

(a + asec(e + fx))?
_ 3df?2? + 6 cfz + 3 (df*a® + 2cf?z) cos (fz + €)* + 2 (3df2a? + 6 cf*x — d) cos (fz + €) — 10 (d cos (f:
B 6 (a2f2cos (fz +

[In] integrate((d*x+c)/(ata*sec(f*x+e))”2,x, algorithm="fricas")

[Out] 1/6*%(3*d*f72xx"2 + 6*cxf~2kx + 3+ (d*f~2*x"2 + 2xc*xf~2*x)*cos(f*x + e)”2 + 2
* (3kd*f"24x"2 + 6xckf~2*x - d)*cos(f*x + e) - 10*(d*cos(f*x + e)~2 + 2*d*co
s(fxx + e) + d)*log(1/2*%cos(f*x + e) + 1/2) - 2x(4*xdxfxx + 4*xcxf + 5k (dxf*x

+ cxf)*cos(f*x + e))*sin(f*x + e) - 2+d)/(a"2*f " 2*cos(f*x + e)~2 + 2*a~2xf
~2xcos(f*x + e) + a"2%f"2)

Sympy [F]
c dx
/ c+dz de — f sec? (e+fz)+2sec (e+fz)+1 dzr + f sec? (e+fz)+2sec (e+fz)+1 dx
(a+ asec(e + fz))? a?

[In] integrate((d*x+c)/(ata*sec(f*x+e))**2,x)

[Out] (Integral(c/(sec(e + f*x)**2 + 2xsec(e + f*x) + 1), x) + Integral(d*x/(sec(
e + £*x)**2 + 2xsec(e + f*x) + 1), x))/a*x2
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Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1058 vs. 2(110) = 220.

Time = 0.36 (sec) , antiderivative size = 1058, normalized size of antiderivative = 7.56

c+dz
/ (a+ asec(e + fz))? z = loo large to display

[In] integrate((d*x+c)/(ata*sec(f*x+e))”2,x, algorithm="maxima")

[Out] 1/6*%(d*xex((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*x + e)
+ 1)73)/(a"2%f) - 12*xarctan(sin(f*x + e)/(cos(fxx + e) + 1))/(a"2%f)) - cx*
((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*x + e) + 1)7°3)/
a~2 - 12*xarctan(sin(f*x + e)/(cos(f*x + e) + 1))/a"2) + (3*(f*x + e) " 2*cos(
3xfxx + 3*%e)”2 + 3k (f*x + e) " 2*sin(3*xfxx + 3*e)”2 + 3*x(9*(f*x + e)”2 - 4)*c
0s(2xfxx + 2%e)”2 + 3% (9*(fxx + e)72 - 4)*cos(f*x + e)”2 + 3*x(9x(f*x + e)~2
- 4)*sin(2*xf*x + 2*e)"2 + 3% (9*(f*x + e)”2 - 4)*sin(f*xx + e)”2 + 3*(f*x +
e)”2 + 2x(3x(fxx + e)”2 + (9kx(f*x + e)”2 - 2)*cos(2xfxx + 2xe) + (9kx(f*xx +
e)”2 - 2)*xcos(fxx + e) + 12*%(f*x + e)*sin(2xfxx + 2xe) + 18*(f*x + e)*sin(f
*x + e))*cos(3xf*xx + 3*e) + 2% (9 (f*xx + e)72 + 3*x(9*x(f*x + e)~2 - 4)*cos(fx*
X + e) + 18k (f*x + e)*sin(f*x + e) - 2)*cos(2xf*x + 2xe) + 2% (9*x(f*x + e)~2
- 2)*cos(f*x + e) - 10*%(2*%(3*xcos(2*f*x + 2%e) + 3*cos(f*x + e) + 1)*cos(3*
fxx + 3*e) + cos(3*xf*x + 3*e)”2 + 6%(3*cos(f*x + e) + 1)*cos(2xf*x + 2%e) +
Okxcos (2%f*xx + 2%e) "2 + 9xcos(fxx + e)~2 + 6x(sin(2xf*x + 2%e) + sin(f*xx +
e))*sin(3*f*x + 3*xe) + sin(3*f*xx + 3*e)”~2 + 9*sin(2xf*x + 2%e)”~2 + 18*sin(2
xfxx + 2%e)*sin(f*x + e) + 9*sin(f*x + e)~2 + 6*cos(f*x + e) + 1)*log(cos(f
*x + )72 + sin(f*x + e)72 + 2*cos(f*x + e) + 1) - 2x(10*xf*x + 12*%(f*x + e)
*cos (2*f*x + 2%e) + 18*x(f*x + e)*cos(f*x + e) - (9x(f*xx + e)”2 - 2)*sin(2x*f
*x + 2%e) - (9% (f*x + e)”2 - 2)*sin(f*x + e) + 10*e)*sin(3*xfxx + 3*e) - 6%(
6xf*xx + 6% (fxx + e)*cos(f*x + e) - (9% (f*x + e)”2 - 4)*sin(f*x + e) + 6*e)x*
sin(2xf*x + 2xe) - 24*(fxx + e)*sin(f*x + e))*d/(a"2xf*cos(3*xf*x + 3*e)”~2 +
Oxa~2xfxcos (2*xf*xx + 2%e) "2 + 9*ka~2*fxcos(f*x + e)72 + a " 2*f*sin(3*xf*x + 3%
e)”2 + 9ka"2xfxsin(2xf*xx + 2%e)”2 + 18*%a " 2xfxsin(2*xf*x + 2*e)*sin(f*x + e)
+ 9*a~2xfxsin(f*x + e)”2 + 6*xa~2xf*xcos(f*xx + e) + a~2xf + 2% (3*a~2xf*cos(2*
fxx + 2%e) + 3xa~2xfxcos(f*x + e) + a~2xf)*xcos(3xfxx + 3*e) + 6% (3*a”~2xf*xco
s(fxx + e) + a~2*xf)*cos(2xf*xx + 2%e) + 6k (a " 2*f*sin(2xf*x + 2xe) + a~2*fxsi
n(f*xx + e))*sin(3xf*x + 3*xe)))/f
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 798 vs. 2(110) = 220.

Time = 0.56 (sec) , antiderivative size = 798, normalized size of antiderivative = 5.70

c+dx
dx = Too 1 to displ
/(a+asec(e+fx))2 z oo large to display

[In] integrate((d*x+c)/(ata*sec(f*x+e))~2,x, algorithm="giac")

[Out] 1/6%(3*d*f~2xx~2*%tan(1/2xf*x) “3*tan(1/2*e) "3 + 6xcxf~2*x*tan(1/2*f*x) “3*tan
(1/2%e) "3 - 9*d*f~2kx"2*xtan(1/2xf*x) "2*tan(1/2*e) "2 — 18*cxf " 2xx*tan(1/2*f*
x)"2xtan(1/2xe) "2 + 9*d*f*xktan(1/2xf*x) “3xtan(1/2*e) "2 + 9kd*xf*xxxtan(1/2xf
*x) "2xtan(1/2*%e) "3 - 10*d*log(4*(tan(1/2*xf*x) " 2xtan(1/2%e) "2 - 2xtan(1/2*fx*
x)*tan(1/2*xe) + 1)/(tan(1/2*f*x) " 2*xtan(1/2*e)”2 + tan(1/2*f*x)"2 + tan(1/2%
e)”2 + 1))*tan(1/2*xf*x) "3*xtan(1/2*e) 3 + 9kd*f " 2*xx~2xtan(1/2*f*x)*tan(1/2*xe
) + 9xcxfxtan(1/2*f*x) "3xtan(1/2xe) "2 + 9*ckf*tan(1/2*f*x) “2xtan(1/2*e) "3 -
d*tan(1/2*xf*x) “3*xtan(1/2*e) "3 - d*xf*x*tan(1/2*f*x)"3 + 18*c*f " 2xx*xtan(1/2*
f*x)*tan(1/2%e) - 21*kd*f*xxtan(1/2*f*x) "2xtan(1/2*e) - 21*d*f*x*xtan(1/2*f*x
)*tan(1/2xe) "2 + 30*d*xlog(4*(tan(1/2xf*x) "2*tan(1/2xe)”2 - 2*tan(1/2*f*x)*t
an(1/2xe) + 1)/(tan(1/2*f*x) " 2xtan(1/2*e)”2 + tan(1/2*xf*x)"2 + tan(1/2*e)"2
+ 1)) *tan(1/2xf*x) "2*xtan(1/2%e) "2 - dxf*xxxtan(1/2*e)~3 - 3*d*f~2*x"2 - cx*f
xtan(1/2*%f*x) "3 - 21*c*xfxtan(1/2*f*x) "2*xtan(1/2*xe) - d*tan(1/2*xf*x) "3*tan(1
/2%e) - 21xcxfxtan(1/2xf*x)*tan(1/2*e) "2 + dxtan(1/2xf*xx) " 2*xtan(1/2*e) "2 -
cxfxtan(1/2%e) "3 - d*tan(1/2*xf*x)*tan(1/2*e) "3 - 6xcxf~2*x + Oxd*xf*x*tan(1/
2xfxx) + 9xdxf*x*tan(1/2%e) - 30xd*log(4*(tan(1l/2*f*x) "2+tan(1/2xe)”2 - 2%t
an(1/2*xf*x)*tan(1/2*xe) + 1)/(tan(1/2*f*x) " 2*tan(1/2*e)"2 + tan(1/2*f*x)"2 +
tan(1/2*e)"2 + 1))*tan(1/2*xf*x)*tan(1/2*xe) + 9*ckf*tan(1/2xf*x) + dxtan(1l/
2xf*x) "2 + Oxckfxtan(1/2*e) - dxtan(1/2*f*x)*tan(1/2xe) + dxtan(1/2xe)"2 +
10*d*log(4* (tan(1/2xf*x) "2xtan(1/2*%e) "2 - 2xtan(1/2*xf*x)*tan(1/2*e) + 1)/(t
an(1/2xf*x) "2*xtan(1/2*e) "2 + tan(1/2*f*x)~2 + tan(1/2*e)"2 + 1)) + d)/(a~2x*
£ 2xtan(1/2*f*x) "3xtan(1/2*e) "3 - 3*a~2xf " 2xtan(1/2xf*x) “2*«tan(1/2*e)"2 + 3
*a " 2+%f"2%tan (1/2*xf*xx)*tan(1/2*xe) - a~2*%f~2)

Mupad [B] (verification not implemented)

Time = 19.32 (sec) , antiderivative size = 247, normalized size of antiderivative = 1.76

(c+dx) 4i eclitfali(c1dg)4i + ee2tf a2 (c1dx)4i

c+dz _dac2 3a2 f + 3a2f 3a2f
/(a+asec(e+fx))2 T = 942 3eclitfali § 3eetitfadi 1 gedit/adi 1 |
10d In (e*Ye/®Y + 1)  (4cf+4dfx—dli)2i
B 3a? f? T 342 f2 (eclitfali 4 1)
n (cf+dfzx—dli)2i z (3¢ f+d10i)

3a2 2 (2eclitfoli y geitfadi 1 1) 3a f



152

[In] int((c + d*x)/(a + a/cos(e + f*x))~2,x)

[Out] (d*x~2)/(2*a~2) - (((c + d*x)*4i)/(3*a~2*f) + (exp(ex1li + fxxx1i)*(c + d*x)
*x4i) /(3*xa~2*f) + (exp(e*2i + fxxx2i)*(c + d*x)*4i)/(3*a"~2xf))/(3xexp(e*xli +
fxxx1i) + 3*exp(e*2i + f*x*2i) + exp(e*x3i + f*x*3i) + 1) - (10*d*log(exp(e
*x1i)*exp(fxx*1i) + 1))/(3%a~2+£72) - ((4*c*f - d*1i + 4xdxfxx)*21i)/(3*a~2%f
~2%(exp(e*1i + f*x*1i) + 1)) + ((cxf - d*1i + dxf*x)*2i)/(3*a~2xf 2% (2xexp(

ex1i + fxxx1i) + exp(ex2i + f*x*2i) + 1)) + (x*(d*10i + 3*cxf))/(3*xa~2*f)
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Optimal result

Rubi [N/A]

Fricas [N/A]

Sympy [N/A]
Maxima [N/A]

Giac [N/A]

1

f (c+dz)(a+asec(e+f

Mathematica [N/A]
Maple [N/A] (verified)

Mupad [N/A]

Optimal result

Integrand size = 20, antiderivative size = 20

z))

1 1
/ (c+ dx)(a+ asec(e + fz))? do = Int((c +dz)(a + asec(e + fz))?’ o

[Out] Unintegrable(1/(d*x+c)/(ata*sec(f*x+e))”2,x)

Rubi [N/A]
Not integrable

)

153

Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number
number of rules _ ¢ g9, Rules used = {}

of steps used = 0, number of rules used = 0,

1

integrand size

1
(c+dz)(a+ asec(e+ fr))? de = / (c+dz)(a+ asec(e + fr))? dz

[In] Int[1/((c + d*x)*(a + axSec[e + f*x])~2),x]
[Out] Defer[Int] [1/((c + dx*x)*(a + axSecl[e + f*x])~2), x]

Rubi steps

1

int 1=
integra /(c+dx)(

d
a+ asec(e + fr))? v
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Mathematica [N/A]

Not integrable
Time = 13.65 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1

/ (c+dz)(a+ asec(e + fx))? de = / (c+dz)(a+ asec(e + fx))? dz

[In] Integrate[1/((c + d*x)*(a + axSec[e + f*x])~2),x]
[Out] Integrate[1/((c + d*x)*(a + axSec[e + f*x])~2), x]

Maple [N/A] (verified)

Not integrable

Time = 0.44 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
1

/(dx+c) (@tasc(zte)y "

2

[In] int(1/(d*x+c)/(ata*sec(f*x+e))"2,x)
[Out] int(1/(d*x+c)/(a+a*sec(f*x+e))"2,x)

Fricas [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 57, normalized size of antiderivative = 2.85
1 1

(c+ dz)(a + asec(e + fz))? dw = / (dz + c)(asec (fz + €) + a)’ e

[In] integrate(1/(d*x+c)/(ata*sec(f*x+e))”2,x, algorithm="fricas")
[Out] integral(1l/(a"2xdxx + a"2*xc + (a"2xd*x + a"2xc)*sec(f*x + e)”2 + 2x(a”2xd*x

+ a~2xc)*sec(f*x + e)), x)
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Sympy [N/A]
Not integrable

Time = 1.97 (sec) , antiderivative size = 54, normalized size of antiderivative = 2.70

dz

1
/ 1 do — f csec? (e+fx)+2csec (e+fx)+ct+dzx sec? (e+ fx)+2dx sec (e+ fz)+dz
(c+dx)(a+ asec(e+ fz))? a?

[In] integrate(1/(d*x+c)/(ata*sec(f*x+e))**2,x)

[Out] Integral(l/(c*sec(e + f*x)*x2 + 2*c*ksec(e + f*x) + c + dxx*sec(e + f*x)**2
+ 2xdxx*sec(e + f*x) + d*x), x)/a*x*2

Maxima [N/A]
Not integrable

Time = 10.62 (sec) , antiderivative size = 3956, normalized size of antiderivative = 197.80

1 1

(c+dz)(a + asec(e + fx))? do = / (dz + ¢)(asec (fz + €) + a)® d

[In] integrate(1/(d*x+c)/(ata*sec(f*x+e))”2,x, algorithm="maxima")

[Out] 1/3%(3*%(d"3*f"3*x"3 + 3*kcxd™2+f"3*x"2 + 3*c™2xd*f~3*x + c~3*xf73)*cos(3*f*x
+ 3xe) "2xlog(d*x + c) + 3*(d"3*f73*x"3 + 3*c*kd"2*xf73%x72 + 3kcT2*d*f"3*x +
c"3*%f"3)xlog(d*x + c)*sin(3*f*x + 3%e)”2 + 3% (2xd"3xfxx + 2xcxd"2xf + 9x(d”
3%f"3%x7"3 + 3kckd"2*%f"3%x72 + 3kc”2*d*f"3%x + c"3*%f73)*log(d*x + c))*cos(2x%
fxx + 2%e)”2 + 3% (2%d"3kfxx + 2kckd"2xf + 9k (d"3*f"3*x"3 + 3kckd"2xf"3*x"2
+ 3xc”2*%d*f"3xx + c"3*f73)*log(d*x + c))*cos(f*x + e)”2 + 3*(2xd"3*f*x + 2%
ckd"2xf + 9% (d"3#f"3*%x"3 + 3*kckd"2xf73*x72 + 3xc”2*d*f"3xx + c~3*f£73)*log(d
*x + c))*sin(2xf*xx + 2%e) "2 + 3x(2xd"3*f*x + 2kckd"2*f + 9*(d"3*£73*x"3 + 3
*kckd"2xf73%x72 + 3kcT2xd*f73*%x + c"3*f73)*x1log(d*x + c))*sin(fxx + e)”2 + 2%
((d73xfxx + c*d™2xf + 9% (d"3*f~3*x"3 + 3kckd™2+f"3*x"2 + 3*c”"2kd*f73*x + ¢~
3xf~3)*log(d*x + c))*cos(2*xf*x + 2%e) + (d73*f*x + cxd™2+f + 9*(d~3*f"3xx"3
+ 3xc*kd"2*f73%x"2 + 3kcT2xd*f"3*x + c”3*%f"3)*log(d*x + c))*cos(f*x + e) +
3% (d73*f73%x"3 + 3xcxd"2xf73*x"2 + 3kcT2xd*f"3*%x + c"3*f"3)xlog(d*x + c) +
2% (3%d"3*f72%x72 + 6xckd"2*f72%x + 3*kcT2xd*f"2 - d73)*sin(2xf*x + 2xe) + (9
*d"3*f72%x"2 + 18%c*kd"2+f72%x + 9xcT2xd*f72 - 4xd"3)*sin(f*x + e))*cos(3*f*
X + 3%e) + 2% (d"3*f*kx + cxd"2*f + 3x(2xd"3*f*x + 2xc*xd"2*f + 9x(d"3*xf"3*x"3
+ 3xc*kd"2*f73%x72 + 3kcT2xd*f"3*x + c”3*%f"3)*log(d*x + c))*cos(f*x + e) +
9% (d"3*f"3*xx"3 + 3kcxd"2+f"3*%x"2 + 3*%c"2xd*xf"3*x + c"3xf"3)*xlog(d*x + c) +
3% (3%d"3*f72%x72 + 6xckd"2*%f72xx + 3*kcT2xd*f"2 - 2xd"3)*sin(f*x + e))*cos(2
xfxx + 2%e) + 2%(d"3*xf*xx + cxd"2xf + 9k (d"3*f73%x73 + 3xcxd"2xf73*xx72 + 3*c
~2xd*f"3*%x + c”3*%f"3)*log(d*x + c))*cos(f*x + e) - 3*x(a"2*d"4*xf"3*%x"3 + 3xa
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“2%c*kd"3kfT3%x”T2 + 3%a"2xcT2xd"2*¢f"3*x + a~2kc"3xd*xf~3 + (a”2*%d"4*f"3*x"3 +
3ka"2xcxd"3xf"3%x"2 + 3*a"2%c”2xd"2*f"3*%x + a~2*%c”3*d*f"3) *cos(3kf*x + 3ke
)72 + 9% (a”2%d"4*f"3%x"3 + 3*%xa"2xckxd"3*%f"3*%x"2 + 3*%a”"2%c”2xd"2*xf"3%x + a~2%
c"3*d*f"3) *kcos (2xf*x + 2%e) "2 + 9% (a~2*%d"4*f " 3*x"3 + 3*a"2xcxd " 3*xf"3*x"2 +
3*xa”~2%c"2*%d"2*f"3%x + a"2*c"3*d*f"3)*cos(fxx + e)72 + (a"2xd"4xf"3*x"3 + 3%
a~2xcxd"3*f"3*%x72 + 3*%a"2*%c"2xd"2*f"3*x + a”"2%c”3*xd*f~3) *sin(3*f*xx + 3*e) 2
+ 0% (2~ 2xd"4xf"3%x"3 + 3*%a"2%ckd"3*f"3%xx"2 + 3*%a"2%c"2*%d"2*%f"3*kx + a~2%c”3
*d*xf~3) *sin (2*xf*x + 2%e)”2 + 18*%(a”2*%d"4*xf"3*x~3 + 3*a”~2%c*d~3*xf"3*x"2 + 3%
a~2*xc”2xd"2xf"3*x + a”2%c”3*d*f"3) *sin(2xfxx + 2%e)*sin(f*x + e) + 9k (a”~2x*d
“AxfT3%x"3 + 3*%a"2kckd"3*fT3*%x"2 + 3*a”"2%c”2*%d"2*f"3*%x + a~2%c”3*d*f~3)*sin
(fxx + e)72 + 2% (a™2+%d"4*f~3*x"3 + 3*a”~2*c*d~3*f"3*x"2 + 3*a~2kc”2+d 2xf 3%
X + a~2xc”3xd*f"3 + 3*%(a"2%d"4*f"3*x"3 + 3%a"2xckd"3*f"3*%x"2 + 3*ka~2kc"2xd”
2+%f"3%x + a”2%c”3xd*f"3)*cos(2xf*x + 2xe) + 3*%(a”2xd"4*f"3*x"3 + 3*ka"2*cxd”
3*f"3*%x"2 + 3%a"2xc"2x%d"2*%f"3*x + a”~2*%c " 3kd*xf"3)*cos(f*x + e))*cos(3kf*x +
3xe) + 6% (a”2xd"4*xf"3*%x"3 + 3*ka~2kc*kd"3*kf"3*x"2 + 3*a"2*c"2xd"2*xf"3*x + a2
*Cc"3*%d*f"3 + 3k (a"2xd"4*xf"3*%x"3 + 3*ka"2*ckd"3*kf"3%xx"2 + 3ka"2%c”2*d"2*f"3*x
+ a”2xc”3*xd*f"3)*cos(f*x + e))*cos(2*f*x + 2*e) + 6%x(a~2*d"4*f 3*xx"3 + 3*a
“2xcxd"3*%fT3%x72 + 3*%a”2xcT2xd"2+%f"3*x + a”"2%c”3xd*xf~3) *cos(fxx + e) + 6x((
a”2%d"4*xf"3*%x"3 + 3*%a"2%ckd"3*f73kx"2 + 3*%a"2*xcT2¢d"2*f"3*%x + a"2x%c”3*%d*f"3
Yxsin(2*f*x + 2%e) + (a"2%d"4*xf"3%x"3 + 3*a " 2*c*d"3*f"3*%x"2 + 3*a"2xc"2*xd"2
*f73%x + a"2xc”3*%d*f"3)*sin(f*x + e))*sin(3*f*x + 3xe))*integrate(2/3*(5*xd~
3*xf2%xx"2 + 10%cxd"2*f"2%x + 5xc”"2*d*f"2 - 6%d"3)*sin(f*x + e)/(a"2*d"4*f"3
*Xx74 + 4%xa"2xcxd"3*%f73*%x73 + 6*%a"2xcT2xd"2*%f73*%x72 + 4*%a"2xc 3xd*f"3*%x + a”
2%c”4*xf"3 + (a~2x%d"4*xf"3*x"4 + 4%a"2*%ckd"3*xf"3%x"3 + 6*a"2%c”2*d"2*f " 3*x"2
+ 4xa”~2xc"3xd*f"3*x + a"2*%c”4*f"3)*cos(f*x + e)”2 + (a”2*%d"4*f"3*x"4 + 4*xa”
2%ckd"3*f"3%x"3 + 6%a"2%c"2*%d"2*%f"3*%x"2 + 4*a~2xc”3kd*f"3*x + a"2%c"4*f"3)*
sin(f*x + e)72 + 2%(a”2*%d"4*xf"3*x"4 + 4*xa”~2%c*d"3*xf"3*x"3 + 6*a”~2kc”2*d"2*f
"3%x72 + 4%a”2%c”3xd*xf"3%x + a~2%c"4*f"3)*cos(f*x + e)), x) + 3% (d"3kf"3*kx"
3 + 3kckd"2*f73%x72 + 3*cT2*d*f"3%x + c”3*%f73)*log(dkx + c) - 2x(5kd"3*kf "2
X"2 + 10%c*d"2*xf"2%x + 5kc”2xd*f"2 - 2%d"3 + 2% (3*%d"3*f"2*x"2 + 6*kcxd"2*f"2
*xX + 3*%c”2*%d*f"2 - d"3)*cos(2*f*x + 2%e) + (9kd"3*kf"2%xx"2 + 18*c*kd"2*f " 2*x
+ 9%c72xd*f"2 - 4%d"3)*cos(f*x + e) - (d73xf*xx + c*d"2xf + 9% (d"3*xf"3*x"3 +
3xcxd"2*%f"3*%x"2 + 3*kc"2xd*xf"3*x + c”3*%f73)*log(d*x + c))*sin(2xf*x + 2%e)
- (@73%f*x + cxd™2*xf + 9% (d"3*f " 3*%x"3 + 3kcxd " 2xf"3*%x"2 + 3*kc”2*xd*f"3*x + C
~3xf73)*x1log(d*x + c))*sin(f*x + e))*sin(3*xf*x + 3*e) - 2x(9*d~3*f"2*x"2 + 1
8kckd"2xf"2%x + 9*xcT2xd*f"2 - 4%d"3 + 3k (3kd"3*kf"2xx"2 + 6kckd"2*kf"2kx + 3%
c~2xd*f"2 - 2xd"3)*cos(f*xx + e) - 3*x(2xd"3*f*x + 2xckd"2*f + 9k (d"3*f"3*x"3
+ 3xc*xd"2*f73%x"2 + 3kcT2xd*f"3*%x + c”3*%f73)*log(d*x + c))*sin(f*xx + e))x*s
in(2*%f*x + 2xe) - 4% (3*d"3*f"2%x"2 + 6kckd " 2xf"2%x + 3*%c”2xd*f"2 - d~3)*sin
(f*x + e))/(a"2%d"4*f"3*%x"3 + 3*a"2*xc*kd~3*f"3*x"2 + 3*a~2kc"2xd"2*xf"3*x + a
“2%c73*d*f"3 + (a”2x%d"4*xf"3%x"3 + 3*ka"2*ckd"3kf"3%x"2 + 3*xa"2%c”2*%d"2*f " 3*x
+ a”2xc”3*d*f"3) *cos(3*f*x + 3xe) 2 + 9% (a"2xd"4*f"3*%x"3 + 3*a~2*xcxd"3*f"3
*xX72 + 3*%a"2xc”2xd"2*%f"3*x + a”"2%c”3xd*xf"3) *cos(2xf*x + 2%e)”"2 + 9*(a"2xd"4
*f"3%x"3 + 3*%a"2kckd"3*xf"3%x"2 + 3*%a"2%c”2%d"2*f"3*%x + a~2xc~3*d*f~3)*cos(f
*x + e)”2 + (a”2%d"4*f"3*xx"3 + 3*a"2xckxd"3*f"3*%x"2 + 3*ka " 2xc"2xd"2*f " 3xx +
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a~2xc”3*xd*f"3) *sin(3*f*x + 3*%e) 2 + 9x(a~2xd"4*f " 3*xx"3 + 3*a~2xcxd"3*f " 3xx”
2 + 3%a”2%c”2+%d"2*xf"3*x + a~2xc”3*kd*f"3)*sin(2*xf*x + 2%xe) "2 + 18x(a”~2*xd"4xf
“3%x73 + 3*%a”~2%ckd"3*xf"3%x"2 + 3*%a"2%c”2*%d"2*%f"3*x + a~2%xc~3*d*f"3)*sin(2*f
*x + 2%e)*sin(f*x + e) + 9*x(a~2*%d"4*f"3*x"3 + 3*ka"2xckxd " 3*xf"3*%x"2 + 3*a"2*c
“2%d"24%f"3%x + a"2xc”3xd*f"3)*sin(f*x + e)”2 + 2% (a"2xd"4xf"3*%x"3 + 3*a~2*c
*d"3*%f"3*%x"2 + 3*ka"2xc"2x%d"2*%f"3*x + a"2%c " 3kd*f~3 + 3x(a"2*%d"4*f"3*x"3 + 3
*a"2xckd"3*%f"3%x"2 + 3*%a"2xc”2*%d"2*%f"3*%x + a”2*c”3xd*f"3)*cos(2xf*x + 2xe)
+ 3% (a~2%d"4*xf"3%x"3 + 3*%a " 2%ckxd"3*f"3%xx"2 + 3*%a"2%c"2*%d"2*f " 3%x + a~2%c” 3%
d*xf~3)*cos(f*x + e))*cos(3*f*x + 3*e) + 6x(a~2xd"4*xf"3*x"3 + 3*a~2kckd " 3*f~
3*%x72 + 3*%a"2%c”2xd"2*f7"3*x + a”~2*c”3*xd*f"3 + 3*(a"2xd"4*f"3%x"3 + 3*a"2xcx
d"3*f"3%x"2 + 3*%a"2%c"2*%d"2*%f"3*%x + a~2xc”3xd*f~3)*cos(f*x + e))*cos(2xfx*xx
+ 2%e) + 6x(a~2*%d"4*f"3*%x"3 + 3*ka"2kckd"3*xf"3xx"2 + 3*%a"2%c”2*d"2*f"3*x + a
~2xc”"3*d*f"3) *cos(f*x + e) + 6% ((a~2*xd"4*xf"3*x"3 + 3*ka " 2%c*kd " 3*xf"3*x"2 + 3%
a~2*xc”2xd"2xf"3%x + a”2*%c”3*d*f"3) *sin(2xfxx + 2xe) + (a"2*%d"4*f"3*x"3 + 3%
a”~2xc*xd"3xf"3%x"2 + 3*%ka"2%c”2xd"2*%f"3%x + a~2%c " 3xd*f"3)*sin(fxx + e))*sin(
3xfxx + 3%e))

Giac [N/A]
Not integrable

Time = 0.31 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)(a+ asec(e + fx))? do = / (dz + c)(asec (fz + €) + a)® e

[In] integrate(1/(d*x+c)/(ata*sec(f*x+e))~2,x, algorithm="giac")

[Out] integrate(1/((d*x + c)*(a*sec(f*x + e) + a)72), x)
Mupad [N/A]

Not integrable

Time = 14.13 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 dz

1
/(c+dﬂfz‘)(a+“S‘EC(‘EJ”%))2 dw:/ <a+ c+dz)

a 2
cos(e+f ) ) (

[In] int(1/((a + a/cos(e + f*x))"2%(c + d*x)),x)
[Out] int(1/((a + a/cos(e + f*x)) 2x(c + d*x)), x)
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1
3.20 f (c+dz)?(a+asec(e+fz))? dx

Optimal result . . . . . . . . . . e 158
Rubi [N/A] © o oo e 158
Mathematica [N/A] . . . . . . . . 1591
Maple [N/A] (verified) . . . . . . . ... 159
Fricas [N/A] . . . . o 159
Sympy [N/A] . . o 160
Maxima [N/A] . . . . 160
Giac [N/A] .« . o o 162
Mupad [N/A] . . o 163

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c +dz)2(a + asec(e + fx))? dz = Int((c + dz)%(a + asec(e + fx))?’ w)

[Out] Unintegrable(1/(d*x+c)~2/(ata*sec(f*x+e))”2,x)

Rubi [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

i _ n number of rules _ _
of steps used = 0, number of rules used = 0, integrand size — 0.000, Rules used = {}

1 1
/ (c+ dx)%*(a+ asec(e + fz))? de = / (c+dz)?(a+ asec(e + fx))? dz

[In] Int[1/((c + d*x)~"2x(a + a*Sec[e + f*x])~2),x]
[Out] Defer[Int] [1/((c + dxx)~2*(a + a*Secl[e + f*xx])~2), x]

Rubi steps
integral = / 1
B9 = | (c+ dv)(a + asec(e + fz))

2dx
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Mathematica [N/A]

Not integrable
Time = 15.91 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/ (c+ dz)?(a + asec(e + fx))? de = / (c+dx)*(a+ asec(e + fx))? dz

[In] Integrate[1/((c + d*x)~2*(a + axSec[e + f*x])~2),x]
[Out] Integrate[1/((c + d*x)~2x(a + a*Sec[e + f*x])~2), x]

Maple [N/A] (verified)

Not integrable

Time = 0.44 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
1

/ (dz 4 ¢)? (a + asec (fz + e))2dx

[In] int(1/(d*x+c) "2/ (a+ta*sec(f*x+e))”2,x)
[Out] int(1/(d*x+c)~2/(ata*sec(f*x+e))~2,x)

Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 99, normalized size of antiderivative = 4.95
1

1
/ (c+ dz)?(a + asec(e + fx))? do = / (dz + ¢)*(asec (fz +e) + a)® de

[In] integrate(1/(d*x+c)~2/(at+a*sec(f*x+e))”2,x, algorithm="fricas")

[Out] integral(1l/(a”2xd~2#x"2 + 2xa~2*c*d*x + a~2*%c”™2 + (a”2xd"2*x"2 + 2¥a~2*c*xdx*
X + a"2xc”2)*sec(fxx + e)72 + 2%(a”2*%d"2*x"2 + 2*xa”2*ckxd*x + a~2xc”2)*sec(f

*x + e)), x)
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Sympy [N/A]
Not integrable

Time = 7.34 (sec) , antiderivative size = 105, normalized size of antiderivative = 5.25

1
/ (c+ dz)?(a + asec(e + fx))

1
. f c? sec? (e+ fx)+2c? sec (e+ fz)+c2+2cdz sec? (e+ fx)+4cdz sec (e+ fx)+2cdz+d2x2 sec? (e+ fz)+2d2z2 sec (e+ fz)+d2z2
- 2

a

2dz

dz

[In] integrate(1/(d*x+c)**2/(ata*sec(f*x+e))**2,x)

[Out] Integral(1l/(c**2xsec(e + f*x)*x2 + 2xcx*2*sec(e + f*x) + c**2 + 2*c*d*x*sec
(e + f*xx)**x2 + 4xcxd*x*sec(e + f*xx) + 2xckdxx + d*x*x2*xx**2xsec(e + f*xx)**x2 +
2kd*x*2kx**k2ksec(e + f*xx) + d**2*x**2), x)/a*x*2

Maxima [N/A]
Not integrable

Time = 38.23 (sec) , antiderivative size = 4471, normalized size of antiderivative = 223.55

1 1
/ (c+ dz)?(a + asec(e + fx))? dw = / (dz + ¢)*(asec (fz +e) + a)® e

[In] integrate(1/(d*x+c)~2/(ata*xsec(f*x+e))”2,x, algorithm="maxima")

[Out] -1/3*%(3*d"3*f~3*x~3 + 9*kc*d~2*f 3*x"2 + 9*c~2*%d*f~3*x + 3*%c~3*f~3 + 3*x(d"3x*
£f73*%x"3 + 3kckd"2xf"3%x"2 + 3*kc”2*d*f"3*%x + c”3*xf"3)*cos(3*xf*x + 3*%e)”2 + 3
*(9*%d"3*f"3*%x"3 + 27*xcxd"2xf"3%x"2 + 9*kc”3*f"3 - 4dxcxd"2xf + (27*c”2*d*f"3
- 4xd"3*f) *x) *cos (2xf*x + 2%e) "2 + 3% (9*xd~3*f"3*x"3 + 27*kc*d"2*xf 3*x"2 + 9%
c"3*f"3 - 4xcxd~2xf + (27xc”2xd*f"3 - 4xd"3*f)*x)*cos(f*x + e)~2 + 3*%(d"3*f
“3%x73 + 3kckd"2xf"3%x"2 + 3*%c"2*d*f7"3*x + c"3*f"3)*sin(3xfxx + 3*xe)”2 + 3%
(9*%d"3*f"3*%x"3 + 27*ckd"2*xf"3%x"2 + 9*%c~3*%f"3 - 4kckd"2xf + (27*c”2xd*f"3 -
4%d"3*f) *x) *sin (2*xf*x + 2%e) "2 + 3% (9*%d"3*xf"3*x"3 + 27*ckd"2*f " 3*x"2 + 9*c
“3%f"3 - 4*cxd"2xf + (27*c”2xd*f"3 - 4xd"3*f)*x)*sin(f*x + e)”2 + 2% (3*%d"3x*
£f73%x"3 + Okcxd"2%xf"3%x"2 + O*c”2%d*f"3%x + 3*xc”3%f"3 + (9*%d"3*f"3*%x"3 + 27
*Cckd"2*%f"3*%x"2 + 9kc"3*f"3 - 2xckd"2*f + (27*c”2xd*f"3 - 2%d"3*f)*x)*cos (2%
fxx + 2%e) + (9*xd"3*f"3*x"3 + 27*c*d"2*xf"3*x"2 + 9xc"3*f"3 - 2xcxd"2*f + (2
T*c™2xd*f~3 - 2xd"3*f)*x)*cos(f*x + e) — 6x(d"3*f"2*xx"2 + 2*cxd"2*xf"2*x + C
“2xdxf"2 - d73)*sin(2*f*xx + 2%e) - 3% (3*xd"3*fT2*x"2 + 6kckdT2xf"2kx + 3*%c”2
*d*xf~2 - 4*%d"3)*sin(f*x + e))*cos(3*xfxx + 3*e) + 2x(9kd"3*f " 3*x"3 + 27*c*xd”
2%xf 3%x"2 + 9*%c"3x%f"3 - 2kckd"2xf + (27*c”2xd*f"3 - 2%d"3*f) kx + 3k (9xd"3*f
“3%x73 + 27*ckd"2xf"3%x"2 + 9*%c”3*%f"3 - 4kckd"2*xf + (27*c”2xd*f"3 - 4*d"3*f
Yxx)*cos(f*x + e) - 9k (d"3*xf"2%xx"2 + 2*c*kd"2*%f"2%x + c”2xd*f"2 - 2*%d"3)*sin
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(fxx + e))*cos(2*xf*x + 2xe) + 2% (9*%d~3*f"3*x"3 + 27*c*d"2*%f " 3*x"2 + 9*c~3*f
3 - 2kc*d"2xf + (27*cT2xd*xf"3 - 2%d"3*f)*x)*cos(f*xx + e) + 3x(a~2xd"5*f 3%
X"4 + 4*%xa"2xcxd"4*f"3*%x73 + 6*%a"2xcT2xd"3*f"3*%x72 + 4*%a"2*xc”3*%d"2*%f"3*%x + a
“2xc”4xd*f"3 + (a”2*%d"5xf"3%x"4 + 4xa~2kckd"4xf"3%x”"3 + 6%a~2xc”2*d"3xf " 3*x
"2 + 4*a”2%c”3xd"2*f"3%x + a"2*%c”4*d*f"3)*cos(3*xfxx + 3*e) "2 + 9k (a"2*d"5xf
“3%x74 + 4%a”2x%cxdT4*xf73%x73 + 6*%a”2%cT2xd"3*%fT3%x72 + 4*a”2xc”3*xd"2*xf " 3*x
+ a”2xc74xd*f"3) *cos (2xf*x + 2%xe) "2 + 9% (a~2xd"5*f "3*%x"4 + 4*a~2xcxd"4x*xf 3%
X"3 + 6%a”2%c”2*%d"3*f"3*%x"2 + 4%a”~2kxc”3xd"2xf"3*x + a~2%c”4*xd*f"3) *cos(f*x
+ e)”2 + (a”2xd"5*f"3%xx"4 + 4xa”2kxcxd"4*xf"3*%x"3 + 6*%a"2xc”2xd"3*f"3*xx"2 + 4
*a"2xCc"3*%d"2*xf "3*kx + a"2xc"4*xd*f73)*sin(3*f*x + 3*xe) 2 + 9x(a"2*d"5*xf"3*x"4
+ 4xa”"2*kckdT4*xf73*%xx"3 + 6%a"2%kcT2*%d"3*xf"3*%x72 + 4*%xa”2%c”3*%d"2*xf"3*%x + a~2%*
cTAxd*xf~3) *sin(2xf*x + 2%xe) "2 + 18*(a~2xd"5*f " 3*x"4 + 4*a~2xcxd"4*f"3*xx"3 +
6*%a"2%c”2xd"3*f"3%x"2 + 4*a”2%c”3*%d"2%f"3%x + a~2*xc"4xd*f"3)*sin(2*f*x + 2
xe)*sin(f*x + e) + 9*(a"2xd"5*xf"3*x"4 + 4*a~2kcxd"4*xf"3*xx"3 + 6*a”2%c”2*d"3
*f73%x72 + 4*a”~2kc"3xd"2xf"3xx + a”2%c”4*kd*f"3)*sin(fxx + e)”2 + 2*%(a”2*d"5
*f73%x74 + 4%a”2xckd"4*%f73%x"3 + 6%a"2xcT2*xd"3*f73%xx72 + 4xa”2%c”3*%d2xf 3%
X + a"2xcT4xd*f~3 + 3*%(a”2%d"5*f"3*%x"4 + 4xa~2xckxd"4*f"3*x"3 + 6%a”~2kc"2xd”
3xf "3%x"2 + 4*a~2xc”3*%d"2*%f"3*%x + a”2xc"4*xd*f"3)*cos(2xf*x + 2xe) + 3*(a"2x*
d75xf"3%xx"4 + 4xa”2%c*kd"4*f"3%xx"3 + 6%a"2%cT2*d"3kf"3%xx"2 + 4*a”2%c”3*%d"2*f
~3%x + a”~2xc”4*xd*xf~3)*cos(f*x + e))*cos(3*kfxx + 3xe) + 6x(a~2*%d"5*xf"3xx"4 +
4xa”2xckd"4*f"3%x"3 + 6*%a"2xcT2*¢d"3*%f73%kx"2 + 4*%a"2%c " 3*%d"2xf"3*%x + a~2*xc”
4xd*xf~3 + 3x(a~2*%d"5*f"3*%x"4 + 4*a~2xcxd"4xf"3*%x"3 + 6*a”2%c”2kxd"3*f " 3xx"2
+ 4%a”2xc”3*%d"2+%f " 3*%x + a”2*c"4xd*f"3)*cos(f*x + e))*cos(2*xf*x + 2xe) + 6% (
a~2*%d"5*xf"3*%x"4 + 4*xa”2%ckd"4*f73%kx"3 + 6%a"2%cT2*%d 3k 3%xx"2 + 4*a”2%c”3*d
“2%f73%x + a~2kcT4xd*xf"3)*cos(fxx + e) + 6% ((a"2xd"5*xf"3*x"4 + 4xa~2*c*kd"4*
£f73*%x"3 + 6*%a”2xc”2x%d"3*%f"3*%x"2 + 4*a”~2kc"3xd"2*xf"3*x + a”2%c”4*d*f~3)*sin(
2%f*xx + 2%e) + (a~2x%d"5*xf"3*%x"4 + 4*a”~2kckd"4*xf"3%x"3 + 6*a”2%c”2*%d"3*f"3*x
"2 + 4*%a"2%c”3%d"2*%f"3%x + a"2*%c 4*d*f"3)*sin(f*x + e))*sin(3*f*xx + 3*e))*i
ntegrate (4/3*(56xd"3*f72%x"2 + 10%c*d~2+f"2xx + 5xc™2xd*f~2 - 12%d~3)*sin(f*
X + e)/(a"2xd"5*xf"3*%x"5 + 5*a " 2*ckd"4*xf"3*xx"4 + 10*a"2*c”2*%d"3*f"3*x"3 + 10
*a"2xc " 3%d"2%f"3%x "2 + 5xa”2%c 4xd*f"3xx + a~2%c” 5xf"3 + (a”2%d"5*xf"3xx"5 +
Bxa~2*kckd"4xf"3*%x"4 + 10*%a”2xc”2xd"3*f"3*xx"3 + 10*%a"2*%c”3xd"2*f"3%x"2 + 5%
a~2xcT4xd*f"3*x + a”~2*%c 5*xf"3)*cos(f*x + e€)”2 + (a"2xd"5*f"3*%x"5 + 5*a~2xcx*
d74xf"3%xx"4 + 10*%a"2xc"2xd"3*f"3*%x"3 + 10*%a”"2%c"3kd"2*xf " 3%x"2 + 5*a~2%c"4x*xd
*f73%x + a”2%c"5*f"3)*sin(fxx + e)”2 + 2% (a"2xd"5*f"3%x"5 + 5*xa~2%c*d"4x*f"3
*x"4 + 10%a”2%c”2%d"3*f"3%x"3 + 10%a~2%c”3*d"2*xf"3*%x”2 + 5ka~2xc 4xd*xf"3*x
+ a”2xc”5xf"3)*cos(f*x + e)), x) + 2*%(5xd"3*f"2*x"2 + 10*c*kd"2*f 2xx + 5%c”
2%d*f~2 — 6%d"3 + 6% (d"3*%f"2%xx"2 + 2*ckxd"2xf"2*x + c”2xd*f"2 - d~3)*cos(2*f
*x + 2%e) + 3x(3kd"3*%f72xx"2 + 6*ckd"2xfT2%x + 3xc”2kd*f"2 - 4*%d"3)*cos(f*xx
+ e) + (9*%d"3*xf"3%x"3 + 27*c*kd"2*f"3*x"2 + 9*xc"3*%f"3 - 2*c*kd"2*f + (27*c”2
*d*f"~3 - 2%d"3*f)*x)*sin(2xf*x + 2%e) + (9*d"3*f"3*%x”"3 + 27*cxd"2+%f"3*x"2 +
O%c~3*f"3 - 2kckd"2xf + (27*c”2*d*f"3 - 2*%d"3*f)*x)*sin(f*x + e))*sin(3*f*
X + 3%e) + 6%(3*%d"3*f"2*x"2 + 6xckd"2*f 2xx + 3*kcT2xd*f"2 - 4%d"3 + 3*(d"3*
f72%x72 + 2%c*kd"2xf"2%x + cT2xd*f"2 - 2xd"3)*cos(f*x + e) + (9*xd"3*f"3*x"3
+ 27xcxd"2*%f"3%x"2 + 9%c”3*%f"3 - 4dxcxd"2xf + (27*c”2%d*f"3 - 4*xd"3%f)*x)*si
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n(f*x + e))*sin(2*f*xx + 2%e) + 12x(d"3*f72%x"2 + 2*c*d"2*xf"2*x + c”2xd*f"2

- d73)*sin(f*x + e))/(a"2*%d"5*xf"3*x"4 + 4*xa~2*c*d~4xf"3*x"3 + 6*xa~2%c”2*%d"3
*f73%x72 + 4%a”2%c"3*%d"2xf"3*kx + a"2%c"4*d*f"3 + (a"2*%d"5*xf"3*x"4 + 4*xa~2*c
*dQ"4xf"3%x"3 + 6*%a"2%c”2xd"3*f"3%x"2 + 4*a"2xc " 3kd"2*%f"3xx + a~2xc 4xd*xf~3)
*cos (3xf*x + 3%e) 2 + 9% (a~2xd"5*f"3*x"4 + 4*a~2kckd"4*f 3*%x"3 + 6%a”~2%c” 2%
d"3*f"3%x"2 + 4%a~2xc”3*d"2*f " 3*%x + a"2*c"4xd*f"3)*cos(2xf*x + 2xe) "2 + 9% (
a"2*%d " 5%f73*%x"4 + 4*%a”2%ckd"4*f73*%x"3 + 6%a"2%cT2%d 3k 3%x"2 + 4*%a”2%c”3*d
“2xf"3%x + a~2xc"4*xd*f"3)*xcos(f*x + e)”2 + (a"2*%d"5*f"3*%x"4 + 4*xa”2%c*xd 4xf
“3%x"3 + 6*%a”2%c”2xd"3*f"3*%x"2 + 4%a"2xc”3%d"2*¢f " 3xx + a~2%c”4*xd*f~3)*sin(3
*fxx + 3%e) "2 + 9k (a”2xd"5xf"3*%x"4 + 4*a"2xckd"4*f"3*x"3 + 6%a~2kcT2xd"3xf"
3*%x72 + 4*a"2%c”3*d"2*f"3*x + a"2%c”4*d*f"3)*sin(2*xfxx + 2%e)”2 + 18*%(a”2*d
“E5xf73%x"4 + 4%a”2%ckdT4*f73%x"3 + 6%a"2%cT2*%d"3%f73*%x"2 + 4%a"2%c”3*kd"2*xf"
3*x + a~2*%c"4*d*f"3) *ksin(2*xfxx + 2*e)*sin(f*x + e) + 9% (a"2+%d"5xf"3*x"4 + 4
*a " 2%ckd"4xfT3%x"3 + 6%a”"2%cT2xd"3*xfT3%x72 + 4*a”~2%xc”3xd"2*xf"3*%x + a~2%c"4x
d*xf~3)*sin(fxx + e)”2 + 2%(a"2*d"5*f"3*x"4 + 4*a~2*xc*d"4*f"3*x"3 + 6%a~2xc”
2%d"3*f"3%x"2 + 4%a~2x%c”3*%d"2*%f"3*kx + a~2kc"4xd*xf~3 + 3*(a”2*%d"5*f"3*x"4 +

4xa~2kckd"4*xf73%x"3 + 6*%a"2%c 2xd"3*%f"3%x72 + 4*xa~2%c"3xd"2*%f"3*%x + a"2%c"4
*d*xf~3) kcos (2xf*x + 2%e) + 3*x(a"2+%d"5xf"3*x"4 + 4xa~2kc*d"4*xf~3*xx"3 + 6*a”~2
*CT2%d"3*%f"3*%x"2 + 4*a"2xc"3*%d"2*%f"3*x + a”~2kc"4*xd*xf~3)*cos(f*x + e))*cos(3
*fxx + 3*e) + 6x(a”"2%d"5xf"3*%x"4 + 4xa~2kckd"4*xf 3%xx"3 + 6%xa~2xc”2*xd"3*xf 3%
X"2 + 4%a”2+c”3%d"2*xf"3%x + a~2%cT4*d*f"3 + 3k (a”2xd"5*f"3*%x"4 + 4*xa~2kxc*d”
4xf~3%x"3 + 6%a~2%c”2*%d"3*f"3*%x"2 + 4*a~2xc”3xd"2*xf"3*x + a~2*c”4*xd*xf~3)*co
s(fxx + e))*cos(2xf*x + 2xe) + 6*%(a~2xd"5*f"3*%x"4 + 4*a"2%c*xd~4*xf"3*x"3 + 6
*a"2%xc"2%d"3*xf"3%x"2 + 4*a~2kc " 3*%d"2xf"3*x + a~2xc"4*xd*f"3)*cos(f*x + e) +

6% ((a~2%d"5*xf"3*x"4 + 4xa~2kcxd"4*xf~3%x"3 + 6*a"2xc”2xd"3*f"3*xx"2 + 4xa~2*c
“3*%d"2*%f"3%x + a"2xc"4xd*f"3)*sin(2*f*x + 2%e) + (a"2xd"5xf"3*%x"4 + 4*a”2*c
*d"4*f"3*%x"3 + 6%a"2xc”2xd 3% "3*%x"2 + 4*a”~2kc"3xd"2xf"3*x + a~2%c”4*d*f"3)
*sin(f*x + e))*sin(3xfxx + 3*e))

Giac [N/A]
Not integrable

Time = 1.18 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dz)?(a + asec(e + fx))? do = / (dz + ¢)*(asec (fz +e) + a)’ de

[In] integrate(1/(d*x+c)~2/(at+a*sec(f*x+e))~2,x, algorithm="giac")
[Out] integrate(1/((d*x + c)~2x(axsec(f*x + e) + a)~2), x)
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Mupad [N/A]
Not integrable

Time = 14.17 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

__a
cos(e+f )

1 1
| erararemerrr e/ (———a

[In] int(1/((a + a/cos(e + f*xx)) " 2x(c + d*xx)~2),x)
[Out] int(1/((a + a/cos(e + f*x))~2%(c + d*x)~2), x)
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3.21 [(c+dzx)™(a+ asec(e + fz))"dx

Optimal result . . . . . . . . . . . . e 164
Rubi [N/A] © o oot e 164
Mathematica [N/A] . . . . . . o 1651
Maple [N/A] (verified) . . . . . . . ... 165
Fricas [N/A] . . . . o o 165
Sympy [F(-1)] . . o oo 165
Maxima [N/A] . . . . 166
Giac [N/A] .« . o 1661
Mupad [N/A] . . o oo 166

Optimal result

Integrand size = 20, antiderivative size = 20
/(c + dz)™(a + asec(e + fz))" dz = Int((c + dz)™(a + asec(e + fz))", x)
[Out] Unintegrable((d*x+c) “m*(at+a*sec(f*x+e)) n,x)

Rubi [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

_ _  humber of rules _ _
of steps used = 0, number of rules used = 0, integrand size — 0.000, Rules used = {}

/(c +dz)™(a + asec(e + fx))"dx = /(c + dx)™(a + asec(e + fx))" dx

[In] Int[(c + d*x)"m*(a + a*Secl[e + f*x]) n,x]
[Out] Defer[Int] [(c + d*x) "m*(a + a*Sec[e + f*x])"n, x]

Rubi steps

integral = /(c +dz)™(a + asec(e + fz))" dx
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Mathematica [N/A]

Not integrable
Time = 1.23 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dz)™(a + asec(e + fz))"dz = /(c +dz)"(a + asec(e + fz))" dx

[In] Integrate[(c + d*x) m*(a + a*xSec[e + f*x]) n,x]

[Out] Integratel[(c + d*x) m*(a + a*Sec[e + f*x])“n, x]

Maple [N/A] (verified)

Not integrable
Time = 0.32 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (dz+¢)" (a+ asec(fz+e€))" dz

[In] int((d*x+c) “m*(at+a*sec(f*x+e)) "n,x)

[Out] int((d*x+c) m*(at+a*sec(f*x+e)) n,x)

Fricas [N/A]

Not integrable
Time = 0.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dz)™(a + asec(e + fz))" dz = / (dz +c)"(asec(fr +e€)+a)" dz

[In] integrate((d*x+c) “m*(ata*sec(f*x+e)) n,x, algorithm="fricas")

[Out] integral((d*x + c) m*(a*sec(f*x + e) + a)~n, x)

Sympy [F(-1)]
Timed out.
/(c + dz)™(a + asec(e + fz))" dz = Timed out

[In] integrate((d*x+c)**m*(a+a*sec(f*x+e))**n,x)

[Out] Timed out
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Maxima [N/A]

Not integrable
Time = 0.65 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dz)™(a + asec(e + fz))" dz = / (dz +c)"(asec(fr+e€)+a)" dz

[In] integrate((d*x+c) “m*(ata*sec(f*x+e)) n,x, algorithm="maxima")

[Out] integrate((d*x + c) m*(axsec(f*x + e) + a)7n, x)

Giac [N/A]

Not integrable
Time = 0.40 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + asec(e + fxr))"dz = / (dz +c)"(asec(fr+e€)+a)" dz

[In] integrate((d*x+c) “m*(a+a*sec(f*x+e)) n,x, algorithm="giac")

[Out] integrate((d*x + c) m*(axsec(f*x + e) + a)7n, x)

Mupad [N/A]

Not integrable
Time = 13.49 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/(c+dx)m(a+asec(e+fa:))" dr = / (a+ m)n(c+dw)mdaﬁ

[In] int((a + a/cos(e + f*x)) n*x(c + d*x) m,x)

[Out] int((a + a/cos(e + f*x)) n*x(c + d*x)"m, x)



3.22 [(c+dzx)™(a+ asec(e + fz))dx

Optimal result . . . . . . . . . . . . e
Rubi [N/A] . . .

Mathematica [N/A]

Maple [N/A] (verified)
Fricas [N/A] . . ..
Sympy [N/A] . . ..
Maxima [N/A] . . .
Giac [N/A] ... ..
Mupad [N/A] . . ..

Optimal result

Integrand size = 18, antiderivative size = 18

/(c + dz)™(a + asec(e + fz)) dz = Int((c + dz)™(a + asec(e + fx)), )

[Out] Unintegrable((d*x+c) “m*(ataxsec(f*x+e)),x)

Rubi [N/A]
Not integrable

167

167
167
168
108!
168!
168
169
169
169

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
of steps used = 0, number of rules used = 0 number of rules _ 0.000, Rules used = {}

’ integrand size

/(c + dz)™(a + asec(e + fz))dx = /(c +dz)™(a + asec(e + fx))dx

[In] Int[(c + d*x) "m*(a + a*Sec[e + f*x]),x]

[Out] Defer[Int] [(c + d*x) m*x(a + a*xSec[e + f*x]), x]

Rubi steps

integral = /(c +dz)™(a + asec(e + fx)) dx
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Mathematica [N/A]

Not integrable
Time = 11.38 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c +dz)™(a + asec(e + fz))dx = /(c +dz)"(a + asec(e + fz))dx

[In] Integratel[(c + d*x) m*(a + a*Sec[e + f*x]),x]

[Out] Integrate[(c + d*x) m*(a + a*Sec[e + f*x]), x]

Maple [N/A] (verified)

Not integrable
Time = 0.32 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/(dav+c)m (a+asec(fr+e))dx

[In] int((d*x+c) “m*(ata*sec(f*xx+e)),x)

[Out] int((d*x+c) “m*(a+a*xsec(f*x+e)),x)

Fricas [N/A]

Not integrable
Time = 0.28 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c+dz‘)m(a+asec(e+fx)) dx = /(asec (fx+e)+a)(dr+c)"dz

[In] integrate((d*x+c) “m*(ata*sec(f*x+e)),x, algorithm="fricas")

[Out] integral((a*sec(f*x + e) + a)*(d*x + c)”"m, x)

Sympy [N/A]

Not integrable
Time = 5.08 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.33

/(c + dz)™(a + asec(e + fz))dx = a(/ (c+ dz)" sec (e + fz)dz + / (c+ dz)™ da:)

[In] integrate((d*x+c)**m*(at+a*sec(f*x+e)),x)
[Out] a*(Integral((c + d*x)#*xm*sec(e + f*x), x) + Integral((c + d*x)**m, X))
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Maxima [N/A]
Not integrable
Time = 0.36 (sec) , antiderivative size = 124, normalized size of antiderivative = 6.89

/(c+dw)m(a+asec(e+fx))dz = /(asec (fr+e)+a)(dz+c)"dz

[In] integrate((d*x+c) “m*(ata*sec(f*x+e)),x, algorithm="maxima")

[Out] 2*axintegrate(((d*x + c) m*cos(2xfxx + 2%e)*cos(f*x + e) + (d*x + c) m*sin(
2+xfxx + 2%e)*sin(fxx + e) + (d*x + c) “m*xcos(f*x + e))/(cos(2*f*xx + 2%e)"2 +
sin(2xf*x + 2%e)~2 + 2%cos(2*f*xx + 2%e) + 1), x) + (d*x + c)"(m + 1)*a/(d*

(m + 1))

Giac [N/A]

Not integrable
Time = 0.29 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c+dm)m(a+asec(e+fx))dx = /(asec (fr+e)+a)(dz+c)" dzx

[In] integrate((d*x+c) “m*(ata*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((a*sec(f*x + e) + a)*(d*x + c)"m, x)

Mupad [N/A]

Not integrable
Time = 13.55 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/(c+dm)m(a+asec(e+fx))dx = / (a-l- m> (c+dz)"dz

[In] int((a + a/cos(e + f*x))*(c + d*x) m,x)

[Out] int((a + a/cos(e + f*x))*(c + d*x)"m, x)
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Optimal result

Rubi [N/A] .« . o
Mathematica [N/A]

Maple [N/A] (verified)

Fricas [N/A] . . o o o
Sympy [N/A] . .

Maxima [N/A]

Giac [N/A] . . .
Mupad [N/A] . . . o

Optimal result

(c+dz)™
f a+asec(e+fx) dz

Integrand size = 20, antiderivative size = 20

(c+ dz)™

/ a+ asec(e + fx)

dz

_ Im( (c + dz)™

a+asec(e+fac)’x

[Out] Unintegrable((d*x+c) m/(at+a*sec(f*x+e)),x)

Rubi [N/A]
Not integrable

)

170

Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number
= 0.000, Rules used = {}

of steps used = 0, number of rules used =

/

(c+dz)™
a+ asec(e + fz)

0 number of rules

> integrand size

[In] Int[(c + d*x)"m/(a + a*Sec[e + f*x]),x]

B (c+ dz)™
de = / a + asec(e + fx)

[Out] Defer[Int][(c + d*x)"m/(a + a*Sec[e + f*x]), x]

Rubi steps

integral = /

(c+dzx)™

a+ asec(e + fz)

dz

dx
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Mathematica [N/A]

Not integrable
Time = 1.22 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (c+dx)™ dp — / (c+ dz)™ i

a+ asec(e + fz) a+ asec(e + fx)

[In] Integratel[(c + d*x)"m/(a + a*Secl[e + f*x]),x]

[Out] Integrate[(c + d*x)"m/(a + a*Secl[e + f*x]), x]

Maple [N/A] (verified)

Not integrable
Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(dz+c)™
/a—i—asec(fx-i—e)dx

[In] int((d*x+c) m/(at+axsec(f*x+e)),x)

[Out] int((d*x+c) "m/(at+ta*sec(f*x+e)),x)

Fricas [N/A]

Not integrable
Time = 0.27 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (c+dz)™ dp — / (dz +c)™

a+ asec(e + fx) asec(fr+e)+a

[In] integrate((d*x+c) m/(at+a*sec(f*x+e)),x, algorithm="fricas")

[Out] integral((d*x + c)"m/(a*sec(f*x + e) + a), x)

Sympy [N/A]

Not integrable
Time = 1.82 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

(c+dz)™
d m sec (e x dx
/ (c + dz) dr — J seifam

a+ asec(e + fz) a

[In] integrate((d*x+c)**m/(at+axsec(f*x+e)),x)

[Out] Integral((c + d*x)**m/(sec(e + f*xx) + 1), x)/a
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Maxima [N/A]

Not integrable
Time = 0.57 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(c+dx)™ _ (dz +c)™
/a+asec(e+fx)dm_/asec(fx+e)+adm

[In] integrate((d*x+c) m/(at+a*sec(f*x+e)),x, algorithm="maxima")

[Out] integrate((d*x + c)"m/(a*sec(f*x + e) + a), x)

Giac [N/A]

Not integrable
Time = 0.30 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(c+ dx)™ B (dz+c)™
/a—i—asec(e—i—fw)dx_/asec(fx+e)+adx

[In] integrate((d*x+c) m/(a+a*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c) m/(a*sec(f*x + e) + a), x)

Mupad [N/A]

Not integrable
Time = 13.38 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/ (c+ dx)™ dxz/ (c+dz)™ i

a+ asec(e + fz) 0+ i Ta)

[In] int((c + d*x)"m/(a + a/cos(e + f*x)),x)

[Out] int((c + d*x)"m/(a + a/cos(e + f*x)), x)
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3.24 [(c+dz)3(a+ bsec(e + fx))dx

Optimal result . . . . . . . . . . . . e 173
Rubi [A] (verified) . . . . . . . . . Ive!
Mathematica [A] (verified) . . . . . . . . . ... I
Maple [B] (verified) . . . . . . . . . .. I
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .. ..... 178
Sympy [F] . . o 179
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 179
Giac [F] . . . o o 1801
Mupad [F(-1)] . . . oo 180

Optimal result

Integrand size = 18, antiderivative size = 227

a(c+dz)*  2ib(c+ dz)® arctan (ei(e+fz))
4d f
3ibd(c + da:)2 PolyLog (2, _,l'ei(e+fx))
+
72
3ibd(c + dz)? PolyLog (2, iei(6+fx))
_ 7
6bd*(c + dz) PolyLog (3, —ie'*/2))
_ A
6bd?(c + dz) PolyLog (3, jeilets w))
+
73
6ibd® PolyLog (4, —ie'(¢+f))
_ i
6ibd® PolyLog (4, ie"¢+/®))
Iz

/(c +dz)*(a + bsec(e + fz)) dx =

[Out] 1/4*ax(d*x+c)”4/d-2*I*b*(d*x+c) ~3*arctan(exp(I*(f*x+e)))/f+3*Ixbxd*(d*x+c)”
2*polylog(2,-I*exp (I*(f*x+e)))/f72-3*I*b*d* (d*x+c) “2*polylog(2, I*xexp (I*(f*x

+e)) ) /£72-6%bxd~2* (d*x+c) *polylog(3,-I*exp (I*(f*x+e)))/f~3+6%bxd~2* (d*x+c) *
polylog(3,Ixexp(I*(f*x+e)))/f"3-6*xI*b*d~3*polylog(4,-I*xexp(I*(f*x+e)))/f 4+
6*Ixbxd~3*polylog(4,I*xexp(Ix(f*x+e)))/f~4
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.00,
number of steps used = 11, number of rules used = 6 number of rules _ 0.333, Rules used

' integrand size
= {4275, 4266, 2611, 6744, 2320, 6724}

a(c+dz)*  2ib(c+ dz)?arctan (ei(6+fz))
4d f
6bd*(c + dz) PolyLog (3, —ie'(ct/2)
_ =
6bd*(c + dz) PolyLog (3, ie'¢*/2))
+
73
3ibd(c + d.’,())Q PolyLog (2, _Z’ei(e+fx))
+
72
3ibd(c + dz)? PolyLog (2, ie'*/2))
_ 7
6ibd® PolyLog (4, —iei(e+fw))
_ i
6ibd® PolyLog (4, iei(e+fw))
+ fi

/(c +dz)*(a + bsec(e + fz)) dx =

[In] Int[(c + d*x)~3*(a + bxSec[e + f*x]),x]

[Out] (a*x(c + d*x)~4)/(4%d) - ((2%I)*bx(c + d*x) 3*ArcTan[E~(I*(e + f*x))])/f + (
(3*I)*b*d*(c + d*x) 2xPolyLog[2, (-I)*E~(I*(e + £f*x))]1)/£f72 - ((3*I)*bx*d*(c

+ d*x) “2%PolyLog[2, I*E~(Ix(e + f*x))])/f"2 - (6*bxd~2*(c + d*x)*PolyLogl[3

, (FI*E~(Ix(e + £*x))]1)/£°3 + (6%b*d~2*(c + d*x)*PolyLog[3, I*E~(Ix(e + f*
x))1)/£°3 - ((6*I)*b*d~3*PolyLogl[4, (-I)*E~(I*(e + £*x))]1)/f~4 + ((6*I)*b*d
~3xPolyLog[4, I*E~(Ix(e + f*x))])/f"4

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_)]1*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*c*nxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x], x] /; FreeQ[{F, a, b, c, e,
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f, g, n}, x] && GtQ[m, O]

Rule 4266

Int[cscl(e_.) + Pix(k_.) + (f_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 > Simp[-2%(c + d*x) “m*(ArcTanh[E~ (I*k*Pi)*E~(I*x(e + f*x))]/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)~(m - 1)*Logl[l - E~(I*k*Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*Logl[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, £}, x] &% IntegerQ[2+k] && IGtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(exp), x] /; FreeQl{a, b, c, d
> €, I, p}, X] && EqQ[b*d, a*e]

Rule 6744

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ bxx))) “pl/(bxckpxLog[F])), x] - Dist[f*(m/(bxc*p*Log[F])), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, O]

Rubi steps

integral = / (a(c+ dz)® + b(c + dz)? sec(e + fz)) dx

4
= % + b/(c + dz)?sec(e + fx) dzx
_a(c+de)*  2ib(c+ dz)? arctan (€'c+/2)
B 4d f

(3bd) [(c+ dz)?log (1 — ie'ctf?) dx N (3bd) [ (c+ dz)?log (1 + i) dx
_ : :
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_a(c+dz)t  2ib(c+ dx)? arctan (ect/7))

4d 7
3ibd(c + dz)? PolyLog (2, _iei(e+fm)) 3ibd(c + dz)? PolyLog (2, jeilet fx))
+ 5 — -
! f
(6’ibd2) f(c + d:L‘) PolyLog (2, _iei(e+fz)) dx
_ /=
(6ibd?) [(c + dz) PolyLog (2, ie**/?)) dx
+ 2
f
_a(c+dz)*  2ib(c+ dz)®arctan (/7))
- 4d 7
3ibd(c + dx)? PolyLog (2, —ie®+/*))  3ibd(c + dz)? PolyLog (2, iei(=+/=))
+ 7 — 7
6bd> (¢ + dz) PolyLog (3, _,l'ei(e+fx)) 6bd2(c + dz) PolyLog (3, ,l:ei(e+fac))
B 73 + 73
(6bd®) | PolyLog (3, —ie"®+/®)) dz  (6bd®) [ PolyLog (3,ie"“+/®) dx
+ —
f? 3
_ac+ dz)*  2ib(c+ dz)®arctan (ei(6+fw))
4 f
3ibd(c + dz)? PolyLog (2, —ie**/2))  3ibd(c + dz)? PolyLog (2, ie'**2)
+ 5 — .
! f
6bd?(c + dz) PolyLog (3, —ie“*/®)  6bd?(c + dz) PolyLog (3, ie'c*/?))
_ . n !
/ f
(6ibd®) Subst ( [ PULEEE) g g iters) )
_ -
(6ibd?) Subst ( [ PolsLosaiz) gy, o ei(e+fw))
+ 7i
_a(c+dx)t  2ib(c+ dx)? arctan (ect/7))
- 4d f
3ibd(c 4 dz)? PolyLog (2, —ie’“*/®))  3ibd(c + dz)? PolyLog (2, ie(=+/2)
+ 2 — 7
_ 6bd®(c + dz) PolyLog (3, —ie“*/)) N 6bd?(c + dz) PolyLog (3, ie'c+/%))
f? IE

6ibd® PolyLog (4, —ie°*/2))  6ibd® PolyLog (4, ie'**/2)
_ i n o
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Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 365, normalized size of antiderivative = 1.61

/(c +dz)?(a + bsec(e + fz)) dz
_ 4ac® 'z + 6ac’df*z® + dacd’ f*z® + ad® f*a* — 24ibc?df*x arctan (e'c+/2)) — 24ibed? f3? arctan (e(+/

[In] Integratel[(c + d*x)~3*(a + b*Sec[e + f*x]),x]

[Out] (4*xaxc™3*f~4*xx + 6*a*xc™2xd*xf~4*x72 + 4dkxakxc*d™2xf"4*x"3 + axd"3*f"4*xx~4 - (2
4%1) %bxc~2xd*f " 3*x*xArcTan[E~ (I*(e + f*x))] - (24*I)*bxcxd~2*f " 3*x~2xArcTan[
E~(Ix(e + f*x))] - (8*I)*b*d~3*f 3*x"3*xArcTan[E~(I*(e + f*x))] + 4*b*c~3*f~
3xArcTanh[Sin[e + f*x]] + (12*I)*b*d*f~2x(c + d*x) 2*xPolyLog[2, (-I)*E~(I*(

e + £xx))] - (12*%I)*b*d*f~2x(c + d*x) “2+PolyLog[2, I*E~(I*(e + fx*x))] - 24x
bxc*d~2xf*xPolyLog[3, (-I)*E~(I*(e + f*x))] - 24%b*d~3*fxx*PolyLog[3, (-I)*E
“(Ix(e + f*xx))] + 24xbxckd~2xf*PolyLog[3, I*E~(I*(e + f*x))] + 24xbxd~3*f*x
*PolyLog[3, I*E~(I*(e + f*xx))] - (24*I)x*b*d~3*%PolyLog[4, (-I)*E~(Ix(e + f*x

))] + (24xI)*bxd~3*PolyLog[4, I*E~(Ix(e + fx*x))])/(4*xf~4)

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 755 vs. 2(200) = 400.

Time = 1.01 (sec) , antiderivative size = 756, normalized size of antiderivative = 3.33

method | result

. 6ibc d?e? arctan (e(f2+°)) 6ib c2de arctan (e*(f2+°)) 6ib d%cpolylog (2,ie’(/2+e)) ¢ 6ib d%cpolylog (2,—ie*(f=+e))g
I'lSCh - f3 f2 - f2 + f2

[In] int((d*x+c) 3*(at+b*sec(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 3/f*bxd~2*c*1n(1-I*exp(I*(f*x+e)))*x"2+3/f 3xb*xe”~2%c*xd~2*1n(1+I*exp (I*(f*x+
e)))-3/fxbxd~2*%c*1n(1+Ixexp (I*(f*x+e)))*x"2-3/f " 3*b*e~2*c*d~2x1n (1-I*exp (I*
(fxx+e)))+6*I*b*d~3*polylog(4,I*xexp(I*(f*x+e)))/f~4+6/f 3*%b*d"2*c*polylog(3
, Ixexp (I* (f*x+e)))-1/f"4xb*e”3*d"3*x1n(1+I*exp(I* (f*x+e)))-6/f"3*b*d~3*polyl
0g(3,-Ixexp(Ix(f*xx+e)))*x+1/f*b*d~3*1n(1-Ixexp (I* (f*x+e)))*x"3-1/f*b*d~3*1n
(1+Ixexp(I*(f*x+e)))*x"3-6/f " 3*%b*d~2*c*polylog(3,-I*exp (I*(f*x+e)))+6/f"3*b
*d~3*polylog(3,I*xexp(I*(f*x+e)))*x+1/f 4*b*e”3+%d~3*1n(1-I*exp (I* (f*x+e)))+a
*d"2xcxx"3+3/2*%axd*cT2xx"2+axc"3*x—6%I/f " 3*bkckd"2*e " 2*%arctan (exp (I* (f*x+e)
))+6xI/f~2*%bxc~2*d*e*arctan(exp (I*(f*x+e)))-6+I/f"2xbxd~2*c*polylog(2, I*xexp
(Ix(fxx+e)))*xx+1/4*%a*xd"3*xx"4+1/4*a/d*c”4+3/fxbxc~2*d*1n(1-I*exp (I* (f*x+e)))
*xx+3/f"2%bxc”2*d*1n (1-I*exp (I* (f*x+e))) *e-3/f*b*c™2*d*1n (1+I*exp (I*(f*x+e))
) *x-3/£72xb*c~2*%d*1n(1+I*exp (I* (f*x+e)) ) *e-3*I/f~2%b*d~3*polylog(2, I*xexp (I*
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(fxx+e)) ) *x~2+6*I/f~2%b*d~2*cxpolylog(2,-I*exp (I*(f*x+e))) *x+3*I/f~2%b*d 3%
polylog(2,-I*xexp(I*(fxx+e)))*x"2-3*I/f 2*b*c~2xd*polylog(2, Ixexp (I* (f*x+e))
)+3%xI1/f"2xbxc~2xd*polylog(2,-I*exp(I*(f*x+e)))+2*I/f ~4*b*d~3*e"3*arctan(exp
(Ix(f*x+e)))-6*I*b*d"3*polylog(4,-Ixexp(I*(f*x+e)))/f~4-2xI/fxbxc"3*arctan(
exp (I*(f*x+e)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1085 vs. 2(187) = 374.

Time = 0.34 (sec) , antiderivative size = 1085, normalized size of antiderivative = 4.78

/(c +dz)3(a + bsec(e + fz)) dz = Too large to display

[In] integrate((d*x+c) 3*(a+b*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/4*(a*xd™3*f"4*x"4 + 4*axc*xd~2+f"4*x"3 + 6xaxc”2xd*xf~4*x"2 + 4xaxc™3xf 4*x
+ 12xIxbxd~3*polylog(4, I*cos(f*x + e) + sin(f*x + e)) + 12*%I*b*d"3*polylog
(4, Ixcos(f*x + e) - sin(f*x + e)) - 12xIxb*d~3*polylog(4, -Ixcos(f*x + e)
+ sin(f*x + e)) - 12xIxbxd~3xpolylog(4, -Ixcos(f*x + e) - sin(f*x + e)) - 6
* (I¥b*d~3%f"2%x72 + 2%I*b*c*d~2+f~2%x + Ixbxc~2xd*f~2)*dilog(I*cos(f*x + e)
+ sin(f*x + e)) - 6%(Ixbxd~3*xf72xx"2 + 2xIxbxckxd 2*xf~2%x + Ix¥bkc 2xd*f~2)=*
dilog(I*cos(f*x + e) - sin(f*x + e)) - 6x(-I*b*d~3*f"2%x"2 - 2xIxb*c*d 2xf~
2xx - I*b*c™2xd*f~2)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 6x(-I*b*d~3*f~
2%x72 - 2%I*bkckd"2%f"2%x - I*b*c~2*d*f~2)*dilog(-I*cos(f*x + e) - sin(f*x
+ e)) - 2x(bxd"3*e”3 - 3*xbkc*d"2xe”"2*f + 3xbkc"2*dxexf~2 - bxc~3*f"3)*log(c
os(fxx + e) + I*sin(f*x + e) + I) + 2%(b*d"3%e”~3 - 3*bkckd~2%e~2*f + 3%b*c”
2xdxexf~2 - bxc~3*%f"3)*log(cos(f*x + e) - I*sin(f*x + e) + I) + 2x(b*d"3*f~
3*%x73 + 3*bkckd"2*%f"3%x72 + 3*b*c”2#d*f"3%x + b*d"3%e”3 - 3xbxcxd"2xe”2xf +
3xbkc~2xd*exf~2) *1log(I*xcos(f*x + e) + sin(f*x + e) + 1) - 2% (b*d~3*f"3*x"3
+ 3*%bkcxd"2*xf"3%x72 + 3*bkc”T2*xd*f"3%x + b*xd"3%e”3 - 3*bkckd"2%e”2%f + 3xbx*
c~2xdxexf~2)xlog(I*cos(f*x + e) - sin(f*xx + e) + 1) + 2% (b*d"3*f"3*xx"3 + 3%
b*xc*d"2*%£73%x"2 + 3%b*c”2xd*f"3%x + b*d"3*e”3 - 3*bkxckxd"2%e"2*f + 3¥b*c”2xd
xexf~2)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - 2x(b*d~3*f~3*x"3 + 3*b*c*
d"2*£73*%x"2 + 3*¥bkcT2xd*f"3%x + b*d"3*%e”3 - 3*bkc*kd"2%e”2+f + 3xb*c 2xd*exf
~2)xlog(-I*cos(f*x + e) - sin(f*x + e) + 1) - 2% (b*d"3%e”3 - 3*bxcxd 2*e” 2%
f + 3xb*c”2kd*exf~2 - bxc~3xf"3)*xlog(-cos(f*x + e) + Ixsin(f*x + e) + I) +
2% (b*d~3*e~3 - 3*bkcxd"2%e”2*xf + 3*b*c"2xdxexf~2 - bxc~3*f~3)*log(-cos(f*x
+ e) - Ixsin(f*x + e) + I) - 12%(b*d~3*f*x + b*cxd~2xf)*polylog(3, I*cos(f*
X + e) + sin(f*x + e)) + 12%(bxd~3*f*x + b*c*d~2*f)*polylog(3, I*cos(f*x +
e) - sin(f*x + e)) - 12%(b*d"3*f*x + bxcxd~2*f)*polylog(3, -Ixcos(f*x + e)
+ sin(f*x + e)) + 12x(bxd~3*f*x + bxc*d~2*f)*polylog(3, -I*cos(f*x + e) - s
in(f*x + e)))/f~4
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Sympy [F]
/(c +dz)*(a+ bsec(e + fz))dzx = / (a+bsec (e + fz)) (c + dz)® d

[In] integrate((d*x+c)**3*(atb*sec(f*x+e)),x)

[Out] Integral((a + bx*sec(e + f*xx))*(c + d*x)**3, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 936 vs. 2(187) = 374.

Time = 0.42 (sec) , antiderivative size = 936, normalized size of antiderivative = 4.12

/(c +dz)3(a + bsec(e + fz)) dz = Too large to display

[In] integrate((d*x+c) ~3*(a+b*sec(f*x+e)),x, algorithm="maxima")

[Out] 1/4x(4*x(f*x + e)*a*c™3 + (f*x + e) 4*xaxd"3/f"3 - 4*x(f*x + e) 3*a*d"3*e/f"3
+ 6x(f*x + e) 2*a*xd"3*e”2/f"3 - 4x(f*x + e)*axd"3*e"3/f"3 + 4*x(fxx + e) 3*a
*c*xd"2/f72 - 12%(f*x + e) "2xaxcxd"2*e/f"2 + 12%(f*x + e)*axcxd"2*xe”2/f"2 +
6% (f*x + e)"2xaxc”2xd/f - 12x(f*x + e)*axc”2*d*e/f + 4*b*c~3*xlog(sec(f*x +
e) + tan(f*x + e)) - 4xb*d"3*e"3xlog(sec(f*x + e) + tan(f*x + e))/f73 + 12%
bxc*d~2*e"2xlog(sec(f*x + e) + tan(f*x + e))/f72 - 12xb*c~2*d*exlog(sec(f*x
+ e) + tan(f*x + e))/f + 2x(12xIxb*d”~3*polylog(4, I*e” (I*f*x + Ixe)) - 12%
I*b*d~3*polylog(4, -Ixe”(Ixf*x + Ixe)) - 2x(I*(f*x + e) 3*%b*d~3 + 3% (-I*bxd
“3%e + Ixbxc*xd"2*f)*(f*x + e)72 + 3*(I*b*d"3*e”2 - 2xI*bxc*d"2xe*f + I*bxc”
2xdxf~2) *x (f*x + e))*arctan2(cos(f*x + e), sin(fxx + e) + 1) - 2x(I*x(fxx + e
)"3*%b*d"3 + 3% (-I*b*d"3*e + I*b*xcxd 2*f)*(f*x + e)”2 + 3*x(I*b*d"3*e”2 — 2x*I
*bkxckd"2%exf + Ixbxc™2xd*xf~2)*(f*x + e))*arctan2(cos(fxx + e), -sin(f*x + e
) + 1) - 6%(I*(f*x + e) " 2*xb*d~3 + I*b*d"3*e”2 - 2*kI*bkcxd 2xexf + I*xb*c”2*d
*£72 + 2% (-Ixb*d~3%e + Ixb*ckd™2*f)*(f*x + e))*dilog(Ixe~(I*fxx + I*e)) - 6
*(-Ix(f*x + e) " 2*xb*d~3 - I*b*d"3*e”2 + 2xI*b*c*xd 2xe*xf - I*xbxc~2xd*f~2 + 2%
(Ixb*d~3%e — Ixb*ckd™2*f)*(f*x + e))*dilog(-I*e” (I*f*x + Ixe)) + ((f*x + e)
“3xb*d"3 - 3*(b*xd"3*e - bxcxd"2*f)*(fxx + e)”2 + 3x(b*d"3*e”2 - 2b*c*d " 2*e
*f + b*c"2xd*xf"2)x(f*x + e))*log(cos(f*x + e)”2 + sin(f*x + e)”2 + 2*sin(fx*
X +e) + 1) - ((fxx + e)73*%b*xd"3 - 3*(b*d"3*e - b*ckxd~2xf)*(f*x + e)~2 + 3%
(b*d~3*e™2 - 2xbkc*xd"2%exf + bxc 2xd*f~2)*(f*x + e))*log(cos(f*x + e)"2 + s
in(f*x + )72 - 2*%sin(f*x + e) + 1) + 12%((f*x + e)*b*d™3 - b*d~3*e + b*c*d
~2xf)*polylog(3, I*xe” (I*xf*xx + Ixe)) - 12x((f*x + e)*b*d™3 - bxd~3%e + bxcxd
~2xf)*polylog(3, -Ixe~(Ixf*xx + I*e)))/f"3)/f



180

Giac [F]
/(c +dz)3(a + bsec(e + fz)) dx = / (dz 4 c)*(bsec (fz + e) + a) dz

[In] integrate((d*x+c) 3*(atb*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c) 3*(b*sec(f*x + e) + a), x)

Mupad [F(-1)]

Timed out.

/(c+dx)3(a+bsec(e+fx)) dz = / <a+ Wlii-fx)) (c+dz)’de

[In] int((a + b/cos(e + f*x))*(c + d*x)~3,x)
[Out] int((a + b/cos(e + f*x))*(c + d*x)~3, x)
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3.25 [(c+ dz)*(a+ bsec(e + fx))dx

Optimal result . . . . . . . . . . . . e 187
Rubi [A] (verified) . . . . . . . . . 181
Mathematica [A] (verified) . . . . . . . . . ... 184
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Mupad [F(-1)] . . . .o 187

Optimal result

Integrand size = 18, antiderivative size = 157

a(c+dz)®  2ib(c+ dz)?arctan (ei(e+fz))
3d f

2ibd(c + dz) PolyLog (2, —ie'(¢*/2))

+
72

2ibd(0 + dx) PolyLog (2, ,L'ei(e+fx))
_ B

2bd? PolyLog (3, —Z‘ei(e+fw))
_ A

2bd? PolyLog (3, ie'*/2))
+ 7

/(c +dz)?*(a + bsec(e + fz)) dx =

[Out] 1/3*ax(d*x+c)~3/d-2*I*b*(d*x+c) 2*arctan(exp(I*(fxx+e)))/f+2*xIxbxd* (d*x+c)*
polylog(2,-I*xexp(I*(fxx+e)))/f~2-2xIxbxd* (d*x+c)*polylog(2,I*xexp (I*(f*x+e))

) /£72-2xbxd~2*polylog(3,-I*exp (I* (f*x+e)))/f~3+2*b*d"2*polylog(3, I*xexp (I*(f
*x+e)))/f73

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.00,

_ _ = number of rules _
number of steps used = 9, number of rules used = 5, integrand size 0.278, Rules used
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= {4275, 4266, 2611, 2320, 6724}

dz)®  2ib(c+ dx)? arct i(e+fx)

/(c +dz)?*(a + bsec(e + fz)) dz = a(c —Li’;d z)° % (c + dz) al}c an (e )

2ibd(c + dz) PolyLog (2, —ie"¢+/®))
+

72

2ibd(c + dz) PolyLog (2, ie’(¢*/2))
_ e

2bd? PolyLog (3, —jeiletf z))
_ A

2bd? PolyLog (3, ie'*+/®))

73

[In] Int[(c + d*x)~2%(a + b*Sec[e + f*x]),x]

[Out] (ax(c + d*x)~3)/(3*d) - ((2*I)*b*(c + d*x) 2xArcTan[E~(I*(e + £xx))1)/f + (
(2xI)*bxd*(c + d*x)*PolyLogl[2, (-I)*E~(I*(e + f*x))])/f"2 - ((2%I)*bxd*(c +
d*x)*PolyLog[2, I*E~(I*(e + f*x))]1)/f~2 - (2%b*d~2*PolyLog[3, (-I)*E~(Ix*(e

+ £xx))])/£°3 + (2xbxd~2*PolyLog[3, I*E~(Ix(e + f*x))])/£f"3

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_.)]1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) ~“n]/(b*c*nxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 4266

Int[cscl(e_.) + Pix(k_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol
1 :> Simp[-2*(c + d*x) “m*(ArcTanh[E~ (I*xk*Pi)*E~(I*(e + f*x))]1/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)"(m - 1)*Log[l - E~(Ixk*#Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, f}, x] && IntegerQ[2*k] && IGtQ[m, O]

Rule 4275
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Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])“n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] &% IGtQ[n, 0]

Rule 6724
Int [PolyLog[n_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S

ymbol] :> Simp[PolyLogln + 1, c*(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps

integral = / (a(c+ dz)® + b(c + dz)*sec(e + fz)) dz

3
= a(c—;——ddx) + b/(c + dz)?sec(e + fx) dzx
_a(c+dz)®  2ib(c+ dx)? arctan (ect/7))
- 3d f
(2bd) [ (c + do)log (1 — i€"*/™) do | (2bd) J(c+ dz)log (1 +3e"H) du
f f
_a(c+dz)®  2ib(c+ dx)? arctan (ect/2))
3 7
2ibd(c + dz) PolyLog (2, —ie"*/?)) _ 2ibd(c + dz) PolyLog (2, ie"“*/?))
+ —
f2 f2
(2ibd?) [ PolyLog (2, —ie!*+/2)) dx  (2ibd?) [ PolyLog (2, ie!*+/*)) dx
— B n 2
alc+dz)®  2ib(c+ dz)? arctan (¢H/2))  2ibd(c + dz) PolyLog (2, —ieict/®)
- - +
3d f 72
i olyLog(2,—iz ile+fz
2ibd(c + dz) PolyLog (2, Z‘ez(e+fw)) (2bd?) Subst <f %@) dz, z, eietf ))
— P _ ;
(2602) Subst (| LR gy, g eiletso))
+ 7
_a(c+dz)®  2ib(c+ dzx)® arctan (e'“t/7))
 3d 7
. 2ibd(c + dz) PolyLog (2, —ie'“*/*)) _ 2ibd(c + dz) PolyLog (2, ie"“*/"))
f? - Iz

2bd? PolyLog (3, —ie'**/2))  2bd? PolyLog (3, ie'(**/*))
_ = " %
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Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.29

4ibcdz arctan (e'¢+/2))
, f
2ibd?x? arctan (e{¢+/*))  pc2arctanh(sin(e + fz))
- +
f | f
2ibd(c + dz) PolyLog (2, —ie'¢+/®))
+
IZ
2ibd(c + dz) PolyLog (2, ie’¢+/))
_ 7
2bd?* PolyLog (3, —ie'+/2))
_ f3
2bd? PolyLog (3, ie"¢+/®))
73

/(c + dz)*(a + bsec(e + fz)) dz = ac’x + acdz® + %ad%g‘ —

[In] Integratel(c + d*x)~2x(a + b*Sec[e + f*x]),x]

[Out] axc™2*x + axckxd*x"2 + (a*d"2*x"3)/3 - ((4*I)*bxckd*x*ArcTan[E~(I*(e + f*xx))
1D/f - ((2%I)*xbxd~2xx"2*xArcTan[E~(I*(e + f*x))])/f + (b*c~2*ArcTanh[Sin[e +
fxx]1)/f + ((2%I)*b*d*(c + d*x)*PolyLogl[2, (-I)*E~(Ix(e + £f*x))]1)/£f"2 - ((
2*%I)*xbxd*(c + d*x)*PolyLog[2, I*E~(I*(e + fx*x))])/f~2 - (2*¥b*d~2*PolyLogl[3,
(-I)*E~(I*x(e + f*x))])/£f73 + (2xb*d~2*PolyLog[3, I*E~(Ix(e + f*x))])/f~3

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 439 vs. 2(138) = 276.

Time = 0.98 (sec) , antiderivative size = 440, normalized size of antiderivative = 2.80

method | result

bd? In(1—set(fz+e)) 2 n 2bcdIn(1—ie!f=+e))e  2bedIn(1+ie’fe+e))e  2bedIn(1

; d?z® 2 2 3
risch 255 +ader® +actt + 57 + 7 72 7

[In] int((d*x+c) 2x(at+b*sec(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/3*a*xd~2*x~3+axd*ckx~2+a*xc”~2*x+1/3%a/d*c”~3+1/f*b*d~2*1n(1-I*exp(I* (f*x+e))
) *x"2+2/£72%bxc*kd*1n(1-I*exp (I* (fxx+e)) ) *e-2/f"2*b*kcxd*1n(1+I*exp (I* (f*x+e)
))*xe-2/f*bkcxd*x1n(1+I*exp (I* (f*x+e)) ) *x—2%I/f ~2*%b*d~2*xpolylog(2, I*xexp (I* (f*
x+e) ) ) *x-1/f*¥b*d"2x1n(1+I*exp (I* (f*x+e)) ) *x~2+1/f " 3%b*e~2xd~2*1n (1+I*exp (I*
(fxx+e)))+4*I/f " 2xbxc*d*e*arctan(exp (I*(f*x+e)))+2*I/f"2xb*xc*d*polylog(2,-I
*xexp (I* (f*x+e)))-2%I/f"3*%b*d~2*e " 2*arctan(exp (I* (f*x+e)))-2*I/f*b*c 2*arcta
n(exp(I*(f*x+e)))+2*xI/£~2%b*d"2*polylog(2,-I*exp (I*(f*x+e)))*x+2%b*d~2*poly
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log(3,Ixexp(I*(f*x+e)))/f73+2/f*b*ckd*1n(1-Ixexp (I* (f*x+e)))*x—2%I/f 2%b*c*
dxpolylog(2,Ixexp (I*(f*x+e)))-2*bxd~2*polylog(3,-Ixexp(I*(f*x+e)))/f°3-1/£f~
3*%b*e~2*%d"2*1n(1-I*exp(I* (f*x+e)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 675 vs. 2(129) = 258.

Time = 0.32 (sec) , antiderivative size = 675, normalized size of antiderivative = 4.30

(c+dz)*(a + bsec(e + fz)) dz
_ 2ad®f3x® 4 6 acdf*x® + 6 ac® fx — 6 bd?polylog(3, i cos (fx + €) + sin (fz + €)) + 6 bd’polylog(3, i cos

[In] integrate((d*x+c) ~2*(a+b*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/6%(2*%a*d"2*xf~3%x"3 + 6xa*c*kd*f~3*xx"2 + 6*axc”2*f 3*x - 6%b*d~2*polylog(3,
Ixcos(f*x + e) + sin(f*x + e)) + 6%b*d"2*polylog(3, I*cos(f*x + e) - sin(f
*X + e)) - 6xb*xd~2*polylog(3, -I*cos(f*x + e) + sin(f*x + e)) + 6%b*d~2*xpol
ylog(3, -I*cos(f*x + e) - sin(f*x + e)) - 6x(I*bxd~2*f*x + Ixbxc*d*f)*dilog
(Ixcos(f*x + e) + sin(f*x + e)) - 6% (I*b*d 2xfxx + I*bkcxd*f)*dilog(I*cos(f
*x + e) - sin(f*x + e)) - 6x(-I*b*d~2xfxx — I*bkckxd*f)*dilog(-I*cos(f*x + e
) + sin(f*x + e)) - 6x(-Ixbxd~2xf*x - Ixbxcxd*f)*dilog(-I*cos(f*x + e) - si
n(f*xx + e)) + 3x(b*d"2%e”2 - 2%b*ckd*exf + bxc~2xf~2)*log(cos(f*x + e) + Ix
sin(fxx + e) + I) - 3%(b*d"2xe~2 - 2xbxckd*exf + bxc 2+f"2)*log(cos(f*x + e
) - Ixsin(f*xx + e) + I) + 3x(b*d™2*f"2%x"2 + 2*b*c*d*f~2%x - b*d"2%e”2 + 2%
bxc*d*exf)*log(Ixcos(f*x + e) + sin(f*x + e) + 1) - 3x(b*d~2xf~2*x"2 + 2x%b*
ckd*f~2xx - b*d"2xe”2 + 2*xbxcxd*e*f)*log(I*cos(f*x + e) - sin(f*x + e) + 1)
+ 3x(b*xd"2+f"2%x"2 + 2¥bkckd*f~2%x - b*xd"2%e”2 + 2xbxckd*exf)*log(-I*cos(f
*x + e) + sin(f*xx + e) + 1) - 3*(bxd~2*f~2%x"2 + 2%bkckxd*f~2%x - b*xd~2*e”2
+ 2xb*ckd*exf)*log(-I*cos(f*x + e) - sin(f*x + e) + 1) + 3*(b*d"2%e”2 - 2*b
xcxd*xe*xf + bxc~2*%f"2)*log(-cos(f*x + e) + I*sin(f*x + e) + I) - 3*(b*xd"2%e”
2 - 2xbxckd*exf + b*c 2xf"2)*log(-cos(f*x + e) - I*sin(f*x + e) + I))/f"3

Sympy [F]
/(c +dz)?*(a + bsec(e + fz))dz = / (a+ bsec (e + fz)) (c + dz)* dzx

[In] integrate((d*x+c)**2*(at+b*sec(f*x+e)),x)

[Out] Integral((a + bx*sec(e + f*xx))*(c + d*x)**2, x)
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 516 vs. 2(129) = 258.

Time = 0.38 (sec) , antiderivative size = 516, normalized size of antiderivative = 3.29

/(c +dz)*(a + bsec(e + fz)) dz

6 (fﬁi + 6)&02 + 2 (j°ac—|j—£)3c¢d2 _ 6 (fx-l—feQ)ZadQe + 6 (fa?-l;i)adzez + 6 (fﬂc'i}e)%Cd _ 12 (fx—}-e)acde + 6bc? log (sec (f.’E + 6:

[In] integrate((d*x+c) 2% (atb*sec(f*x+e)),x, algorithm="maxima")

[Out] 1/6%(6*%(f*x + e)*a*xc™2 + 2*(f*xx + e) 3*axd~2/f72 - 6x(f*x + e) 2xaxd"~2*e/f~
2 + 6x(fxx + e)xaxd"2*e"2/f72 + 6x(f*x + e) 2xaxckxd/f - 12x(f*x + e)*akxcxdx
e/f + 6xb*c"2xlog(sec(f*x + e) + tan(f*x + e)) + 6%bxd~2xe"2*log(sec(f*x +
e) + tan(f*xx + e))/f72 - 12xb*c*d*exlog(sec(f*x + e) + tan(f*xx + e))/f + 3x
(4xb*xd~2*polylog(3, Ixe”(Ixf*x + Ixe)) - 4*bxd~2*polylog(3, -I*e” (I*f*x + I
xe)) - 2% (Ix(f*x + e) 2xb*d~2 + 2x(-I*bxd"2*e + Ixb*cxd*f)*(f*x + e))*arcta
n2(cos(f*x + e), sin(f*x + e) + 1) - 2x(Ix(f*x + e) " 2xbxd~2 + 2x(-I*b*d 2*e
+ Ixbkcxdxf)*(fxx + e))*arctan2(cos(f*x + e), -sin(f*xx + e) + 1) - 4x(I*x(f
*x + e)*b*d”2 - Ix*b*xd~2*e + Ixbkcxd*f)*dilog(Ixe~ (I*f*x + Ixe)) - 4*x(-Ix(f*
X + e)*bxd”2 + Ixbxd~2%e - Ixbxckd*f)*dilog(-Ixe~ (I*xf*xx + Ixe)) + ((f*xx + e
) "2*%b*d"2 - 2%(b*d"2%e - bxckd*f)*(fxx + e))*log(cos(f*x + e)”2 + sin(f*xx +
e)”2 + 2xsin(f*x + e) + 1) - ((fxx + ) 2%b*d"2 - 2%(bxd~2%e - bxcxd*f)=*(f
*x + e))*log(cos(f*x + e)”2 + sin(f*x + e)”"2 - 2*sin(f*x + e) + 1))/£72)/f

Giac [F]
/(c +dz)?(a + bsec(e + fz)) dx = / (dz 4 c)*(bsec (fz + e) + a) dz

[In] integrate((d*x+c) 2*(a+b*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c) 2*(b*sec(f*x + e) + a), x)
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Mupad [F(-1)]
Timed out.

b
cos (e + f x)

/(c+d:v)2(a+bsec(e+fa:)) dr = / (a—i— ) (c+dz) de

[In] int((a + b/cos(e + f*x))*(c + d*x)~2,x)
[Out] int((a + b/cos(e + f*x))*(c + d*x)~2, x)
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3.26 [(c+dz)(a+ bsec(e + fx))dx

Optimal result . . . . . . . . . . e 188
Rubi [A] (verified) . . . . . . . . 188
Mathematica [A] (verified) . . . . . . . . . ... 1901
Maple [A] (verified) . . . . . . ... L 190
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ..., 197
Sympy [F] . . o o 191
Maxima [F] . . . . . o 191
Giac [F] . . . o o 1921
Mupad [F(-1)] . . . oo 192

Optimal result

Integrand size = 16, antiderivative size = 93

a(c+dzx)?  2ib(c+ dz) arctan (e'¢+/®))
2 f
ibd PolyLog (2, —ie"*/®))  ibd PolyLog (2, ie'=*/®)
+ 1 — Iz
[Out] 1/2%a*(d*x+c)~2/d-2%I*b* (d*x+c)*arctan(exp(I*(f*x+e)))/f+Ixbxd*polylog(2,-I
*exp (I* (fxx+e))) /£ ~2-I*b*d*polylog(2, I*exp (I*(f*x+e)))/f~2

/(c + dz)(a + bsec(e + fx)) dz

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.00, number

of steps used = 7, number of rules used = 4, number of rules _ 0.250, Rules used = {4275,
integrand size

4266, 2317, 2438}

a(c+dzx)?  2ib(c+ dz)arctan (e'¢+/))
2d 7
ibd PolyLog (2, —ie"®*/®)  ibd PolyLog (2, ie‘*+/®))
+ 12 — 7
[In] Int[(c + d*x)*(a + b*Sec[e + f*x]),x]
[Out] (a*x(c + d*x)~2)/(2*d) - ((2*xI)*bx(c + d*x)*ArcTan[E~(Ix(e + f*x))])/f + (Ix

bxd*PolyLog[2, (-I)*E~(I*(e + f*x))])/f"2 - (I*bxd*PolyLogl[2, I*E~(I*(e + f
*x))1)/£72

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))

/(c + dz)(a + bsec(e + fx))dz =
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)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 4266

Int[cscl(e_.) + Pix(k_.) + (£_.)*(x_)]1*((c_.) + (d_.)*(x))"(m_.), x_Symbol
1 :> Simp[-2*(c + d*x) “m*(ArcTanh[E~(I*k*Pi)*E~(I*(e + f*x))1/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)~(m - 1)*Log[l - E~(I*k*Pi)*E~(Ix(e + f*x))], x],
x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Logl[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, f}, x] && IntegerQ[2*k] && IGtQ[m, O]

Rule 4275
Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))~(n_.)*((c_.) + (d_.)*(x_))"(m_.)

, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rubi steps

integral = /(a(c + dz) + b(c + dz) sec(e + fz)) dx

2
— W —i—b/(c—l—dm)sec(e—i—fx)dx
_a(c+dz)?  2ib(c+ dz)arctan (&1
o I;
(bd) [log (1 —ie*/®) dz  (bd) [log (1 + iet/®)) dz
- +
f f
_a(c+dz)?  2ib(c+ dz)arctan (&1
2 I;
1 ubst log(1—iz) x,x,eie T i ubst log(1+4z) x’w,eie x
bd)Subst ( [ 280=2) gy 5 ie+72))  (ibd)Subst ([ 250 g g, ile+f)
+ 7 _ 7
. a(c + da:)2 2ib(c + d:l:) arctan (ei(e-i‘fﬂﬂ))
B 2d f

ibd PolyLog (2, —ie"+/®))  jbd PolyLog (2, ie'(¢*/%))
+ 12 — =
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Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.12

1 2ibd t ietifx
/(c + dx)(a + bsec(e + fx))dxr = acx + Eadx2 _ Znarare ;n (e )
bearctanh(sin(e + fz)) = ibd PolyLog (2, —ie'*/2))
+ + .
;o i
ibd PolyLog (2, ie'(¢t/2))
_ 7

[In] Integratel[(c + d*x)*(a + b*Secl[e + f*x]),x]

[Out] a*c*x + (a*d*x~2)/2 - ((2*I)*b*d*x*ArcTan[E~(I*e + I*f*xx)])/f + (b*c*xArcTan
h[Sin[e + fxx]]1)/f + (I*b*d*PolyLog[2, (-I)*E~(Ix(e + fx*x))])/£f72 - (Ixbx*d*
PolyLog[2, I*#E~(I*(e + f*x))]1)/f~2

Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.53

method result
b<d(—(fz+e) 1n(1+iei(fz+e))+(fa:+e) 1n(1—iei(fz+e))+idilog(1+iei(fz+e))—idilog(l—iei(f“”+e)))
; _
1.2
parts a(3dz® + zc) + 7
2 bdfzelnlii(fz"'
derivativedivides ac(fw+e)—ade(€cz+e)+ad(f;;re) +bc1n(sec(fa:+e)+tan(fw+e))—bdeln(sec(fz+;)+tan(fm+e))+ ( (o+e) ( e
vatlv V. 7
2 bad(—(fzte) In(1+iet(F2+
default ac(fx+e)—ade(§m+e)+ad(f2z;e) +bcln(sec(fx-i—e)-i—tan(fz-i—e))—bdeln(sec(fx+fe)+tan(fm+e))+ (zUz+e)in(itie
f
risch ad2x2 4 aze— 2ibcarctax}(ei(fw+e)) _ bdln(1+i¢;i<fZ+6>)x _ bdln(l—}-?;(fz*e))e bdln(l—iz}i(f”e))x b

[In] int((d*x+c)*(a+b*sec(f*x+e)),x,method=_RETURNVERBOSE)

[Out] a*x(1/2%d*x~2+x*c)+b/f* (1/f*d* (- (f*x+e)*1n(1+I*xexp (I*(f*x+e)))+(f*x+e)*1n(1-
Ixexp(I*(f*x+e)))+Ixdilog(1+I*exp (I*(f*x+e)))-I*dilog(1-I*exp(I*(f*x+e))))+
c*ln(sec(f*x+e)+tan(f*x+e))-e/f*d*1ln(sec(f*x+e)+tan(f*x+e)))
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 343 vs. 2(73) = 146.

Time = 0.27 (sec) , antiderivative size = 343, normalized size of antiderivative = 3.69

/(c+dx)(a—|— bsec(e + fx))dz
_ad 222 + 2 acf?x — 1 bdLiy(i cos (fz + €) + sin (fz + €)) — i bdLis (3 cos (fz + e) —sin (fz + €)) + 7 bdL

[In] integrate((d*x+c)*(atb*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/2*%(a*d*f~2xx"2 + 2*%axcxf~2*x - Ixb*d*dilog(I*cos(f*x + e) + sin(f*x + e))
- Ixbxd*dilog(I*cos(f*x + e) - sin(f*x + e)) + I*bxdxdilog(-I*cos(f*x + e)

+ sin(f*x + e)) + I*bxd*dilog(-I*cos(f*x + e) - sin(f*x + e)) - (b*d*e - b
xcxf)*xlog(cos(f*x + e) + I*sin(fxx + e) + I) + (bxdxe - b*cxf)*log(cos(f*x

+ e) - Ixsin(f*x + e) + I) + (bxd*fxx + bkd*e)*log(I*cos(f*x + e) + sin(fx*x

+ e) + 1) - (b*xdxfxx + b*d*e)*log(Ixcos(f*x + e) - sin(f*x + e) + 1) + (b*
dxfxx + bxdxe)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - (bxd*f*x + bxd*e)x*
log(-I*cos(f*x + e) - sin(f*x + e) + 1) - (bxdxe - bxcxf)*log(-cos(f*x + e)

+ Ixsin(f*x + e) + I) + (b*d*e - b*c*f)*log(-cos(f*x + e) - I*sin(f*x + e)

+ 1))/f72

Sympy [F]
/(c+ dz)(a + bsec(e + fz))dz = / (a+bsec(e+ fx)) (c+dz) dz

[In] integrate((d*x+c)*(atb*sec(f*x+e)),x)

[Out] Integral((a + bxsec(e + f*x))*(c + d*x), x)

Maxima [F]
/(c + dz)(a + bsec(e + fz)) dz = / (dx + c)(bsec (fzx +e) +a)dz

[In] integrate((d*x+c)*(at+b*sec(f*x+e)),x, algorithm="maxima")

[Out] 1/2*%(a*xd*f*x"2 + 2%axc*xf*x + 4xbxdxfxintegrate((x*cos(2*xf*x + 2%e)*cos(f*x
+ @) + xxsin(2xfxx + 2xe)*sin(fxx + e) + x*cos(fxx + e))/(cos(2xf*x + 2xe)”

2 + sin(2*f*x + 2%e)"2 + 2%cos(2xf*x + 2xe) + 1), x) + b*c*log(cos(f*x + e)

~2 + sin(f*x + e)72 + 2*sin(f*x + e) + 1) - b*cxlog(cos(f*x + e)”2 + sin(fx*

x + e)”2 - 2*xsin(f*x + e) + 1))/f



Giac [F]
/(c+dx)(a+bsec(e+fx))dx = /(dx—i—c)(bsec (fx+e)+a)de

[In] integrate((d*x+c)*(at+b*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)*(bxsec(f*x + e) + a), x)

Mupad [F(-1)]
Timed out.

b

/(c+dx)(a+bsec(e+fx))dx: / (a+m) (c+dx) dzx

[In] int((a + b/cos(e + f*x))*(c + d*x),x)
[Out] int((a + b/cos(e + f*x))*(c + d*x), x)

192



3.27  [utbedet]o) gy

Optimal result . . . . . . . . . . . e
Rubi [N/A] .« .
Mathematica [N/A] . . . . . . .
Maple [N/A] (verified) . . . . . . . . .. o
Fricas [N/A] . . . . o o
Sympy [N/A] . .
Maxima [N/A] . . . .
Giac [N/A] .« . o e
Mupad [N/A] . . . .

Optimal result

Integrand size = 18, antiderivative size = 18

/a—l—bsec(e—l—fz) dsznt(

c+dzx

[Out] Unintegrable((atb*sec(f*x+e))/(d*x+c),x)

Rubi [N/A]
Not integrable

a+ bsec(e + fz) .
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Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0

c+dx

[In] Int[(a + b*Sec[e + f*xx])/(c + d*x),x]
[Out] Defer[Int] [(a + b*Secl[e + f*x])/(c + d*x), x]

Rubi steps

number of rules
’ integrand size

/a+bsec(e+fx) dac:/

a + bsec(e + fz)

integral = / a+ bsec(e + fz) x

= 0.000, Rules used = {}
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Mathematica [N/A]

Not integrable
Time = 1.00 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+bsec(e+fm) dx=/a+bsec(e+fx) i
c+dr c+dz

[In] Integrate[(a + b*Sec[e + f*x])/(c + dxx),x]
[Out] Integrate[(a + bxSec[e + fx*x])/(c + d*x), x]

Maple [N/A] (verified)
Not integrable

Time = 0.33 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a—l—bsec(fx—l—e)dx
dr +c

[In] int((at+b*sec(f*x+e))/(d*x+c),x)

[Out] int((a+b*sec(fxx+e))/(d*x+c),x)

Fricas [N/A]

Not integrable
Time = 0.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a-l—bsec(e—l—fx) dx:/bsec(fw-i—e)—l-adx
c+dx dx +c

[In] integrate((a+b*sec(f*x+e))/(d*x+c),x, algorithm="fricas")

[Out] integral((b*sec(f*x + e) + a)/(d*x + c), x)

Sympy [N/A]

Not integrable
Time = 0.68 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

/a—l—bsec(e—l—fx) dwz/a—i—bsec(e—l-fx) s
c+dx c+dz

[In] integrate((a+b*sec(f*x+e))/(d*x+c),x)

[Out] Integral((a + bxsec(e + f*x))/(c + d*x), x)
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Maxima [N/A]

Not integrable
Time = 0.49 (sec) , antiderivative size = 116, normalized size of antiderivative = 6.44

/a+bsec(e+fx) dr — / bsec (fz +e) ta
c+dz dz +c
[In] integrate((a+b*sec(f*x+e))/(d*x+c),x, algorithm="maxima")

[Out] (2#b*d*integrate((cos(2xf*x + 2%e)*cos(f*x + e) + sin(2*f*x + 2%e)*sin(f*x
+ e) + cos(f*x + e))/((d*x + c)*cos(2*f*x + 2xe)~2 + (d*x + c)*sin(2xf*x +
2%e)”2 + dxx + 2*(d*x + c)*cos(2xf*x + 2xe) + c), x) + axlog(d*x + c))/d

Giac [N/A]

Not integrable
Time = 0.41 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+bsec(e—|—fx) daE:/bsec(fquLe)—l—adaC
c+dz dr +c

[In] integrate((a+b*sec(f*x+e))/(d*x+c),x, algorithm="giac")

[Out] integrate((bxsec(f*x + e) + a)/(d*x + c), x)

Mupad [N/A]

Not integrable
Time = 13.15 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

a4 b
/a—l—bsec(e—l—fw) d:c:/ cos(etfa) 4.
c+dz c+dzx

[In] int((a + b/cos(e + f*x))/(c + d*x),x)
[Out] int((a + b/cos(e + f*x))/(c + d*x), x)



196

3.28 f a+bsec(e+fx) dr

(ct+dx)?
Optimal result . . . . . . . . . . . . e 196
Rubi [N/A] . o oo e 196
Mathematica [N/A] . . . . . . . 197
Maple [N/A] (verified) . . . . . . . . .. o 197
Fricas [N/A] . . . . o o 197
Sympy [N/A] . . 197
Maxima [N/A] . . . 198
Giac [N/A] .« . o e 198
Mupad [N/A] . . . . 198}

Optimal result

Integrand size = 18, antiderivative size = 18

a+bsec(e+ fz) , a+ bsec(e + fz)
/ (c+ dz)? do = Int ( (c+dz)? a:)

[Out] Unintegrable((at+b*sec(f*x+e))/(d*x+c)~2,x)

Rubi [N/A]
Not integrable

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

_ _ o humber of rules _ _
of steps used = 0, number of rules used = 0, integrand size — 0.000, Rules used = {}

a+bsec(e+ fr) . / a + bsec(e + f)
/ (¢ + dx)? de = (c+ dx)? dz

[In] Int[(a + b*Secl[e + f*x])/(c + d*x)~2,x]

[Out] Defer[Int] [(a + b*Sec[e + f*x])/(c + d*x)~2, x]

Rubi steps

integral = / a+ bsec(e + fz) s
(c+ dz)?
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Mathematica [N/A]

Not integrable
Time = 1.53 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+bsecle+ fr) . [ a+bsec(e+ fx)
/ (c+ dzx)? de = / (c+ dz)? de

[In] Integrate[(a + b*Secl[e + f*x])/(c + d*x)~2,x]
[Out] Integratel[(a + b*Sec[e + f*x])/(c + d*x)~2, x]

Maple [N/A] (verified)
Not integrable

Time = 0.53 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a-l—bsec(fx-l—e)dx
(dz + c)?

[In] int((at+b*sec(f*x+e))/(d*x+c)~2,x)
[Out] int((at+b*sec(f*x+e))/(d*x+c)”2,x)

Fricas [N/A]

Not integrable
Time = 0.26 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.72

a+bsec(e+ fr) ,  [bsec(fr+e)+a
/ (c+ dx)? do = / (dz + ¢)® de

[In] integrate((a+b*sec(f*x+e))/(d*x+c)~2,x, algorithm="fricas")

[Out] integral((b*sec(f*x + e) + a)/(d"2*x"2 + 2%cxd*x + c~2), x)

Sympy [N/A]

Not integrable
Time = 2.62 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

a+bsec(e+ fr) ., [a+bsec(e+ fx)
/ (c+ dx)? de = / (c+ dac)2 dz

[In] integrate((a+b*sec(f*x+e))/(d*x+c)**2,x)

[Out] Integral((a + bx*sec(e + f*x))/(c + d*x)**2, x)
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Maxima [N/A]

Not integrable
Time = 0.52 (sec) , antiderivative size = 172, normalized size of antiderivative = 9.56

a+bsec(e+ fx) . [bsec(fr+e)+a
/ (c+ dx)? de = / (dz + c)2 dz

[In] integrate((a+b*sec(f*x+e))/(d*x+c)~2,x, algorithm="maxima")

[Out] (2*(b*d~2*x + bxcxd)*integrate((cos(2xfxx + 2*e)*cos(f*x + e) + sin(2xfxx +
2xe)*xsin(f*x + e) + cos(f*xx + €))/(d72*%x"2 + 2%c*d*x + (d72*x72 + 2kc*d*x
+ c"2)*cos(2xfxx + 2%e)”2 + (d72*x"2 + 2kxckxd*x + c”2)*sin(2*f*x + 2*%e)"2 +
c™2 + 2x(d72*%x"2 + 2xckd*x + c”2)*cos(2*fxx + 2%e)), x) - a)/(d"2*x + cxd)

Giac [N/A]

Not integrable
Time = 2.20 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+bsec(e+ fz) ,  [bsec(fr+e)+a
/ (c+ dx)? dw = / (dz + ¢)* de

[In] integrate((a+b*sec(f*x+e))/(d*x+c)~2,x, algorithm="giac")

[Out] integrate((b*sec(f*x + e) + a)/(d*x + c)~2, x)

Mupad [N/A]

Not integrable
Time = 13.62 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/ a—+ bsec(e + fl') / a+ cos(elzl-fa:)
' = [ et gy
(c+ do) (c+ da)

[In] int((a + b/cos(e + f*x))/(c + d*x)~2,x)
[Out] int((a + b/cos(e + f*x))/(c + d*x)~2, x)



3.29 [(c+dz)*(a+ bsec(e + fz))* dz

Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ..

Maple [B] (verified) . . . . . . . . . .
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .. .....

Sympy [F] . . .o
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ...

Giac [F] . . . o o

Optimal result

Integrand size = 20, antiderivative size = 364

_ibz(c +dzx)3 N a*(c+dz)*
f 4d
4iab(c + dr)? arctan (ei(e” x))
f .
3b%d(c + dz)?log (1 + e(c+/2))
IZ
6iabd(c + dz)* PolyLog (2, _iei(e+fm))
T 2
f
6iabd(c + dz)? PolyLog (2, ie'*/2))
_ e
3ib?d?(c + dz) PolyLog (2, —eZ(c+/2))
_ f
12abd? (¢ + dz) PolyLog (3’ _iei(e+fx))
_ 7
12abd?(c + dz) PolyLog (3, ie"¢+/))
+
73
3b%d3 PolyLog (3, —e2ietf w))
+ o
12iabd? PolyLog (4, _iei(e+fw))
_ i
12iabd® PolyLog (4, i"+12))
Iz
b*(c + dx)3tan(e + fz)
" 7

/(c +dz)*(a + bsec(e + fr))*dx =

199
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[Out] -Ixb~2%(d*x+c) ~3/f+1/4*a~2*(d*x+c) ~4/d-4*I*xaxb*(d*x+c) ~3*arctan(exp (I (f*xx+
e)))/f+3xb~2*d* (d*x+c) “2*1n (1+exp (2xI* (fxx+e))) /£~ 2+6*I*xaxb*d* (d*x+c) ~2*pol
ylog(2,-I*xexp(I*(f*x+e)))/f"2-6*%I*a*xb*d* (d*x+c) “2*polylog(2, I*exp (I*(f*x+e)
))/£72-3%I*b~2%d 2% (d*x+c) *polylog(2,-exp (2*I* (f*x+e))) /£~ 3-12%axb*d~2* (d*x
+c)*polylog(3,-I*exp (I*(f*xx+e)))/f~3+12%a*b*d™~2* (d*x+c)*polylog (3, I*xexp (I*(
fxx+e)))/£73+3/2%b"2xd"3*polylog(3,-exp (2*I* (f*x+e)) ) /f~4-12%I*axb*d~3*poly
log(4,-I*xexp(I*(f*x+e)))/f~4+12*I*a*bxd~3*polylog(4,I*exp(I*(f*xx+e)))/f~4+b

~2x (d*x+c) “3xtan(f*x+e) /f

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 364, normalized size of antiderivative = 1.00,

number of steps used = 17, number of rules used = 9, umber of rules _ 4 450 Ryles used
integrand size

= {4275, 4266, 2611, 6744, 2320, 6724, 4269, 3800, 2221}

2(c+dz)*  4iab(c+ dx)3 arctan (ei(e+/®)
/(c—l—dz)?’(a-l—bsec(e—i- fr)ide = a (CL z)* _ diab(c + dz) a;c an (e )
12abd?(c + dz) PolyLog (3, —ie'¢+/®))
_ 7
12abd?(c + dz) PolyLog (3, ie"¢+/®))
+
73
6iabd(c + dz)? PolyLog (2, —ie'¢+/®))
+
Iz
6iabd(c + dz)? PolyLog (2, ie’¢+/))
_ 7
12iabd® PolyLog (4, —ie'¢+/®))
_ =
12iabd® PolyLog (4, ie'(¢*/2))
Iz
3ib?d?(c + dz) PolyLog (2, —eZ(c+/2))
_ f
3b%d(c + dz)?log (1 + e%(eH/2))
+ 2
f
b*(c+ dx)’tan(e + fx)  ib°(c+ dx)®
f . f
N 3b2d3 PolyLog (3, —e%(ct/2))
2f4

[In] Int[(c + d*x)~3*(a + b*Sec[e + f*x])~2,x]

[Out] ((-I)*b"2*x(c + d*x)~3)/f + (a"2*(c + d*x)"4)/(4*d) - ((4xI)*a*b*(c + d*x)"3
xArcTan[E~(Ix(e + f*x))])/f + (3*b~2*d*(c + d*x) 2*Logl[l + E~((2*I)*(e + fx*
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x))1)/£72 + ((6*I)*axb*d*(c + d*x) 2*PolyLog[2, (-I)*E~(Ix(e + fx*x))])/f"2
- ((6xI)*axb*xd*(c + d*x) 2*PolyLog[2, I*E~(Ix(e + f*x))]1)/£f72 - ((3*I)*b~2x
d"2x(c + d*x)*PolyLog[2, -E~((2*I)*(e + £*x))])/f"3 - (12%a*b*d~2*(c + d*x)
*PolyLog[3, (-I)*E~(I*(e + f*x))])/f~3 + (12%axb*d”~2*(c + d*x)*PolyLogl[3, I
*E~(Ix(e + £xx))])/£73 + (3*b~2%d~3*PolyLog[3, -E~((2*I)*(e + f*x))])/(2*f~
4) - ((12%I)*a*bxd~3*PolyLogl[4, (-I)*E~(I*(e + f*x))])/f~4 + ((12%I)*axbxd~
3*PolyLog[4, I*E~(I*(e + f*x))])/f"4 + (b"2*(c + d*x)~3*Tan[e + f*xx])/f

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_)]1*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*c*nxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] && GtQ[m, O]

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*x(m + 1))), x] - Dist[2*I, Int[(c + d*x) “m*x(E~(2*I*(e
+ fxx))/(1 + E"(2%Ix(e + f*x)))), x], x] /; FreeQ[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 4266

Int[cscl(e_.) + Pi*x(k_.) + (£_.)*(x_)]*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol
1 :> Simp[-2*(c + d#*x) “m* (ArcTanh[E~ (I*k*Pi)*E~(I*(e + f*x))]1/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)"(m - 1)*Log[l - E~(Ixk*Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x]) /; FreeQ[{c, d, e, £}, x] && IntegerQ[2*k] && IGtQ[m, 0]
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Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*
Cotle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (a_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])“n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rule 6744

Int[(Ce_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))“pl/(b*c*p*Log[F])), x] - Dist[f*(m/(b*c*pxLogl[F])), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rubi steps

integral = / (a*(c+ dz)® + 2ab(c + dz)® sec(e + fz) + b*(c+ dz)’sec’(e + fz)) dz

2 4
= % + (2ab) /(c + dz)®sec(e + fz) dz + b° /(c + dz)*sec?(e + fx)dzx
_ a*(c+dzx)!  4iab(c+ dx)®arctan (e/¢H/?))
- 4Ad f
B2(c+ da)? tan(e + fr)  (6abd) [(c+ do)?log (1= iee+7) da
! f

N (6abd) [(c+ dz)?log (1 + ie'cT/?)) dz _ (3¥%d) [(c+ dx)*tan(e + fz) dx
f f
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ib*(c+ dzx)? N a®(c+dz)*  4diab(c+ dz)3 arctan (e'+/2)

f 4d f
6iabd(c + dz)? PolyLog (2, —ie'*/®)  6iabd(c + dz)? PolyLog (2, ie(¢*/?))
+ Iz — 7
4 v*(c+dz) tan(e + fz)  (12iabd?) [(c + dz) PolyLog (2, —ie'¢+f?) dz
f 2
. 2 . 4 ) e2i(etf2) (c4dx)?
(12iabd?) [ (c + dz) PolyLog (2, ie!¢+/2)) dz  (6ibd) [ “~mwerrey— d
+ 5 +
f f
_ib*(c+dx)? 4 a®(c+dzx)*  4iab(c+ dz)?®arctan (ec+/2))
f 4d f
3b%d(c + dz)?log (1 4 e*(*/2))  6iabd(c + dx)? PolyLog (2, —ie'*/2))
+ +
f? IE
6iabd(c + dz)? PolyLog (2, ie'*/®))  12abd*(c + dz) PolyLog (3, —ie'**/2))
B 72 - IE
12abd?(c + dz) PolyLog (3,i“+/®)  52(c + dx)3tan(e + fz)
+ 73 + 7
(12abd®) [ PolyLog (3, —ie**/2)) dz  (12abd?) [ PolyLog (3, ie!“*/?)) dz
+ 73 — 7
(662d%) [(c+ dz)log (1 + e(c+f2)) dg
_ .
_ ib?(c + dzx)? 4 a®(c+dz)*  4iab(c + dz)? arctan (ei(e+fz))
f 4d f
3b%d(c + dz)*log (1 4 €*+/®)  6iabd(c + dz)? PolyLog (2, —ie'¢+/®))
2 + 2
f f
6iabd(c + dz)? PolyLog (2, ie*/®))  3ib%d?(c + dx) PolyLog (2, —e*(c+/2))
N 72 - 73
12abd?(c + dz) PolyLog (3, —ie'®*/®))  12abd?(c + dz) PolyLog (3, ie'(¢*/*))
N 73 + 73
b%(c + dz)® tan(e + fz) (12iabd?®) Subst (f PolyLog(:=i0) gy g, ei(e”””))
f Iz
(12iabd?) Subst( [ PB4 g i1
+ fi

(3ib*d®) [ PolyLog (2, —e*(¢*/2)) dg
+ 7
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ib*(c+ dzx)? N a®(c+dz)*  4diab(c+ dz)3 arctan (e+/2)
f 4d f
3b2d(c + dl‘)2 10g (]_ + 62’L'(6+f.’17)) 6zabd(c + d.’E)Z PolyLog (2, _'L.ei(e-i—fx))
T -
f? £2
6iabd(c + dx)2 PolyLog (2, iei(e—i-fw)) 3ib2d%(c + dz) PolyLog (2, _e2i(e+fac))
) 72 - 75
12abd?(c + dz) PolyLog (3, _,L'ez‘(e+fz)) 12abd?(c + dz) PolyLog (3’ 7:ei(e—i-fanc))
. IE * 75
12iabd? PolyLog (4, —iei(e+f:v)) 12iabd? PolyLog ( 4 jeilet fz))
_ - + ”
PolyLog(2,—z) iled fz
| Ple+dn)tan(e+ fa) | (3b%d®) Subst ( [ PolvLog(ie) gy 2iCe+s >)
f 24
ib*(c+ dzx)? + a*(c+dx)*  4iab(c+ dz)? arctan (ei(e+fw))
f 4d f
3b2d(c + dm)2 log (]_ + 62i(6+f-’17)) Gzabd(c + d.T)2 PolyLog (2, _iei(e+fz))
T -
f? f2
6iabd(c + dz)? PolyLog (2, iei(e+fm)) 3ib%d?(c + dz) PolyLog (2, _e2i(e+fac))
- f? B 3
12abd? (c + dz) PolyLog (3, —ie"“*/?) 12abd?(c + dx) PolyLog (3, ie"“*/?)
. IE * 75
+ 3b2d® PolyLog (3, —e®(¢+/2))  12abd® PolyLog (4, —ie'c*/2))
2f4 f4
12iabd’ PolyLog (4,ie"“*1?) | b*(c + dz)’ tan(e + fz)
f* * f

Mathematica [A] (verified)

Time = 2.59 (sec) , antiderivative size = 646, normalized size of antiderivative = 1.77

/(c +dz)3(a + bsec(e + fz))? dzx
_ 4a’C frx — 12ib%cd’ f*a® 4 6a’c’df *a? — 4ib’d® fo2° + da’cd® f*2® + a?d’ f*a* — 48iabc’df*x arctan (eftet

[In] Integrate[(c + d*x)~3*(a + bxSec[e + f*x])~2,x]

[Out] (4*a~2%c™3*f~4*xx - (12*I)*b~2%c*d " 2*xf"3*%x"2 + 6*a”~20kc 2*%d*f~4*xx"2 - (4*I)*b
“2%d"3*%f"3%x"3 + 4xa”2kcxd"2*%f"4*xx"3 + a”2%d"3*xf"4xx"4 - (48%*I)*axbkxc”2xd*f
~3*x*ArcTan[E~ (Ix(e + f*x))] - (48+*I)*a*bkcxd”2xf " 3xx"2xArcTan[E~ (I*(e + f*
x))] - (16*I)*a*xb*xd~3*f " 3*x"3*ArcTan[E~(I*(e + f*x))] + 8*a*b*c~3*f " 3*ArcTa
nh[Sin[e + f*x]] + 24xb~2*c*d~2xf~2*x*Log[l + E~((2*I)*(e + f*x))] + 12*%b~2
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*xd~3*%f"2*x"2xLog[1 + ET((2*I)*(e + f*x))] + 12xb~2%c~2xdxf~2*Log[Cos[e + fx*
x]] + (24%I)*axbxd*xf~2*(c + d*x) 2*PolyLog[2, (-I)*E~(Ix(e + fx*x))] - (24x*I
) ¥a*xbxd*f~2*(c + d*x) “2+PolyLog[2, I*E~(I*(e + fxx))] - (12%I)*b~2kcxd 2*f*
PolyLog[2, -E~((2*I)*(e + f*x))] - (12%I)*b~2xd~3*f*x*PolyLog[2, -E~((2*I)=*
(e + £*x))] - 48xaxbxc*d~2xf*PolyLog[3, (-I)*E~(I*(e + fx*x))] - 48xaxb*d”3*
fxx*xPolyLog[3, (-I)*E~(I*(e + f*x))] + 48%axbxcxd~2*f*PolyLog[3, I*E~(Ix*(e

+ fxx))] + 48xaxb*d”~3*f*x*PolyLog[3, I*E~(Ix(e + fxx))] + 6%b~2*d"3*PolyLog
[3, "E"((2*#I)*(e + f*x))] - (48%I)*a*bxd~3*PolyLogl[4, (-I)*E~(I*(e + f*x))]
+ (48%I)*axb*d~3*PolyLog[4, I*E~(I*(e + f*x))] + 4xb~2%c~3*f"3xTan[e + f*x
1 + 12%b"2xc~2*d*f~3*x*Tan[e + fxx] + 12%b~2xc*d~2*f~3*xx"2*Tan[e + f*x] + 4
*b~2%d"3*f"3xx"3*Tan[e + f*x])/(4*xf~4)

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1488 vs. 2(327) = 654.

Time = 1.65 (sec) , antiderivative size = 1489, normalized size of antiderivative = 4.09

method | result size
risch Expression too large to display | 1489

[In] int((d*x+c) 3*(at+b*sec(f*x+e))”2,x,method=_RETURNVERBOSE)

[Out] 6/f~2xb~2%c*d~2*1n(1l+exp (2*I* (f*x+e)))*x-12/f"3*bxd~3*a*polylog(3,-I*exp(I*
(fxx+e)) ) *x+12/£73*%b*d~2*c*a*polylog(3, I*exp (I*(fxx+e)))+2/f 4*b*axe”3*d~3*
1n(1-I*exp(I*(f*x+e)))-2/f 4*b*axe”3*d~3*1n(1+I*exp (I*(f*x+e)))-4*I/f*xb*axc
~3*arctan(exp (I* (fxx+e)))+6%I/f"3xb~2%d"~3xe~2*x-6%1/f " 3*b~2*d"3*polylog(2,I
xexp (I* (f*x+e)) ) *x-6*%I/f 4*b~2*d"3*polylog(2, I*xexp (I* (f*x+e)))*e+6/f ~4*b~2x%
d~3x*polylog(3,I*xexp(I*(f*x+e)))+6/f 4*b~2*d"3*xpolylog(3,-I*xexp (I*(f*x+e)))+
6/f*b*d~2*c*ka*ln(1-Ixexp (I* (f*x+e)))*x"2-6/f"3*b*e~2*a*c*d~2*1n(1-I*exp (I*(
f*xx+e)))-6/fxbxaxc”2xd*x1n(1+I*exp (I*(f*x+e)) ) *x+6/f*b*a*xc”2*d*1n(1-I*exp (I*
(£xx+e))) *x+2*I*b~ 2% (d"3*x"3+3*kcxd~2*x"2+3*Cc~2*d*x+c”3) /f/ (1+exp (2*xI* (f*xx+e
)))+12/£73%b"2xc*d~2*e*x1n (exp (I* (f*x+e)))-12*xI*a*xb*d~3*polylog(4,-I*exp (I*(
fxx+e)))/£74+12xI*a*b*d~3*polylog(4,Ixexp (I* (f*x+e)))/f74-6%xI1/f 4*b~2xd"3*p
olylog(2,-T*xexp(I*(fxx+e)))*e—-6*%I/fxb~2%c*d"2*x"2-6%I/f " 3xb~2*c*d"2xe~2+a"2
*d"2%Cc*kx"3+3/2%a"2%d*cT2%x"2+a"2%c " 3*x+6/f " 2xb*a*c 2*d*1n (1-I*exp (I* (f*x+e)
) ) *e+6/f"3*b*xe”2*xa*ckd~2*1n (1+I*exp (I* (f*x+e)))-6/f 2xbkaxc™2*xd*1n (1+I*exp (
Ix(fxx+e)))*e-6/f*xbxd~2*c*a*xln(1+I*exp (I*(f*x+e)))*x"2-12%I/f"2%xb~2*c*d " 2*e
*xx+4*1/f"4xbxa*xd~3*e"3*arctan (exp (I* (f*x+e)))+6*%I/f 2*b*a*c~2xd*polylog(2,-
Ixexp(Ix(f*xx+e)))-6xI1/f " 2*¥b*axc~2*d*polylog(2, I*exp(I*(fxx+e)))-6+I/f"2xbxd
~3xax*polylog(2, I*exp(I*(f*xx+e)))*x"2+6%I/f 2xb*d~3*a*polylog(2,-I*exp(I*(f*
x+e) ) ) *x~2+12/£f"3xb*d"3*a*xpolylog(3, I*xexp(I*(f*x+e)))*x+6/f"3*%b~2xd"3*1n(1-
I*xexp (I*(f*xx+e)) ) *exx+6/f " 3*%b~2*%d"3*1n (1+Ixexp (I* (f*x+e))) *e*x-2/f*b*xd"3*a*
1n(1+I*exp(I*(f*xx+e)))*x~3+2/f*bxd"3*a*1ln(1-I*xexp (I*(f*x+e)))*x~3-12+I/f 3%
bxa*c*d~2xe~2*arctan (exp(I*(f*xx+e)))+12*I/f~2%b*d~2*c*a*polylog(2,-I*exp (I*
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(fxx+e)) ) *x-12%I/f"2%bxd~2*c*a*polylog(2, I*xexp (I* (f*x+e)))*x+12+I/f " 2xb*axc
~2xd*e*arctan (exp (I*(f*x+e)))-6/f"3*%b"2xexd " 3*1n(1+exp(2xI* (f*x+e)))*x-12/f
~3*b*d~2*c*a*polylog(3,-I*exp (I*(f*x+e)))+3/f 4xb~2xd"3*x1n(1-I*exp(I*(f*x+e
)) ) *e~2-3/f"4%b"2%e~2*d"3*1n (1+exp (2*xI* (f*x+e)))+3/f~2%b"2xc~2*d*1n (1+exp(2
*Ix (£xx+e)))+3/£74*%b"2xd"3*1n (1+I*exp (Ix (f*x+e))) *e”2+3/f"2xb~2+d"3*1n (1-I*
exp (Ix(fxx+e)))*x"2-6/f"2xb~2*c~2*d*1n(exp (I* (f*x+e)))+3/£"2%b"2xd~3*1n (1+I
xexp (I* (f*x+e)) ) *x"2-6/f"4*b"2*d"3*e~2*1n (exp (I* (f*x+e)))-2xI/f*b"2*d"3*x~3
+4%1/f"4%b~2%d"3%e~3-3*I1/f"3*xb~2xc*xd~2*polylog(2,-exp(2*I* (f*x+e)))+1/4%a"2
*d"3%x"4+1/4%a"2/dxc"4+3+1/f"4*b"2%exd"3*polylog(2,-exp (2*I* (f*x+e)))-6xI1/f
~3%b~2*d"3*polylog(2,-Ixexp (I*(f*x+e)))*x

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1823 vs. 2(311) = 622.

Time = 0.38 (sec) , antiderivative size = 1823, normalized size of antiderivative = 5.01

/(c + dz)?(a + bsec(e + fx))? dx = Too large to display

[In] integrate((d*x+c) ~3*(at+b*sec(f*x+e))~2,x, algorithm="fricas")

[Out] 1/4%(24xI*a*b*d~3*cos(f*x + e)*polylog(4, I*cos(f*x + e) + sin(f*x + e)) +
24*I*axbxd~3*cos(f*x + e)*polylog(4, I*cos(f*x + e) - sin(f*x + e)) - 24xIx
a*b*d~3*cos(f*x + e)*polylog(4, -I*cos(f*x + e) + sin(fxx + e)) - 24*I*a*bx
d~3xcos(f*x + e)*polylog(4, -Ixcos(f*x + e) - sin(f*x + e)) - 12%(Ixaxb*d”3
*£72%x"2 + Ikxaxbxc™2xd*f~2 - I*b"2kckd"2*f + I*(2xaxbxcxd™2xf~2 - b~2xd"3*f
)*x)*cos (f*x + e)*dilog(I*cos(f*x + e) + sin(f*x + e)) - 12 (I*a*xb*d~3xf 2%
X"2 + Ixaxbxc™2xd*f~2 + I*b~2kckd~2*f + I*(2xaxbxcxd~2*xf72 + b~2xd~3*f)*x)*
cos(f*x + e)*dilog(I*cos(f*x + e) - sin(f*x + e)) - 12%(-I*a*b*d~3*f 2%x"2
- Ixaxb*c™2kd*f~2 + I*b~2xc*xd~2*f - Ix(2*axb*xc*d™2*xf72 - b~2*d~3*f)*x)*cos(
fxx + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 12%(-I*axbxd~3*f~2*x"2 - I
*xaxbkxc"2xd*xf72 - I*b~2kckd"2*%f - I*(2xaxbxcxd~2*xf72 + b~2xd~3*f)*x)*cos(f*x
+ e)*dilog(-Ixcos(f*x + e) - sin(f*x + e)) - 2%(2%a*b*d"3*e~3 - 2*axbxc~3*
73 - 3*%b72*%d"3%e”2 + 3% (2xaxbxc”2xd*e — b~2%xc"2*xd)*f"2 - 6x(axbkckd 2*e”2
- b~2*kcxd"2*xe) *f)*xcos(f*x + e)*log(cos(f*x + e) + I*sin(f*x + e) + I) + 2x(
2*%a*xb*d"3%e”3 - 2%a*b*c”3*f"3 + 3*%b72+%d"3%e”2 + 3% (2xaxbxc"2xd*e + bT2*kc”2x
d)*£f72 - 6%(axb*xc*d"2*e”2 + b~2kcxd"2xe)*f)*cos(f*x + e)*log(cos(f*x + e) -
Ixsin(f*x + e) + I) + 2% (2*%a*xb*d~3*f~3*x"3 + 2%a*b*d~3%e”3 + 6*a*xb*c~2*d*e
*f72 - 3%b"2%d"3*%e”2 + 3% (2%axbxc*xd"2+f"3 + b~2xd"3*f72)*x"2 - 6% (axbxcxd"2
*xe”2 - b72xcxd"2%e)*f + 6% (a¥bkcT2xd*f"3 + bT2%ckd"2*xf72)*x)*cos(f*xx + e)*1
og(Ixcos(f*x + e) + sin(f*x + e) + 1) - 2%(2*%a*xb*d~3*f~3*x"3 + 2%a*xb*d~3*e”
3 + B*axbkc"2*kd*e*f"2 + 3*%b72*%d"3%e”2 + 3% (2xaxbxckd"2*f"3 - bT2xd"3*f"2) *x
"2 - 6x(axb*c*d"2%e”2 + b~2xc*xd"2xe)*f + 6% (axbxcT2xd*f~3 - b~ 2xckd"2xf72)*
x)*cos(f*x + e)*log(I*cos(f*x + e) - sin(f*x + e) + 1) + 2x(2*kaxbxd~3*f 3*x
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"3 + 2*axb*d"3*%e”3 + 6xaxbxc”2*d*e*f"2 - 3*b"2%d"3%e”2 + 3% (2*axbkckd"2*xf"3
+ b72x%d"3*f"2) *x"2 — 6k (a*bkxcxd"2%e”2 - b~ 2xckd"2*e)*f + 6% (ax*bxc”2xd*xf"3

+ b"2%c*kd"2x£72) *x) *cos(f*x + e)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) -

2% (2*axbxd"3*f"3*%x"3 + 2*axb*d"3*e”3 + 6*axbkc 2xd*exf"2 + 3*%b~2*d"3*e”2 +

3x (2*%axbkc*d~2*f~3 - b~2*d"3*f"2)*x"2 - 6% (axb*cxd"2*xe”~2 + b"2xckd"2*xe) *f +
6% (a*b*c™2xd*f~3 - b~ 2xc*d"2*f~2)*x)*cos(f*x + e)*log(-I*cos(f*x + e) - si
n(f*x + e) + 1) - 2% (2*xaxb*d"3*e~3 — 2*a*b*c”3*f"3 - 3*%b~2*xd"3*e”2 + 3*(2*a
*bxc~2xd*e - b~2%xc"2*d)*f~2 - 6% (axbxcxd"2%e”2 - b~ 2kc*d"2xe)*f)*cos(fxx +

e)*xlog(-cos(f*x + e) + Ixsin(f*x + e) + I) + 2x(2*a*b*d~3%e”3 - 2¥axb*c~3*f
3 + 3*b"2+%d"3*e”2 + 3*(2xaxbk*c”2*d*e + bT2*c"2xd)*f"2 - 6x(axbkc*d"2xe"2 +
b~2%c*d"2%e) *f) *cos(f*x + e)*log(-cos(f*x + e) - Ixsin(f*x + e) + I) - 12x%
(2xaxb*d~3*fxx + 2%axbxcxd~2*f - b~2xd~3)*cos(f*x + e)*polylog(3, I*cos(f*x
+ e) + sin(f*x + e)) + 12+ (2xaxbxd"3*f*x + 2kaxb*cxd~2*xf + b~2*d~3)*cos(f*
x + e)*xpolylog(3, I*cos(f*x + e) - sin(f*x + e)) - 12x(2kaxbxd~3*f*x + 2x%ax
bxcxd~2xf - b~2xd"3)*cos(f*x + e)*polylog(3, -I*cos(f*x + e) + sin(f*x + e)
) + 12%(2xaxb*d”~3*xf*x + 2%axbxcxd"2*f + b~2xd~3)*cos(f*x + e)*polylog(3, -I
xcos(f*x + e) — sin(f*x + e)) + (a™2*xd"3*f"4*x"4 + 4*xa”2%c*d~2*xf"4*x"3 + 6%
a~2xcT2xd*fT4*x"2 + 4*a"2xc”3xf"4*x)*cos(fxx + e) + 4x(b"2+%d"3*xf"3*x"3 + 3%
b~ 2xcxd"2*%f"3*x"2 + 3*b"2kc"2xd*f"3*x + b"2*%c"3*f"3)*sin(f*x + e))/(f"4*cos
(f*xx + €))

Sympy [F]
/(c + dz)3(a + bsec(e + fz))*dxr = / (a + bsec (e + fz))? (c + dz)® dz

[In] integrate((d*x+c)**3*(atbxsec(f*x+e))**2,x)

[Out] Integral((a + bx*sec(e + f*xx))**2x(c + d*x)**3, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 3267 vs. 2(311) = 622.

Time = 0.72 (sec) , antiderivative size = 3267, normalized size of antiderivative = 8.98

/(c + dz)?(a + bsec(e + fx))? dx = Too large to display

[In] integrate((d*x+c) ~3*(atb*sec(f*x+e))~2,x, algorithm="maxima")

[Out] 1/4*x(4x(fxx + e)*a”2xc”3 + (f*x + e) 4*xa~2x%d"3/f"3 - 4*x(f*x + e) " 3*%a~2xd"3x*
e/f~3 + 6x(f*x + e) 2*%a~2*%d"3%e"2/f"3 - 4*x(f*xx + e)*a”~2xd"3*%e~3/f"3 + 4x(fx*
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X + e)73*%xa”"2*c*d"2/f72 - 12+ (f*x + e) "2*a"2xcxd"2*e/f"2 + 12 (f*x + e)*a”2%
cxd"2%e”2/f72 + 6k (f*x + e) " 2%a"2%c”2xd/f - 12%(fxx + e)*a~2xc"2xd*e/f + 8%
a*bxc~3*log(sec(f*x + e) + tan(f*x + e)) - 8*axbxd"3*e"3*log(sec(f*x + e) +
tan(f*x + e))/f73 + 24xaxb*c*d”2*e"2xlog(sec(f*x + e) + tan(f*x + e))/f"2
- 24xaxbxc”2xdxexlog(sec(f*x + e) + tan(f*x + e))/f - 4x(4*b"2*d"3*e”3 - 12
*b~2xckd"2%e"2xf + 12+%b72xc”2kd*e*f"2 — 4xbT2%c”3*f"3 + 4% ((fxx + e) " 3*axbx
d"3 - 3*(axb*d"3*e - axbkc*d " 2xf)*(f*x + e)~2 + 3*(axbxd"3*e”2 - 2*xaxbkc*d~
2%exf + axb*c 2xdxf~2)*(f*x + e) + ((fxx + e) " 3*axbxd~3 - 3*(axbxd"3*e - ax
bxcxd"2*f)* (f*x + e)~2 + 3k (axbxd"3*e”2 - 2*axbkckd”"2*exf + axbxc~2xd*xf~2)x*
(fxx + e))*cos(2*xf*x + 2xe) + (I*x(fxx + e) 3*axbxd~3 + 3*(-I*a*b*d"3xe + Ix*
axbxcxd"2*f) % (fxx + e)”2 + 3x(I*a*b*d~3*e”2 - 2*Ixaxbkxc*d 2*exf + I*a*xb*c~2
*d*f"2) % (fxx + e))*sin(2xfxx + 2xe))*arctan2(cos(f*x + e), sin(f*xx + e) + 1
) + 4x((f*x + e) " 3*axbxd~3 - 3*(axbxd"3*e - axbxckxd"2*f)*(fxx + e)~2 + 3*(a
*b*d"3*%e”2 - 2kaxbkckxd 2xexf + axbkxcT2*d*f"2)*x(f*x + e) + ((f*x + e) " 3*axb*
d~3 - 3x(a*b*d"3*e - akxbkc*d"2xf)*(f*x + e)~2 + 3*(axbxd"3*e”2 - 2xaxbkc*d~
2%exf + axbkxc”2xd*xf~2)*x(f*x + e))*cos(2*xf*xx + 2xe) + (Ix(f*x + e) " 3*axb*d”3
+ 3% (-I*axb*d"3*e + Ikxaxb*cxd 2xf)*(f*x + e)”~2 + 3*(I*axbkd"3*e”2 — 2*I*a*
bxckd"2%exf + Ikxaxbxc™2xd*f~2)*(f*xx + e))*sin(2xf*x + 2xe))*arctan2(cos(f*x
+ e), -sin(f*x + e) + 1) - 6%((f*x + e)"2*xb"2*%d"3 + b~2*%d"3*e”2 - 2*b~2*cx*
d"2xexf + b"2xc"2*d*f"2 - 2% (b"2*d"3*%e — b 2xckd"2*f)*(f*x + e) + ((f*xx + e
)"2xb"2%d"3 + b”2*%d"3*%e”2 - 2%b"2xckd"2kexf + bT2kcT2xd*f"2 - 2% (b"2*%d"3*e
- b7 2xckd"2+f) *(f*xx + e))*cos(2xf*x + 2xe) — (-I*(f*xx + e) 2%b"2*xd"3 - I*b~
2%d"3*%e”2 + 2xI*xb~2xckxd"2%e*xf - I*b~2kxc™2xd*xf~2 + 2% (I*b~2*%d"3*e - I*b~2*cx*
d"2xf)*x(fxx + e))*sin(2*f*x + 2%e))*arctan2(sin(2*xf*xx + 2%e), cos(2xf*xx + 2
xe) + 1) + 4x((f*x + e)~3*%b"2%d"3 - 3*(b"2*d"3*%e — b~ 2xcxd " 2xf)*(f*x + e)~2
+ 3% (b72%d"3%e"2 - 2%b"2%ckd"2%e*xf + bT2xc 2xd*f"2)*(f*x + e))*cos(2xfxx +
2xe) + 6% ((f*x + e)*b"2+%d"3 - b"2*%d"3*e + b"2*c*d"2xf + ((f*x + e)*b~2%d"3
- b72xd"3*e + b~ 2xckd"2*f)*cos(2*f*x + 2xe) + (I*x(f*xx + e)*b~2*xd"3 - I*b~2
*d"3*e + I*b~2xcxd~2*f)*sin(2*f*x + 2xe))*dilog(-e~ (2xIxfxx + 2xIxe)) + 12%
((fxx + e) 2*a*b*d"3 + axbxd~3*e”2 - 2kaxbkc*d”~2*e*xf + axbxc™2xd*xf~2 - 2x(a
xb*d"3%e - axbkcxd"2xf)x(fxx + e) + ((f*x + e) 2%a*bxd”~3 + a*bxd~3*e~2 - 2%
axbxcxd"2kxe*xf + axbkxc™2*d*f~2 - 2% (a*b*d"3*e - axbxcxd"2*f)*(f*x + e))*cos(
2+%fxx + 2%e) + (Ix(f*x + e) 2xaxb*d™3 + I*axb*d~3*e~2 — 2*I*axbxcxd”™2*exf +
Ixaxbxc ™ 2+%d*f~2 + 2% (-I*axbkd"3*e + I*axbkxc*d ™ 2xf)*(f*x + e))*sin(2*f*xx +
2xe))*dilog(Ixe~ (Ixfxx + Ike)) - 12x((f*x + e) 2%a*xbxd~3 + a*b*xd~3*e”2 - 2%
axbxcxd~2*xe*xf + axbkxc 2*xd*f~2 - 2*(a*b*d"3*e - axbxcxd"2*xf)*(fxx + e) + ((£f
*xX + e) 2%axbxd"3 + a*b*xd"3*e”2 - 2*axbxckd"2*exf + axbkcT2*xd*f"2 - 2% (axbx*
d"3*e - axbkckd"2*f)*(f*x + e))*cos(2*f*x + 2xe) - (-Ix(f*x + e) 2xaxb*xd"3
- Ixaxbxd"3*e”2 + 2kI*axbxckxd 2ke*xf - Ixaxbkxc 2+xd*f~2 + 2% (I*axbxd"3*e - Ix
axbxcxd~2*f) *(fxx + e))*sin(2*f*x + 2xe))*dilog(-Ixe” (I*f*x + I*xe)) + 3*(Ix
(f*x + e)72%b"2%d"3 + I*b"2*xd"3*e"2 - 2*I*b~2%c*d"2ke*xf + I*b~2xc~2xd*f~2 +
2% (-I*b~2*%d"3*%e + I*b~2xckd~2*f)*(f*x + e) + (I*x(f*x + e) 2%b"2%d"3 + I*b~
2%d"3*%e”"2 - 2xI*xb~2xckxd"2*e*xf + I*b~2kc~2xd*xf~2 + 2% (-I*b~2*%d"3*e + I*xb~2*c
*d"2xf) % (f*x + e))*cos(2xfxx + 2%e) - ((f*x + e) 2*xb"2*d"3 + b~2*xd"3*e”2 -
2*%b"2kckd"2xexf + b 2xcT2*d*f72 - 2% (b"2%d"3*e - b 2xckd"2*f) % (f*x + e))*si
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n(2*f*x + 2xe))*log(cos(2*f*x + 2%e)~2 + sin(2xfxx + 2%e)~2 + 2xcos(2xf*x +
2%xe) + 1) + 2% (Ix(f*x + e) 3*axb*d”3 + 3*x(-I*a*b*d"3*e + I*axbxcxd 2*f)*(f
*x + e)”2 + 3x(I*axb*d~3*xe”2 - 2*Ixaxbxckd 2%exf + Ikxaxb*xc ™ 2xd*xf~2)*(fxx +
e) + (Ix(f*x + e) 3xaxb*d”3 + 3*(-I*axbkd"3*e + Ixaxbkxckxd™2*f)*(f*x + e)~2
+ 3% (Ixaxb*d~3%e~2 - 2*Ikaxbxckxd 2kexf + Ixaxbkxc 2xd*xf~2)*(f*x + e))*cos(2*
f*xx + 2%e) - ((f*xx + e) 3*axbxd"3 - 3*(axbxd"3*e - axbkc*d™2*f)*(f*x + e)”2
+ 3*x(axbxd"3*e”2 - 2*xaxbkckd " 2xexf + axbxc”2xd*f"2)*(fxx + e))*sin(2xf*x +
2*xe))*xlog(cos(f*xx + €)72 + sin(f*x + e)~2 + 2xsin(f*x + e) + 1) + 2x(-Ix(f
*x + e) 3kaxbkd"3 + 3x(I*xaxb*xd~3*e - I*axbkckd 2xf)*(f*x + e)~2 + 3*(-I*ax*b
*d"3*%e”2 + 2kI*axbkxckxd 2xexf - I*axb*c™2xd*f~2)*x(fxx + e) + (-I*(f*x + e)~3
*axbxd~3 + 3x(I*axb*d"3*e — I*axbkcxd 2*xf)*(f*x + e)”2 + 3x(-I*a*b*d~3*e”2
+ 2%Ixaxbxckd™2%exf — Ikxaxb*xc™2xd*f~2)*(fxx + e))*cos(2xf*x + 2xe) + ((f*x
+ e) " 3xaxbxd"3 - 3x(axb*d"3*e - axbkckd"2xf)*x(f*x + e)~2 + 3*(axbxd"3*e”2 -
2xaxbkckd"2xexf + a¥xbxc”2xd*f"2)*(f*x + e))*sin(2*f*x + 2%e))*log(cos(f*x
+ e)”2 + sin(f*xx + e)72 - 2*sin(f*xx + e) + 1) - 24*x(axb*d"3*cos(2xf*x + 2xe
) + Ikaxbxd~3*sin(2xfxx + 2%e) + axbxd~3)*polylog(4, I*xe” (I*xf*xx + Ixe)) + 2
4x(axbxd~3*cos(2xfxx + 2%e) + I*axbxd~3*sin(2xf*x + 2%e) + axbxd~3)*polylog
(4, -Ixe” (I*f*x + I*e)) + 3x(I*b~2*%d"3*cos(2*f*x + 2%e) — b~ 2xd~3*sin(2*f*x
+ 2xe) + I*b~2*%d"3)*polylog(3, -e~ (2xIxfxx + 2%I*xe)) + 24x(Ix(f*x + e)*axb
*d~3 - I*a*xbxd~3*e + I*axbxcxd™2+f + (Ix(f*x + e)*axb*d™3 - Ixaxb*d"3*e + I
xa*xbkxckxd~2xf)xcos (2%f*x + 2%e) - ((fxx + e)*a*xb*d~3 - axb*d~3*e + axbxc*d™2
*xf)*sin(2*f*x + 2xe))*polylog(3, Ixe~ (Ixf*x + I*xe)) + 24x(-I*(f*x + e)*axbx
d"3 + Ixaxb*d"3*e - I*axb*c*d~2xf + (-I*(f*x + e)*axbxd~3 + I*axbxd"3*e - I
xaxbxcxd"2+f)*xcos (2xf*x + 2xe) + ((f*x + e)*a*b*d~3 - a*b*d"3*e + a*b*c*xd~2
*xf)*sin(2*f*x + 2xe))*polylog(3, -I*e” (I*xf*xx + Ixe)) + 4x(Ix(f*x + e)~3*xb~2
*d"3 + 3*%(-I*b"2*xd"3*e + I*b " 2*cxd"2*f)*(fxx + e)”2 + 3*(I*b~2*xd"3*xe”2 - 2%
Ixb~2%c*d " 2xexf + I*b~2xc™2xd*f~2)*(f*x + e))*sin(2*f*x + 2xe))/(-2*%I*f"3*c
0s(2xfxx + 2%e) + 2xf"3*sin(2xf*xx + 2%e) - 2xI*f~3))/f

Giac [F]

/(c + dz)3(a + bsec(e + fz))?dzx = / (dz 4 ¢)®(bsec (fz + €) + a)’ d

[In] integrate((d*x+c) ~3*(a+b*sec(f*x+e))”2,x, algorithm="giac")
[Out] integrate((d*x + c) 3*(bxsec(f*x + e) + a)~2, x)



Mupad [F(-1)]

Timed out.
2 b\ 3
/(c+dx)3(a+bsec(e+fx)) dr = / (a—l— m) (C+d£11) dx

[In] int((a + b/cos(e + f*xx))~ 2x(c + d*x)~3,x)
[Out] int((a + b/cos(e + f*x)) 2%(c + d*x)~3, x)
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Maple [B] (verified) . . . . . . . . . . 216
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .. ..... 216!
Sympy [F] . o o o 217
Maxima [B] (verification not implemented) . . . . . . . .. ... .. .. L. 217
Giac [F] . . . o o 2719
Mupad [F(-1)] . . . oo 219

Optimal result

Integrand size = 20, antiderivative size = 257

_ib*(c + dx)? N a*(c+ dx)3
f 3d
4iab(c + dx)? arctan (ei(e” x))
f .
2b%d(c + dz) log (1 + e2(e+/2))
IZ

4iabd(c + dz) PolyLog (2, —ie'c*/2))

_|_
Iz
4iabd(c + dz) PolyLog (2, ie'(c*/2)
IZ

ib?d? PolyLog (2, —e2iletf ””))
_ A

4abd? PolyLog (3, —ie'(ct/2))
_ B

4abd? PolyLog (3, jeiletf w))
T 3

f
b%(c + dz)? tan(e + fx)
f

/(c +dz)*(a + bsec(e + fr))*dx =

[Out] -Ixb~2%(d*x+c) 2/f+1/3*a~2*(d*x+c) ~3/d-4*I*axb*(d*x+c) “2*arctan(exp (I*(f*xx+
e)))/f+2xb~2xd* (d*x+c) *1n(1+exp (2*I* (fxx+e))) /£~ 2+4*Ixaxb*xd* (d*x+c) *polylog
(2,-Ixexp (I*(f*x+e)))/f~2-4xIxaxb*d* (d*x+c)*polylog(2, I*exp(I*(f*x+e)))/f~2
-I*b~2*d"2xpolylog(2,-exp(2*I* (f*x+e)))/f~3-4*axb*xd~2*polylog(3,-I*exp(I*(f
xx+e))) /£~ 3+4*axbxd~2*polylog(3, I*exp (I*(f*x+e))) /£~3+b" 2% (d*x+c) "2*tan (f*x

+e)/f
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 257, normalized size of antiderivative = 1.00,

number of steps used = 14, number of rules used = 10, number of rules _ 0.500, Rules
integrand size

used = {4275, 4266, 2611, 2320, 6724, 4269, 3800, 2221, 2317, 2438}

a®(c+dz)®  4iab(c+ dz)? arctan (e(¢T/2))
3d f

4iabd(c + dz) PolyLog (2, —ie'(ct/2)

+
72

4iabd(c + dz) PolyLog (27 iei(e-l—fz))
_ o

4abd? PolyLog (3, —ie'(c+/2))
_ A

4abd? PolyLog (3, jeiletf w))
+

73
2v%d(c + dx) log (1 + ezi(e+fw))
Iz
b*(c +dz)*tan(e + fz)  ib*(c+dz)?
f | f

ib?d? PolyLog (2, —e%(¢t/2))

_ e

[In] Int[(c + d*xx)~2%(a + b*Sec[e + fx*x])~2,x]

[Out] ((-I)*b~2%x(c + d*x)~2)/f + (a"2*%(c + d*x)~3)/(3*%d) - ((4*I)*a*b*(c + d*x)~2
xArcTan[E~(Ix(e + f*x))])/f + (2xb~2*d*(c + d*x)*Logl[l + E~((2*I)*(e + f*x)
)1)/£72 + ((4%I)*a*b*xd*(c + d*x)*PolyLogl[2, (-I)*E~(Ix(e + f*x))]1)/f72 - ((
4xI)*axbxd*(c + d*x)*PolyLog[2, I*E~(I*(e + f*x))])/f"2 - (I*b~2*d~2*PolyLo

gl2, -E~((2xI)*(e + £f*x))])/£f"3 - (4*axbxd~2*PolyLog[3, (-I)*E~(I*(e + f*x)
)1)/£7°3 + (4*xaxbxd~2*PolyLog[3, I*E~(Ix(e + f*x))])/£f73 + (b~2*(c + d*x) 2%
Tan[e + f*xx])/f

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*x(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, 0]

/(c + dz)*(a + bsec(e + fx))’dr =

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
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)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)]1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)“m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) "n]/(b*c*n*xLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x1, x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, 0]

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2*Ix(e
+ f*x))/(1 + ET(2xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 4266

Int[cscl(e_.) + Pi*x(k_.) + (£_.)*(x_)]*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol
1 :> Simp[-2*(c + d#*x) “m*(ArcTanh[E~ (I*k*Pi)*E~(I*(e + f*x))]1/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)"(m - 1)*Logl[l - E~(Ixk*Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x]1) /; FreeQ[{c, d, e, £}, x] && IntegerQ[2*k] && IGtQ[m, 0]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*
Cot[e + f*x], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

Rule 4275
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Int[(cscl(e_.) + (f_.)*(x_)]*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] && IGtQ[n, 0]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
> €, I, p}, X] && EqQ[b*d, a*e]

Rubi steps

integral = / (a*(c+ dz)? + 2ab(c + dz)* sec(e + fz) + b*(c + dz)?sec’(e + fz)) dz

2 3
= LD 4 oat) [0+ desocte+ fa)da 48 [ (o4 do)Pseci(c + f2) da
_a?(c+dx)®  4iab(c+ dx)? arctan (e/H/?))
3 f
Ple-+do)tan(e + fz) _ (dabd) f (e + da)log (1 —ie*+32) d
f f
N (4abd) [(c+ dz)log (14 ie“™/®)) dz  (2b2d) [(c + dz)tan(e + fz)dx
f f
b (c+dx)? + a®(c+dz)®  4iab(c + dz)? arctan (ei(e+fz))
f 3d f
4iabd(c + dz) PolyLog (2, —ie!“*#?)  4iabd(c + dz) PolyLog (2, ie’**/?))
+ Z — 7
N b*(c + dz)*tan(e + fz)  (4iabd®) [ PolyLog (2, —ie!etf)) da
d S (et f2)
. . 6272 et+fz ct+dx
(4iabd?) [ PolyLog (2,ie'+/2)) dz  (4ib?d) [ —1+62i(e(+;-ag ) dx
+ 5 +
f f
_ib?(c+dx)? N a®(c+dz)®  4diab(c+ dz)? arctan (e'+/2)
f 3d f
2b2d(c + dx) log (1 + e2i(e+fx)> 4iabd(c 4 d:L') PolyLog (2’ _iei(e—i-f:c))
+ +
f? 12
4iabd(c + dz) PolyLog (2,ie'®+/®))  p2(c 4 dz)?tan(e + fz)
_ d n
f f
(4abd2) Subst <f %@Wm d:l}, z, ei(e+fx)>
_ 7

(4abd?) Subst (f POvLoB242) oy g, ei(e+f””)) (26%d2) [ log (1 + (1)) dg
3 o f2

_|_
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ib*(c+ dzx)? N a®(c+dz)®  4diab(c+ dz)? arctan (e+/2)
f 3d [
2b2d(c + d:c) log (1 + eZi(e—i-fac)) 4iabd(c + d:c) PolyLog (2’ _iei(e-‘rfa:))
_|_
f? 2

4iabd(c + dz) PolyLog (2,i€**/*))  4abd? PolyLog (3, —ieit/®)
— o _ S
4abd? PolyLog (3,i€/©H™))  B(c + dz)? tan(e + fz)

3 +
f f
(it2d?) Subst [ 5042 4y, 7, e2ie+1) )
73
ib? (C + dCL‘)2 n a? (C + d$)3 4iab(c + da:)2 arctan (ei(e+fx))
f 3d [
2b%d(c + dz) log (1 + €*(¢+/®)  4iabd(c + dz) PolyLog (2, —ie't/2))
+
f? 2

4iabd(c + dz) PolyLog (2, ie'+/®))
_ o

ib?d? PolyLog (2, —e%(©+/2)  4abd? PolyLog (3, —ie'c+/2)
_ 5 _ :

4abd? PolyLog (3,i€/©H™))  b(c + dz) tan(e + fz)

f? " f

+

Mathematica [A] (verified)

Time = 1.54 (sec) , antiderivative size = 356, normalized size of antiderivative = 1.39

/(c +dz)*(a + bsec(e + fz))* dzx
 3a fix — 3ib?d? f2a? + 3a’cdf3a? + a’d® f31® — 24iabedf?x arctan (€"T/™)) — 12iabd® f24? arctan (¢

[In] Integrate[(c + d*x)~2*x(a + bxSec[e + f*x])~2,x]

[Out] (3*a”2*c™2*f"3*xx — (3*I)*b~2*d"2+f 2%xx"2 + 3*a~2xcxd*f~3*x"2 + a”~2*%d 2*f 3%
x"3 - (24xI)*a*b*cxdxf~2*x*ArcTan[E~(I*(e + f*x))] - (12*I)*a*b*d~2*xf " 2*x"2
*ArcTan[E~(I*x(e + f*x))] + 6*a*b*c™2xf 2kArcTanh[Sin[e + f*x]] + 6*%b~2*d~2x*
fxx*Log[l + ET((2*%I)*(e + f*x))] + 6%b~2*xcxd*f*Log[Cos[e + f*xx]] + (12%I)*a
*xbxd*f*(c + d*x)*PolyLog[2, (-I)*E~(I*(e + fxx))] - (12%I)*axbxd*xfx(c + d*x
)*PolyLog[2, I*E~(Ix(e + f*x))] - (3*I)*b~2*d"2*PolyLog[2, -E~((2*I)*(e + f

*x))] - 12%axb*d~2*PolyLog[3, (-I)*E~(Ix(e + fx*x))] + 12xa*xb*d~2*PolyLogl[3,
I*E~(I*x(e + f*xx))] + 3*b~2xc"2*%f"2xTan[e + f*x] + 6*b~2*cxd*xf~2*x*Tan[e +

fxx] + 3%xb~2%d~2*f " 2%x"2*Tan[e + f*x])/(3%f~3)
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 661 vs. 2(232) = 464.

Time = 1.38 (sec) , antiderivative size = 662, normalized size of antiderivative = 2.58

method | result

4ab d? polylog (3,ie’(fz+e)) 4ab d? polylog(3,—ie!(fz+e))

4bacd ln(l—iei(f“H'e))e

4iba d? polylog

risch 75 = + a’dcx?® + a’cPx + =

]

[In] int((d*x+c) "2x(at+bxsec(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] -4*a*b*d~2*polylog(3,-I*exp(I*(f*x+e)))/f ~3+4*a*b*d~2*polylog(3,I*xexp (I*(fx*

x+e)))/£73-I*%b~2*d"2*polylog(2,-exp (2*I* (f*x+e)))/f~3+4/f 2*b*a*xckd*x1n(1-I*
exp (Ix(fxx+e)))*xe—-4*I/f"2xbxa*d~2*polylog(2, I*xexp (I* (f*x+e)))*x+4*I1/f 2%b*a
*d~2*polylog(2,-Ixexp (I* (f*x+e)) ) *x+4xI1/f ~2*¥b*axcxd*polylog(2,-Ixexp (I*(f*x
+e)) ) -4*I/f"2xb*a*xc*kd*polylog(2, I*xexp (I*(f*x+e)))-4*I/f"3xb*xa*xd~2*e~2*arcta
n(exp(I*(f*x+e)))-4/fxb*xa*xckd*x1ln(1+Ixexp (I* (f*x+e)))*x+4/fxb*xa*xckd*x1ln(1-I*e
xp(I*x (f*x+e)) ) *x—4/f " 2*b*axcxd*1n(1+I*xexp (I* (f*x+e)))*e-2/f*b*axd 2x1n(1+I*
exp (Ix(fxx+e)))*x~2+2/fxbxa*xd~2*1n (1-I*xexp (I* (f*x+e))) *x~2+2/f " 3*b*e”~2xd~2x
a*ln(1+Ixexp (I*(f*x+e)))-2/f"3xbxe~2xd"2*a*1ln(1-I*exp (I*(f*xx+e)))-4*xI/f~2xb
~2xd"2%e*xx—-4xI/f*b*axc”2*arctan (exp(I*(f*xx+e)))+a~2*d*c*kx~2+a~2*c"~2%x+1/3*a
“2xd"2%x"3+1/3%a"2/d*c"3+2*I*¥b" 2% (d"2*x"2+2*ckd*x+c”2) /f/ (1+exp (2*%I* (f*x+e)
))+4/£73%b"2xd"2*e*1n (exp (I* (f*x+e)) ) +2/f"2xb~2*c*kd*1n(1+exp (2*I* (f*x+e)) ) -
4/£72%b"2xcxd*1n(exp (I* (f*x+e)))+2/£"2xb~2+%d"2*1n (1+exp (2*I* (f*x+e)) ) *x—-2*I
/E¥b72%d"2xx"2-2%I /£~ 3%b"2*%d"2xe~2+8%I/f " 2xb*a*ckd*exarctan (exp (I* (f*x+e)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1056 vs. 2(220) = 440.

Time = 0.37 (sec) , antiderivative size = 1056, normalized size of antiderivative = 4.11

/(c + dz)?(a + bsec(e + fz))? dz = Too large to display

[In] integrate((d*x+c) 2% (at+b*sec(f*x+e))”2,x, algorithm="fricas")

[Out] -1/3%(6*a*b*d"2*cos(f*x + e)*polylog(3, I*cos(f*x + e) + sin(f*x + e)) - 6%

axbxd~2*cos(f*x + e)*polylog(3, I*cos(f*x + e) - sin(f*xx + e)) + 6*a*xb*xd~2x
cos(fxx + e)*polylog(3, -I*cos(f*x + e) + sin(f*x + e)) - 6*axb*d”~2*cos(f*x
+ e)*polylog(3, -Ixcos(f*x + e) - sin(f*x + e)) + 3% (2*I*axbxd~2*f*x + 2xI
xaxb*xckd*f - I*b~2*d"2)*cos(f*x + e)*dilog(Ixcos(f*x + e) + sin(f*x + e)) +
3% (2*I*axb*xd~2xf*x + 2xIxaxbxckxdxf + I*b~2*xd"2)*cos(f*x + e)*dilog(I*cos(f
*x + e) - sin(f*xx + e)) + 3k (-2xIxaxbkd™2xfxx - 2*Ixaxbkckd*f + I*kb~2%d~2)=*
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cos(f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 3x(-2*I*axbxd~2*f*x -

2xIxaxb*ckd*f - I*b~2*d"2)*cos(f*x + e)*dilog(-I*cos(f*x + e) - sin(f*x + e
)) - 3*(axb*d"2*e”2 + axb*c"2*xf72 - b"2xd"2xe - (2%a*bkckxdxe — b~2kcxd)*f)*
cos(f*x + e)*log(cos(f*x + e) + I*sin(f*x + e) + I) + 3x(a*b*d™2%e”2 + a*bx
c"2xf72 + b"2xd"2%e - (2*axbxckd¥e + b~2*c*d)*f)*cos(f*x + e)*log(cos(f*x +
e) - Iksin(f*xx + e) + I) - 3*(a*b*d™2*xf"2*x"2 - axb*d"2%e”2 + 2*axbxcxd*ex
f + b™2%d"2*%e + (2*axbxc*d*f~2 + b~2*%d"2*f)*x)*cos(f*x + e)*log(I*cos(f*x +
e) + sin(fxx + e) + 1) + 3% (a*xb*d"2*f72+x"2 - axbxd"2*e”2 + 2¥a*bkckxdxexf

- b72xd"2%e + (2*kaxbxckxd*f~2 - b~2*d"2*f)*x)*cos(f*x + e)*log(I*cos(f*x + e
) - sin(f*xx + e) + 1) - 3*%(a*xb*d™2*f72%x"2 - axbxd"2%e”2 + 2¥a*bkckdxexf +
b~2%d"2%e + (2*axbxc*d*f~2 + b~2*%d"2*f)*x)*cos(f*x + e)*log(-I*cos(f*x + e)
+ sin(f*x + e) + 1) + 3x(a*bxd™2+f~2*x"2 - a*b*d"2*e”2 + 2*axbxcxd*exf - b
~2xd"2%e + (2*kaxbxckxd*f~2 - b~2*d"2*f)*x)*cos(f*x + e)*log(-Ixcos(f*x + e)

- sin(f*x + e) + 1) - 3x(a*xb*d™2*e”2 + axb*c™2*xf~2 - b72xd"2*e - (2*axb*cxd
*e — b~ 2xcxd)*f)*cos(f*x + e)*log(-cos(f*x + e) + Ixsin(f*x + e) + I) + 3%(
axbxd~2%e”2 + axb*xc”2*f"2 + b"2*d"2%e - (2xaxb*ckd*e + b~2%c*d)*f)*cos(f*x

+ e)*log(-cos(f*x + e) - Ixsin(f*x + e) + I) - (a~2*d"2xf"3*x"3 + 3*a~2*c*d
*£73%x72 + 3xa”2+%c"2xf73xx)*cos(f*x + e) - 3x(bT2xd"2+f"2*%x"2 + 2%b " 2kckxdxf
“2%x + bT2xc"2*xf72) *sin(f*x + e))/(£73*cos(f*x + e))

Sympy [F]
/(c + dz)?(a + bsec(e + fz))*dzr = / (a + bsec (e + fz))? (c + dz)* dz

[In] integrate((d*x+c)*x2*(atb*sec(f*x+e))**2,x)

[Out] Integral((a + bx*sec(e + f*xx))**2x(c + d*x)**2, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1641 vs. 2(220) = 440.

Time = 0.47 (sec) , antiderivative size = 1641, normalized size of antiderivative = 6.39

/(c + dz)?(a + bsec(e + fz))* dx = Too large to display

[In] integrate((d*x+c) ~2*(a+b*sec(f*x+e))”2,x, algorithm="maxima")

[Out] 1/3*%(3x(fxx + e)*a"2xc”2 + (f*x + e) 3%xa"2x%d"2/f"2 - 3*(f*x + e) ~2%a~2xd~2x*
e/f~2 + 3x(f*x + e)*a~2xd"2%xe"2/f"2 + 3% (fxx + e) 2xa~2xcxd/f - 6*x(f*x + e)
*xa~2xckd*e/f + 6*axbxc”2xlog(sec(f*x + e) + tan(f*x + e)) + 6xaxb*d™2*xe”2x1
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og(sec(f*x + e) + tan(f*x + e))/f"2 - 12*xaxbxc*d*exlog(sec(f*x + e) + tan(f
*x + e))/f + 3*x(2*b"2+%d"2xe”"2 — 4*b"2xckxdkexf + 2xb"2xcT2*%f72 - 2% ((f*x + e
)" 2%a*xb*d~2 - 2k (a*b*xd"2xe - axbxcxdxf)*(f*x + e) + ((f*x + e) " 2*a*xbxd~2 -
2% (axb*d~2*%e - axbxcxd*f)*(f*x + e))*cos(2xfxx + 2xe) + (I*(f*x + e) 2*axbx
d~2 + 2% (-Ixa*bxd"2*e + Ixaxbkcxd*f)*(f*x + e))*sin(2*f*x + 2xe))*arctan2(c
os(fxx + e), sin(f*xx + e) + 1) - 2x((f*x + e) " 2*%axb*d"2 - 2% (axb*d"2xe - ax
bxckd*f)*(fxx + e) + ((f*x + e) 2xaxb*d™2 - 2x(axb*d"2*e — axbkc*d*f)*(f*x
+ e))*cos(2xf*x + 2xe) + (I*(fxx + e) "2%axbxd~2 + 2% (-I*axb*d"2*e + I*axb*c
*dxf)* (fxx + e))*sin(2*xfxx + 2*e))*arctan2(cos(f*x + e), -sin(fxx + e) + 1)
+ 2% ((fxx + e)*b~2*%d"2 - b~2*xd"2*e + b~ 2xcxd*f + ((fxx + e)*b~2xd"2 - b~2*
d"2%e + b~ 2kckd*f)*cos(2*xf*x + 2xe) — (-I*(f*x + e)*b~2*xd"2 + I*b~2*xd"2*e -
I*xb~2%c*d*f) *sin(2xf*x + 2*xe))*arctan2(sin(2*f*xx + 2*xe), cos(2*xf*x + 2%e)
+ 1) - 2x((f*x + e)~2*xb"2%d"2 - 2x(b"2*%d"2*e — b 2*cxd*f)*(f*x + e))*cos(2*
fxx + 2%e) - (b"2*%d"2*cos(2*f*x + 2%e) + I*b"2*xd"2xsin(2*f*x + 2%e) + b~ 2*d
~2)*dilog(-e~ (2*xIxfxx + 2%Ixe)) - 4x((f*xx + e)*a*xb*d™2 - axb*d™2%e + axb*cx
d*f + ((fxx + e)*axbxd”2 - axbxd~2*e + axbxckxd*f)*cos(2xf*x + 2xe) + (I*(f*
X + e)*axb*xd™2 - Ixaxb*d~2%e + I*a*bkcxdxf)*sin(2*f*x + 2xe))*dilog(Ixe” (I*
f*xx + I*xe)) + 4x((f*x + e)*axbxd™2 - axbxd"2*e + axbxckxd*f + ((fxx + e)*axb
*d"2 - a*b*d”"2%e + axbxckxdxf)*cos(2*f*x + 2%e) - (-I*x(f*x + e)*a*xb*d™2 + Ix*
axbxd~2%e - Ikaxbkckd*f)*sin(2xf*x + 2%e))*dilog(-I*e~ (I*f*x + I*e)) + (-Ix
(f*x + e)*b"2%d"2 + I*b~2xd"2xe — I*b~2*c*d*f + (-I*(f*x + e)*b~2x%d"2 + I*b
“2xd"2%e - Ixb~2kckd*f)*cos(2*xf*x + 2xe) + ((f*x + e)*b"2%d"2 - b"2+%d"2*xe +
b~2%c*d*f) *sin(2xf*x + 2%e))*log(cos(2xf*x + 2%e)~2 + sin(2*f*x + 2%e)~2 +
2xcos (2xf*x + 2xe) + 1) + (I*x(f*x + e) " 2*%a*xb*d~2 - 2k (-I*axbxd~2%e + Ixax
bxcxd*xf)* (f*x + e) + (-I*(f*x + e) "2*xaxb*xd~2 - 2% (-I*axb*d"2%e + I*axbxcxd*
f)*(f*xx + e))*cos(2*xf*xx + 2%e) + ((f*x + e) 2xaxb*d~2 - 2x(axbxd~2%e - axbx
ckd*f) *(f*x + e))*sin(2xf*xx + 2xe))*log(cos(f*x + e)”2 + sin(f*x + e)”2 + 2
xsin(f*x + e) + 1) + (I*x(fxx + e) 2*axbxd”2 - 2% (I*axb*d"2%e - Ixaxbkc*d*f)
*(fxx + e) + (Ix(f*x + e) " 2xaxb*d™2 - 2x(I*a*xbxd~2xe - I*axbxckd*f)*(fxx +
e))*cos(2xfxx + 2xe) - ((f*x + e) " 2*axbxd™2 - 2x(axb*d"2*e - axbkxckdx*f)x*x(fx*
x + e))*sin(2xf*x + 2*e))*log(cos(f*x + e)"2 + sin(f*x + e)”2 - 2*sin(f*x +
e) + 1) - 4x(Ixaxbxd"2*cos(2xf*x + 2%e) — a*b*d"2*xsin(2*f*x + 2xe) + I*axb
*d~2) *polylog(3, I*xe” (I*xf*xx + Ixe)) - 4x(-I*a*xbxd"2xcos(2xf*x + 2%e) + a*bx
d"2*xsin(2xf*x + 2%e) - Ixaxbxd~2)*polylog(3, -I*e” (Ixfxx + Ixe)) - 2x(I*(fx*
X + e)"2xb"2x%d"2 + 2% (-I*b"2*%d"2*%e + I*b"2xckd*f)*(f*x + e))*sin(2xf*xx + 2%
e))/(~Ixf~2xcos (2xf*x + 2%e) + f 2*sin(2*f*xx + 2%e) - I*xf~2))/f



Giac [F]
/(c + dz)?(a + bsec(e + fz))? dz = / (dz 4 c)*(bsec (fz + e) + a)’ dx

[In] integrate((d*x+c) 2*(atb*sec(f*x+e))”2,x, algorithm="giac")

[Out] integrate((d*x + c) 2*(bxsec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.

/(c—i—dalc)z(ot—i—bsec(e-l-falc))2 dz = / (a—i— WIM>2(0+dx)2 dx

[In] int((a + b/cos(e + f*x)) 2%(c + d*x)~2,x)
[Out] int((a + b/cos(e + £*x)) 2*%(c + d*x)~2, x)
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3.31 [(c+ dz)(a+ bsec(e + fz))* dz

Optimal result . . . . . . . . . . . . e 220
Rubi [A] (verified) . . . . . . . . 220
Mathematica [A] (verified) . . . . . . . . . .. 2221
Maple [A] (verified) . . . . . . . ..
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 223
Sympy [F] . . o 224
Maxima [F] . . . . . o 224
Giac [F] . . . o o 2251
Mupad [F(-1)] . . . o

Optimal result

Integrand size = 18, antiderivative size = 131

2 2 diab(c+d tan (ei(etfo)
/(c +dz)(a + bsec(e + fz))?dz = & (c ;—ddx) _ 4iab(c + dz) a;c an (e )
b*dlog(cos(e + fx))  2iabd PolyLog (2, —ie'+/®))
+ +
f? 12
2iabd PolyLog (2,€"“™/™)  p2(c + dz)tan(e + fx)
_ E n ;

[Out] 1/2*%a~2x(d*x+c)~2/d-4*I*xaxbx(d*x+c)*arctan(exp(I*(f*x+e)))/f+b"2xd*1n(cos(f
xx+e) ) /f72+2xI*xa*b*d*polylog(2,-I*exp(I*(f*x+e)))/f~2-2*«I*axbxd*polylog(2,I
xexp (I* (f*x+e)))/f72+b~2* (d*x+c) *tan (f*x+e) /£

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.00,
number of steps used = 9, number of rules used = 6, Lumber of rules _ ( 333 Ry jes ysed

' integrand size
= {4275, 4266, 2317, 2438, 4269, 3556}

? 2 4iab(c + dz) arctan (ei(ct7%)
/(c—i— dz)(a + bsec(e + fx))*dx = a (c;;idz) _ 4diab(c + dz) a;c an (e )
2iabd PolyLog (2, —ie'+/2))
+
72
2iabd PolyLog (2, ie'*/2))
_ E
b’(c +dz)tan(e + fz)  b?dlog(cos(e + fz))
+ 7 + 2
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[In] Int[(c + d*x)*(a + b*Sec[e + f*x])~2,x]

[Out] (a~2*(c + d*x)~2)/(2*d) - ((4xI)*axb*(c + d*x)*ArcTan[E~(I*(e + f*x))]1)/f +
(b~2xd*Log[Cos[e + f*x]])/£f"2 + ((2*I)*a*b*d*PolyLog[2, (-I)*E~(Ix(e + f*x
))1)/£72 - ((2%I)*axb*d*PolyLog[2, I*E~(I*(e + f*x))])/£f72 + (b"2x(c + d*x)
*Tan[e + f*xx])/f

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4d, x] /; FreeQ[{c, d}, x]

Rule 4266

Int[cscl(e_.) + Pix(k_.) + (f_.)*(x_)]*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol
1 :> Simp[-2*(c + d*x) “m*(ArcTanh[E~ (I*k*Pi)*E~(I*(e + f*x))]1/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)"(m - 1)*Log[l - E~(Ixk*#Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Logl[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, f}, x] && IntegerQ[2*k] && IGtQ[m, O]

Rule 4269

Int[cscl(e_.) + (f_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*
Cotl[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4275
Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)

, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rubi steps

integral = / (a*(c+ dz) + 2ab(c + dz) sec(e + fz) + b*(c + dz) sec’(e + fz)) dz
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— ﬂ%ddx)QnL(Qab)/(andx) sec(e + fr) dx+bz/(c+dm)sec2(e+fm) dz

_a*(c+dz)?  4iab(c+ dz)arctan (e'T/"))
o [
b*(c + dz) tan(e + fz)  (2abd) [log (1 — ie"“*/®)) da
f f
N (2abd) [log (1 +ie’“*/™) dz  (b*d) [ tan(e + fz) dz
f f
_ @’(c+dx)? _ 4iab(c + dz) arctan (&/*+/)) " b%dlog(cos(e + fx))
B 2d f f2
b*(c + dz) tan(e + fz) (2iabd)Subst (f LG ei(eﬂ%))
T 2
f f
(2iabd)Subst ( [ 2 ei(e+fw))
— 7
a*(c+dx)?  4iab(c + dz)arctan (ei(e+fx))

2 7
b*dlog(cos(e + fz))  2iabd PolyLog (2, —ie'+/®))
+ +
f? IE
2iabd PolyLog (2,ie"¢t/®)  b2(c + dz) tan(e + fz)
) Iz ! f

Mathematica [A] (verified)

Time = 0.55 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.15

/(c +dz)(a + bsec(e + fx))? dz

_ 2a’cf?c + adf?x® — 8iabdfz arctan (¢'“*/7)) 4 4abcfarctanh(sin(e + fx)) + 2b°dlog(cos(e + fz)) + 4ia
- 27

[In] Integrate[(c + d*x)*(a + b*Sec[e + f*x])~2,x]

[Out] (2%a~2%c*f~2%x + a™2%d*f~2xx"2 - (8*I)*axbxdxfxxxArcTan[E~(Ix(e + f*x))] +
4xaxbxcxf*xArcTanh[Sin[e + f*x]] + 2*%b~2*d*Log[Cos[e + f*x]] + (4*I)*axb*d*P
olyLog[2, (-I)*E~(I*(e + f*x))] - (4%I)*a*b*d*PolyLog[2, I*E~(I*(e + f*x))]

+ 2xb~2kckf*Tan[e + f*x] + 2xb~2xdxf*x*Tanl[e + f*xx])/(2%f72)
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Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.45

method result
2ab d(—(fz+e) 1n(1+iei(fz+e))
2(1,3,.2 b2dtan(fr+e)z b2dIn(cos(fz+e)) b%ctan(fz+e)
parts a®(3d2? + zc) + 7 + 7 + ; +
2 2 2 2abd(— ]
derivativedivides a?c(frt+e)—2 de(fx+e)+a d(g?ke) +2abcIn(sec(fo+e)+tan(fote))— 220de ln(sec(f””;e)+tan(fz+e)) 42 (cu=to
default a?c(fz+e)— azde(}‘zﬂ) + azd(’;?—eﬁ +2abeIn(sec(fz+e)+tan(fzte))— 2209 ln(sec(ﬁ?e)“an(”"_e)) + Zabd( (ot
erau
. a2d 22 2 2ib? (dz+c) b2dIn(14e2i(fz+e)) 2b2d In (e*(fz+e)) 4ibacarctan (e!(fz+e)) 4i
risch T tatzet siiaerey t 72 — 72 — 7 + =

[In] int((d*x+c)*(a+b*sec(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] a~2*(1/2*d*x"2+x*c)+b~2/f*d*tan (f*x+e)*x+b~2*d*1n(cos (f*x+e))/f"2+b"2/f*xc*xt
an (fxx+e)+2*a*xb/f* (1/fxd* (- (f*x+e) *1n (1+I*exp (I* (f*x+e)))+(f*x+e) *1n(1-I*ex
p(I*(f*x+e)))+I*dilog(1+I*exp(I*(f*x+e)))-I*xdilog(1-Ixexp (I*(f*x+e))))+c*1ln
(sec(f*x+e)+tan(f*x+e))-e/f*d*1ln(sec(f*x+e)+tan(f*xx+e)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 505 vs. 2(111) = 222.

Time = 0.33 (sec) , antiderivative size = 505, normalized size of antiderivative = 3.85

/(c+dx)(a—|— bsec(e + fz))*dx
_ —2iabdcos (fz + e) Lix(i cos (fz +e) +sin (fz + e)) — 2iabd cos (fz + €) Liz (i cos (fz + €) — sin (fz -

[In] integrate((d*x+c)*(a+bxsec(f*x+e))”2,x, algorithm="fricas")

[Out] 1/2*%(-2*I*axb*d*cos(f*x + e)*dilog(Ixcos(f*x + e) + sin(f*x + e)) - 2*I*a*b
xdxcos (f*x + e)*dilog(I*cos(f*x + e) - sin(fxx + e)) + 2xI*axbxdxcos(f*x +
e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 2*I*a*bxdxcos(f*x + e)*dilog(-Ix
cos(f*x + e) - sin(f*xx + e)) - (2%axbxdxe - 2xaxbxcxf - b~2xd)*cos(f*x + e)
xlog(cos(f*x + e) + I*sin(f*x + e) + I) + (2%axb*d*e — 2*%axbkcxf + b~2%d)*c
os(f*x + e)*log(cos(f*x + e) - Ixsin(f*x + e) + I) + 2x(axbxd*f*x + axb*d*e
)*cos(f*x + e)*xlog(I*cos(f*x + e) + sin(f*x + e) + 1) - 2% (axb*d*xf*x + axbx
dxe)*cos(f*x + e)*log(Ixcos(f*x + e) - sin(f*x + e) + 1) + 2x(a*xbxdxf*xx + a
xbxd*e) xcos (f*x + e)*log(-Ixcos(f*x + e) + sin(f*x + e) + 1) - 2x(axbxdxf*x

+ axbxd*e)*cos(f*x + e)xlog(-Ixcos(f*x + e) - sin(f*x + e) + 1) - (2*xaxbxd
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xe — 2%axbxcxf — b~2%xd)*cos(f*x + e)*log(-cos(f*x + e) + Ixsin(f*x + e) + I
) + (2%a*bkxd*e - 2%a*bxcxf + b~2*d)*cos(f*x + e)*log(-cos(f*x + e) - I*sin(
fxx + e) + I) + (a™2xd*f~2%x72 + 2%a~2xcxf~2*x)*cos(fxx + e) + 2% (b~2*d*f*x
+ b™2kckxf)*sin(f*x + e)) /(£ 2*cos(f*x + e))

Sympy [F]
/(c + dz)(a + bsec(e + fz))?dx = / (a + bsec (e + fz))? (c + dz) d

[In] integrate((d*x+c)*(atb*sec(f*x+e))**2,x)

[Out] Integral((a + b*sec(e + f*xx))**2x(c + d*x), x)

Maxima [F]
/(c+dx)(a+bsec(e+fx))2 dz = /(d:c+c)(bsec (fx+e)+a)de

[In] integrate((d*x+c)*(a+b*sec(f*x+e))~2,x, algorithm="maxima")

[Out] 1/2*%(a"2%d*f~2*xx"2 + 2*xa~2xc*xf~2*x + (2~ 2%d*f 2*xx"2 + 2%a~2xcxf~2*x) *cos (2%
fxx + 2%e) "2 + (a~2xd*f72%x"2 + 2%a 2%xcxf~2%x) *sin(2xf*xx + 2%e) "2 + 2% (a~2x*
d*f~2%x"2 + 2%a~2*c*kf"2*x) *kcos(2xf*xx + 2%e) + 8*(axb*d*f " 3*cos(2*xf*x + 2*e)
~2 + axb*d*f~3*sin(2*f*xx + 2%e) "2 + 2xa*xbxd*f ~3*cos(2xf*x + 2%e) + axbkdxf~
3)*integrate ((x*xcos(2*xf*x + 2%e)*cos(f*x + e) + x*sin(2xf*x + 2%e)*sin(f*x
+ e) + xxcos(f*x + e))/(f*cos(2xf*xx + 2%e)~2 + f*sin(2xf*xx + 2%e) "2 + 2*f*c
os(2xf*xx + 2xe) + f), x) + (b"2%d*cos(2*xf*xx + 2%e)~2 + b 2*d*sin(2*xf*x + 2%
e)”2 + 2xb~2xd*cos(2xfxx + 2%e) + b~2xd)*log(cos(2xf*x + 2%e)”2 + sin(2xf*x
+ 2%e) "2 + 2xcos(2xf*x + 2%e) + 1) + 2x(axbxckfxcos(2xf*x + 2%e)”2 + axb*c
xfxsin (2xf*x + 2%e)~2 + 2kaxbxckxf*xcos(2xf*x + 2%e) + axbxc*f)x*log(cos(f*x +
e)”2 + sin(f*x + e)”2 + 2xsin(f*x + e) + 1) - 2x(axbkxckf*cos(2xf*xx + 2xe)”
2 + axbxc*f*sin(2*f*x + 2xe)”2 + 2%axbkcxfxcos(2xf*x + 2%e) + axbkcxf)*log(
cos(f*x + )72 + sin(f*x + e)72 - 2*sin(f*x + e) + 1) + 4x(b"2*d*f*x + b~ 2%
cxf)*sin(2*xf*x + 2%e))/(£72xcos(2xf*x + 2*xe) 2 + £ 2*sin(2xf*x + 2%e)”2 + 2
*f"2%cos (2%f*x + 2*%e) + £72)



Giac [F]
/(c+dx)(a+bsec(e+fx))2 dz = /(dx—i—c)(bsec (fz +e)+a)dx

[In] integrate((d*x+c)*(atb*sec(f*x+e))~2,x, algorithm="giac")

[Out] integrate((d*x + c)*(b*sec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.

/(c+dw)(a+bsec(e+fa:))2dx = / (a—i— Wlii-fx)>2 (c+dz) dz

[In] int((a + b/cos(e + £*x)) 2%(c + d*x),x)
[Out] int((a + b/cos(e + f*x)) 2*%(c + d*x), x)
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3.392 f (GL—H)sec(H—]”ac))2 dz

ct+dz
Optimal result . . . . . . . . . . . e 226
Rubi [N/A] . . . 226]
Mathematica [N/A] . . . . . .. . 227
Maple [N/A] (verified) . . . . . . . . ..
Fricas [N/A] . . . . o o 227
Sympy [N/A] . . 227
Maxima [N/A] . . . . . 228]
Giac [N/A] . . .
Mupad [N/A] . . oo 228

Optimal result

Integrand size = 20, antiderivative size = 20

/ (a+ bsec(e + fzx))? e — Int<(a + bsec(e + fz))? , x)
c+dz c+dzx

[Out] Unintegrable((at+b*sec(f*x+e)) 2/ (d*x+c),x)

Rubi [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

_ _  humber of rules _ _
of steps used = 0, number of rules used = 0, integrand size 0.000, Rules used = {}

dx

/ (a+ bsec(e + fz))? (a+ bsec(e + fz))?
dx =
c+dx c+dx
[In] Int[(a + b*Secl[e + f*x])~2/(c + d*x),x]
[Out] Defer[Int] [(a + b*Sec[e + f*x])~2/(c + d*x), x]
Rubi steps

2
integral = / (a + bsec(e + fzx)) d
c+dr



227

Mathematica [N/A]

Not integrable

Time = 46.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a + bsec(e + fx))? i — (a + bsec(e + f:c))2
r =
c+dr c+dz

[In] Integrate[(a + b*Secl[e + f*x])~2/(c + d*x),x]
[Out] Integratel[(a + b*Sec[e + f*x])~2/(c + d*x), x]

Maple [N/A] (verified)

Not integrable
Time = 0.94 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

2
(a+bsec(fz+e)) i
dz +c

[In] int((a+b*sec(f*x+e)) "2/ (d*x+c),x)
[Out] int((at+b*sec(f*x+e)) 2/ (d*x+c),x)

Fricas [N/A]

Not integrable
Time = 0.27 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

(a+ bsec(e + fz))? (bsec (fz +e) + a)?
dr = dx
c+dz dz +c

[In] integrate((a+b*sec(f*x+e))”2/(d*x+c),x, algorithm="fricas")

[Out] integral((b~2*sec(f*x + e)~2 + 2*axb*sec(f*x + e) + a~2)/(d*x + c),

Sympy [N/A]

Not integrable
Time = 1.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

(a+bsec(e + fz))? . [ (a+bsec(e+ fz))
/ c+dx de = / c+dx de

[In] integrate((a+b*sec(f*x+e))**2/(d*x+c),x)

[Out] Integral((a + bx*sec(e + f*xx))**2/(c + d*x), x)

X)
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Maxima [N/A]
Not integrable

Time = 1.05 (sec) , antiderivative size = 501, normalized size of antiderivative = 25.05

(a+bsec(e+ fz))? | [ (bsec(fz+e)+a)’
/ c+dx do = / dr + c de

[In] integrate((a+b*sec(f*x+e)) 2/(d*x+c),x, algorithm="maxima")

[Out] ((a"2xdxf*x + a~2xc*f)*cos(2xf*x + 2%e) "2+log(d*x + c) + 2*¥b~2xd*sin(2*f*x
+ 2xe) + (a”2xd*f*x + a~2xc*f)*log(d*x + c)*sin(2*f*x + 2%e)~2 + 2% (a~2*d*f
*x + a”~2kcxf)*cos(2xf*x + 2xe)*log(d*x + c) + (d"2%f*xx + ckd*f + (d™2xfxx +
cxdxf)*cos (2xf*xx + 2%e)"2 + (d"2*f*x + ckd*f)*sin(2xf*x + 2xe)”~2 + 2% (d"2x*
fxx + c*d*f)*cos(2xfxx + 2%e))*integrate(2x(2x (a*bxd*xf*x + axbxcxf)*cos(2*f
*x + 2%e)*cos(fxx + e) + 2x(axbkxd*f*x + axbkc*f)*xcos(f*x + e) + (b™2%d + 2%
(axbxd*f*x + axbkc*f)*sin(f*x + e))*sin(2*f*x + 2%e))/(d"2xf*x"2 + 2kxckxd*xfx*
X + c”2xf + (d72*%f*x"2 + 2kckdkf*rx + c”2%xf)*cos(2*xf*x + 2%e) "2 + (d"2xf*x"2
+ 2kckdxfxx + c”2%f)*sin(2*f*x + 2%e) "2 + 2% (d"2xf*x"2 + 2kckd*f*x + c”2%f
)*cos(2xfxx + 2%e)), x) + (a~2*d*xf*x + a~2*c*xf)*log(d*x + c))/(d"2xf*x + c*
d*f + (d~2xf*x + cxdxf)*cos(2*xfxx + 2%e)”2 + (d"2*f*x + ckxd*f)*sin(2xf*x +
2%e) "2 + 2% (d"2xfxx + c*d*f)*cos(2*f*x + 2*e))

Giac [N/A]
Not integrable

Time = 2.19 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+bsec(e + fz))? [ (bsec(fz+e)+a)’
/ c+dx de _/ dzr +c de

[In] integrate((a+b*sec(f*x+e)) 2/(d*x+c),x, algorithm="giac")
[Out] integrate((b*sec(f*x + e) + a)~2/(d*x + c), x)

Mupad [N/A]
Not integrable

Time = 13.95 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

c+dx ctdzx

2
2 a—"_COSeb x
/(a+bsec(e+fx)) dx:/< (etf )) dx

[In] int((a + b/cos(e + f*x))~2/(c + d*x),x)
[Out] int((a + b/cos(e + f*x))~2/(c + d*x), x)
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Optimal result

Integrand size = 20, antiderivative size = 20

(a+bsec(e+ fr))? (a + bsec(e + fr))?
/ (c+ do)? dxr = Int( (c+ do)? ,x)

[Out] Unintegrable((atb*sec(f*x+e)) 2/ (d*x+c)~2,x)

Rubi [N/A]
Not integrable
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Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number
of steps used = 0, number of rules used = 0, Bumber of rules _ 4 559 Ryles used = {}

’ integrand size

(a+ bsec(e + fr))? o — (a+ bsec(e + fr))?

(c+ dx)? B (c+ dz)? dz

[In] Int[(a + b*Sec[e + f*x])~2/(c + d*xx)~2,x]
[Out] Defer[Int] [(a + b*Sec[e + f*x])~2/(c + d*x)~2, x]
Rubi steps

, [ (a+bsec(e+ fx))?
integral = / (c+ do)? dx
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Mathematica [N/A]
Not integrable

Time = 28.33 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+ bsec(e + fr))? i — (a+ bsec(e + fr))? p
(c+dz)? (c+ dx)?

[In] Integrate[(a + b*Sec[e + f*x])~2/(c + d*x)~2,x]
[Out] Integratel[(a + b*Secl[e + f*x])~2/(c + d*x)~2, x]

Maple [N/A] (verified)
Not integrable
Time = 0.65 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(a + bsec (fx2—|— e))2dx
(dz + ¢)

[In] int((a+b*sec(f*x+e)) "2/ (d*x+c)"2,x)
[Out] int((at+b*sec(f*x+e)) "2/ (d*x+c)”2,x)

Fricas [N/A]

Not integrable
Time = 0.27 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

(a+bsec(e+ fz))? | [ (bsec(fz+e)+a)’ .
/ (c+ dx)? dz = / (dx + 0)2 d

[In] integrate((a+b*sec(f*x+e))”2/(d*x+c)”2,x, algorithm="fricas")
[Out] integral((b~2*sec(f*x + e)~2 + 2xaxbxsec(fxx + e) + a”2)/(d"2*x"2 + 2*c*d*x

+ ¢c72), x)
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Sympy [N/A]
Not integrable

Time = 2.04 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

(a+bsec(e + fz))?> . [ (a+bsec(e+ fz))” .
/ (c+ dzx)? de = / (c+ dav)2 d

[In] integrate((a+b*sec(f*x+e))**2/(d*x+c)**2,x)

[Out] Integral((a + b*sec(e + f*x))*x2/(c + d*x)**2, x)

Maxima [N/A]
Not integrable

Time = 1.46 (sec) , antiderivative size = 618, normalized size of antiderivative = 30.90

/ (a + bsec(e + fx))? (bsec (fz +e) + a)? i
(c+ dzx)? (dz + ¢)*

[In] integrate((a+b*sec(f*x+e)) 2/(d*x+c)”2,x, algorithm="maxima")

[Out] -(a~2*d*f*x + a™2xc*f — 2%b~2*d*sin(2xf*x + 2%e) + (a~2*d*f*x + a~2xc*xf)*co
s(2xf*xx + 2%e)”~2 + (a™2*dxf*xx + a~2*cxf)*sin(2*fxx + 2%e)”2 + 2x(a”~2*d*f*x
+ a”2xcxf)*cos(2*fxx + 2%e) - (d73*f*x"2 + 2xckd"2*f*x + c”2*%d*f + (d™3*f*x
"2 + 2kc*kd"2xfxx + cT2*d*f)*cos(2*fxx + 2%e) "2 + (d73*kf*x72 + 2kckd"2xfxkx +
c72%d*f) *sin (2*f*x + 2*%e) "2 + 2x(d"3*xf*x"2 + 2kckd"2*xf*x + c”2xd*f)*cos (2%
f*x + 2xe))*integrate (4*((axb*d*f*x + a*b¥cxf)*cos(2*f*x + 2*e)*cos(f*x + e
) + (a*bxdxf*xx + axbxcxf)*cos(f*x + e) + (b"2xd + (a*b*xd*f*x + a*b*cxf)*sin
(fxx + e))*sin(2*f*x + 2xe))/(d"3*f*x"3 + 3*ckd"2xf*x"2 + 3*xc~2kd*f*x + c~3
*f + (A73*%f*x"3 + 3*kckd " 2xf*x"2 + 3kc"2kd*f*x + c”3*f)*cos(2xf*xx + 2%e)”2 +

(d73*xf*x"3 + 3*c*kd"2*%f*x"2 + 3*xc™2xd*xfxx + c”3*f)*sin(2*f*x + 2*%e) "2 + 2% (
d 3%f*xx~3 + 3kckd"2kfxx"2 + 3kc 2kd*xfxx + c”3*%f)*cos(2xf*x + 2%e)), x))/(d”
3kf*x"2 + 2kckxd"2xfxx + c”2*d*f + (A73kf*x"2 + 2kxckd"2*f*x + c”2*d*f)*cos(2
*fxx + 2%e)72 + (d73*f*x72 + 2kc*kd"2xf*xx + cT2*d*f)*sin(2*f*x + 2%e) 2 + 2%
(d7™3*%f*x"2 + 2xckd™2*f*x + c”~2*d*f)*cos(2xf*x + 2xe))
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Giac [N/A]

Not integrable
Time = 53.58 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+bsec(e + fz))? [ (bsec(fz+e)+a) .
/ (c+ dx)? de = / (dx + c)2 d

[In] integrate((a+b*sec(f*x+e)) 2/(d*x+c)~2,x, algorithm="giac")

[Out] integrate((b*sec(f*x + e) + a)~2/(d*x + ¢c)~2, x)

Mupad [N/A]

Not integrable
Time = 13.60 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

(ot bsec(e+ ) [ (oF wirm)
/ (c+ dzx)? do = / (c+dzx)? de

[In] int((a + b/cos(e + f*xx))~2/(c + d*x)~2,x)
[Out] int((a + b/cos(e + f*x))~2/(c + d*x)~2, x)
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3.34 [ (il gy

a+bsec(e+fx)
Optimal result . . . . . . . . . . . e 233]
Rubi [A] (verified) . . . . . . . . . 234
Mathematica [A] (verified) . . . . . . . . . ... 238
Maple [F] . . . . o o 239
Fricas [B| (verification not implemented) . . . . . ... ... ... ... ....... 239
Sympy [F] . . o o 240
Maxima [F(-2)] . . . . . o o 247]
Giac [F] . . . o o 247]
Mupad [F(-1)] . . . o 247]

Optimal result

Integrand size = 20, antiderivative size = 526

. aetlet+fz)
/ (c+ dz)?3 e (c+ dz) N ib(c + dz)3 log (1 + m)

a+ bsec(e + fz) T T 4ad av/—a? + b2 f
ib(c+ do)?log (1+ ;22570 )
av/—a% + b2 f
3bd(c + dz)? PolyLog (2, —b_f_—H%J
av/—a® + b2 f2
3bd(c + da)? PolyLog <2, __aeiletfa) )

+

b+v—a 462
av/—a? + b f?
6ibd’(c + dz) PolyLog (3, —I)fzei(e—+m)

v
av—a? + b2 f3

6ibd?(c + dz) PolyLog (3, —%)

av/—a? + B2 f3
6bd> PolyLog (4, _ _aeiletia) ) 6bd® PolyLog (4’ __aeiletfa) )
- +

+

PRl Va0
av—a? + b2 f4 av—a? + b2 f4

[Out] 1/4*(d*x+c)~4/a/d+I*b*(d*x+c) ~3*1n(1+a*xexp(I*(f*xx+e))/(b-(-a"2+b"2)"(1/2)))
/a/f/(-a~2+b~2) ~(1/2) -Ixbx (d*x+c) “3*1n(1+axexp (I* (f*x+e))/(b+(-a~2+b"2) " (1/
2)))/a/f/(-a~2+b72) " (1/2) +3*b*d* (d*x+c) ~2*polylog(2,-a*exp (I* (f*x+e)) /(b-(-
a"2+b"2)~(1/2)))/a/£72/(-a"2+b~2) ~(1/2) -3*b*d* (d*x+c) “2*polylog(2,-a*xexp (I*
(fxx+e))/(b+(-a~2+b~2)"(1/2)))/a/f72/(-a"2+b"2) " (1/2) +6*I*b*d~2* (d*x+c) *pol
ylog(3,-a*xexp (I*x(f*x+e))/(b-(-a"2+b~2)~(1/2)))/a/£73/(-a"2+b~2)~(1/2)-6*I*b
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*d~2* (d*x+c) *polylog(3,-a*xexp (I*(fxx+e))/(b+(-a~2+b~2)~(1/2)))/a/£f~3/(-a~2+
b~2)~(1/2)-6*%b*d"3*polylog(4,-axexp (I*(f*x+e))/(b-(-a~2+b"2)~(1/2)))/a/f~4/
(-a~2+b~2) "~ (1/2) +6%b*d~3*polylog(4,-a*exp (I*(f*x+e))/(b+(-a~2+b~2)~(1/2)))/
a/f~4/(-a~2+b"2)~(1/2)

Rubi [A] (verified)

Time = 1.28 (sec) , antiderivative size = 526, normalized size of antiderivative = 1.00,

number of steps used = 14, number of rules used = 8, dumber of rules _ 4 450 Ryles used
integrand size

= {4276, 3402, 2296, 2221, 2611, 6744, 2320, 6724}

: agi(e+12)
/ (c + dz)? o 6ibd?(c + dz) PolyLog (3, _b—m>

a+bsec(e + fr) = af3v/b* —a?
. aei(e fz)
) 6ibd?(c + dz) PolyLog (3, _b+\/b—g—7az>
af3vb? — a?
)
.\ 3bd(c + dz)? PolyLog (2, —ﬁ)
TN =@
aetletfz)
 3bd(c+ dz)? PolyLog (2, — wff—)
TN -
ib(c + dz)’ log (1 + 2212 )
+
afyv/b? — a?
ib(c + dz)?log (1 + \%ﬁ%i& 6bd3 PolyLog <4, —;i;%)
a afvb? —a? - af*vb? —a?
aetlet+fz)
. 6bd> PolyLog (4, —m> N (c+ dz)*
afiv/b? — a2 4ad

[In] Int[(c + d*x)~3/(a + b*Sec[e + f*x]),x]

[Out] (c + d*x)~4/(4*a*d) + (Ixb*(c + d*x) 3*Log[l + (a*xE~(Ix(e + fx*x)))/(b - Sqr
t[-a"2 + b~2])]1)/(a*Sqrt[-a~2 + b~2]*f) - (I*b*(c + d*x) 3*Log[l + (axE~(I*
(e + £*x)))/(b + Sqrt[-a~2 + b~2])])/(a*xSqrt[-a"2 + b~2]*f) + (3*bxd*x(c + d
*x) “2%PolyLog[2, -((a*E~(I*(e + f*x)))/(b - Sqrt[-a~2 + b~2]))])/(a*Sqrt[-a
“2 + b"2]*f72) - (3xb*d*(c + d*x) 2*PolyLog[2, -((a*xE~(Ix(e + f*x)))/(b + S
qrt[-a”2 + b~2]))])/(axSqrt[-a~2 + b~2]*£72) + ((6%I)*b*d~2x(c + d*x)*PolyL
ogl[3, -((a*xE~(Ix(e + f*x)))/(b - Sqrt[-a"2 + b~2]))]1)/(a*Sqrt[-a~2 + b~2]*f
~3) - ((6%I)*bxd~2*(c + d*x)*PolyLog[3, -((a*E~(Ix(e + f*x)))/(b + Sqrt[-a~
2 + b™2]))])/(axSqrt[-a~2 + b"2]*£73) - (6*b*d~3*PolyLog[4, -((a*E~(I*(e +
f*x)))/(b - Sqrt[-a~2 + b~2]))]1)/(a*Sqrt[-a~2 + b~2]*f~4) + (6xb*d~3*PolyLo
gl4, -((a*E~(I*(e + £*x)))/(b + Sqrt[-a"2 + b~2]))]1)/(a*Sqrt[-a~2 + b~2]*f~
4)
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Rule 2221

Int [(((F_)"((g_.)*((e_.) + (£_)*(x_))))"(a_)*((c_.) + (d_)*(x_))"(m_.))/
((a)) + (b_)*((F_)~((g_)*x((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m/(bxf*g*n*xLog[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))"n/a)l, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2296

Int [((FL)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4xa*c, 2]}, Dist[2*(c/q), Int[
(f + g*x)"m*(F~u/(b - q + 2*xcxF~u)), x], x] - Dist[2*(c/q), Int[(f + g*x)“"m
*(F~u/(b + q + 2*c*¥F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2*xu] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_ ))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(n_)]1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))“n]/(b*c*nxLog[F])), x] + Dist[g*(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3402

Int[((c_.) + (@_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (f_.)*(
x_)]), x_Symbol] :> Dist[2, Int[(c + d*x) m*xE~(I*Pix(k - 1/2))*(E~(I*(e + £
xx)) /(b + 2xa*E~(I*Pix(k - 1/2))*E~(I*(e + f*x)) - b*E~(2*xI*k*Pi)*E~(2*I*(e
+ £*x)))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IntegerQ[2*k] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
n[e + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]
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Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, 4
> €, I, P}, X] && EqQ[b*d, a*e]

Rule 6744

Int[((e_.) + (£_.)*(x_))"(m_.)*Polylogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ b*x)))“pl/ (b*c*p*Log[F])), x] - Dist[f*(m/(b*c*pxLog[F])), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rubi steps
integral = / (c+dz)? _ b(c + dx)3 i
a a(b+ acos(e + fz))
(c+dx)3
_ (et do)' b rracoersm 9
4ad a
ei(e+fz) c+dx)3
- (c+dx)* _ (20) a+2bei(e+fm)(+—gj2i)(e+f$) dx
4ad a
et(etf2) (c4dx)3 etetf2) (c4dx)3
— (c+dx)* _ (20) J 2b—2v/—a?+b2+2aei(e+f2) de + () J 2b+2v—a2 b2 4 2aei(e+fo) dz
4ad v —a? + b? v —a2 + b2
. aei(e fz) . aei(e fz)
_(etday ib(c + dz)?log (1 T e %w) ible+d)*log (1 S f;w)
"~ 4ad av—a? + b2 f av—a?+bf
. aei(e+f)
~ (3ibd) [(c+ dz)*log (1 + m) dz
av—a? + B2 f

y aeiletfz)
(3ibd) [(c+ dz)?log (1 + %?w%ﬁ) dz
av/—a? + B2 f

+
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. aetletfz) . aetletfz)
(ctdeyt  ibletdn)log (14329555 ) ib(e+ da)Plog (1+ 25505 )

4ad av—a? + b2 f av—a®+ b f
3bd(c + dz)? PolyLog (2, —%> 3bd(c + d)? PolyLog (2, —%)
_|_ —

av —a? + b2 f? av/—a? + b2 f2

(6bd?) [(c + dz) PolyLog (2, —%) dz

av—a? + b? f2

aeiletfz)
(6bd?) [ (c + dz) PolyLog (2, —%?Wf”ﬁ) dz

av—a? + b2 f?

. aei(e+fz) . aei(eJrfz)
(C + d$)4 N Zb(C + dx)3 log (1 + b—\/——ai’ﬁ> ’Lb(C + da:)3 log (1 + b+\/——a27+b2>

+

4ad av—a?+ b2 f av—a? + b f
3bd(c + dzx)? PolyLog (2, —&%) 3bd(c + dzx)? PolyLog (2, —H“f/(_e—g%)
+ —

av—a? + b2 f? av/—a? + b2 f2

6ibd?(c + dz) PolyLog (3, —%) 6ibd?(c + dz) PolyLog (3, —ﬁf—;%)

av—a?+ b f3 av/—a? + B2f3
(6ibd?) | PolyLog (3,— 20’12 ) dz  (6ibd®) [ PolyLog (3,_ 2qei(e+F2) ) iz
_|_

_|_

av/—a? + b2f3 av/—a? + b2f3

. aetletfz) . aetletfz)
(c+da)t ib(e + da)*log (1+ 520570 ) ible + da)*log (1+ 5o )

4ad av—a? + b2 f av—a®+bf
3bd(c + dz)? PolyLog (2, —%> 3bd(c + d)? PolyLog (2, —%)
_|_ —

e NI
6ibd2(c + dz) PolyLog (3, —b_j_—”—jb)
av/—a? + b2 f3
) aetletrfz)
~ 6ibd*(c + dx) PolyLog (3, _W——TW>
av/—a® + b2 f3

PolyLog 3,% )
(6bd*) Subst (f ( Bk At ) dz, z, ez(e+f$)>

+

av—a? + b2 f4
PolyLog|( 3,——2Z_ )
(6bd®) Subst (f ( - _a2+b2) dz, z, el(e+fx)>

av—a? + b2 f4

+
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. aetletfz) . aetletfz)
(c+dz)t ib(c + dz)3log (1 + ﬁ) ib(c + dz)*log (1 + ﬁ)

4ad av—a? + b’ f av—a®+bf
aeiletfz) aetletfz)
) 3bd(c + dz)? PolyLog (2’ _ﬁ> B 3bd(c + dzx)? PolyLog (2, —ﬁ)
av/—a2 + B2 f2 av/—a? + b* 2
) ae'letfz)
. 6ibd*(c + dx) PolyLog <3, _W)
av/—aZ + B2 f3
. aeiletfz)
_ Gibd*(c + dz) PolyLog (3’ —w_—+%>
av/—a? + B2 f3
aei(e+fz) 3 aei(e‘Ffﬂ?)
B 6bd3 PO].YLOg (4, _I)—\/——T—I—bz> N 6bd POlyLOg <4a _b+\/T+b2)
av—a?+ b2 f4 av/—a® +b* f*

Mathematica [A] (verified)

Time = 1.44 (sec) , antiderivative size = 449, normalized size of antiderivative = 0.85

(c+ dx)3
/ a+ bsec(e + fx) dz

. 3 log((1-—aeHD (oo G
44b ((c—i—dz) log<1 Ryl (c+dz)3 log 1+b+\/m,
)+

(b+acos(e+ fxz)) | z(4c® + 6c2dz + 4ed?*x? + dPo?

[In] Integratel[(c + d*x)~3/(a + b*Secl[e + f*x]),x]

[Out] ((b + a*Cos[e + f*xx])*(x*x(4*c™3 + 6*%c™2*d*x + 4*c*d™2+x"2 + d~3%x73) + ((4x
I)*bx((c + d*x)~3*Log[l - (axE"(I*(e + f*x)))/(-b + Sqrt[-a~2 + b~2])] - (c

+ d*x)"3*Log[1 + (a*E~(Ix(e + f*x)))/(b + Sqrt[-a™2 + b~2])] + (3*d*((-I)*
£72x(c + dxx)~2xPolyLog[2, (a*E~(I*(e + f*x)))/(-b + Sqrt[-a"2 + b~2])] + 2

xdx (fx(c + dxx)*PolyLog[3, (a*xE~(Ix(e + f*x)))/(-b + Sqrt[-a"2 + b~2])] + I
*d*PolyLog[4, (a*E~(Ix(e + f*x)))/(-b + Sqrt[-a~2 + b~2])])))/£f"3 + ((3*I)*
dx(f72%(c + d*x)~2%PolyLog[2, -((a*xE~(I*(e + f*x)))/(b + Sqrt[-a”2 + b~2]))

1 + (2*%I)*d*f*(c + d*x)*PolyLog[3, -((a*E~(I*(e + £*x)))/(b + Sqrt[-a”"2 + b
~2]))] - 2xd~2xPolyLogl[4, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a"2 + b~2]))]1))/
£73))/(Sqrt[-a"2 + b~2]*f))*Sec[e + fx*x])/(4*a*x(a + b*Sec[e + f*x]))
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Maple [F]

/ (dz + ¢)® i
a+bsec(fr+e)
[In] int((d*x+c)~3/(at+b*sec(f*x+e)),x)

[Out] int((d*x+c)~3/(atb*sec(f*x+e)),x)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 2309 vs. 2(466) = 932.

Time = 0.52 (sec) , antiderivative size = 2309, normalized size of antiderivative = 4.39

(c+dz)? :
dz = Too 1 to displ
/ 2T bsecle £ [2) x 00 large to display

[In] integrate((d*x+c) 3/ (at+b*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/4*((a"2 - b"2)*d"3*f"4*x"4 + 4x(a”2 - b~2)*cxd~2*f"4*x"3 + 6*x(a”2 - b~2)*
c"2xd*xf74%x"2 + 4x(a”2 - b"2)*c”3*%f"4*xx + 12*axb*d”"3*sqrt(-(a”2 - b72)/a"2)
*xpolylog(4, -(b*cos(f*x + e) + I*bxsin(f*x + e) + (akxcos(f*x + e) + I*axsin
(fxx + e))*sqrt(-(a”2 - b~2)/a"2))/a) - 12*a*b*d~3*sqrt(-(a”2 - b~2)/a~2)*p
olylog(4, -(bxcos(f*x + e) + Ixbxsin(f*x + e) - (axcos(f*x + e) + I*axsin(f
*x + e))*sqrt(-(a”2 - b72)/a"2))/a) + 12*axbxd~3*sqrt(-(a”2 - b~2)/a~2)*pol
ylog(4, -(bxcos(f*x + e) - Ixbxsin(f*x + e) + (a*cos(f*x + e) - Ixaxsin(f*x
+ e))*sqrt(-(a”2 - b~2)/a"2))/a) - 12xa*b*d~3*sqrt(-(a~2 - b~2)/a"2)*polyl
og(4, —(b*cos(f*xx + e) - I*b*sin(f*x + e) - (a*xcos(f*x + e) - I*a*xsin(fxx +
e))*sqrt(-(a~2 - b72)/a"2))/a) - 6x(axbxd~3*f~2*x"2 + 2kaxbkxcxd~2*f 2*xx +
axbxc~2*d*f~2) *sqrt(-(a"2 - b~2)/a"2)*dilog(-(bxcos(f*x + e) + Ixb*sin(f*x
+ e) + (axcos(f*x + e) + Ixaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a +
1) + 6x(axbxd~3*f~2%x"2 + 2*axbkcxd~2*f"2%x + axb*c”2xd*f"2)*sqrt(-(a”2 - b
~2)/a"2)*dilog(-(b*cos(f*x + e) + Ixbxsin(f*x + e) - (axcos(f*x + e) + I*ax
sin(fxx + e))*sqrt(-(a”2 - b72)/a"2) + a)/a + 1) - 6%(a*b*d"3*xf"2*x"2 + 2xa
xbxckd"2*f"2xx + axbxc”2xd*f~2)*sqrt(-(a”2 - b~2)/a"2)*dilog(-(b*cos(f*x +
e) - Ixbxsin(f*x + e) + (a*cos(f*x + e) - I*axsin(f*x + e))*sqrt(-(a”2 - b~
2)/a”2) + a)/a + 1) + 6x(a*xbxd"3*f 2%x72 + 2kaxbxckd 2*%f"2xx + axbxcT2kd*f"
2)xsqrt(-(a”2 - b~2)/a"2)*dilog(-(b*cos(f*x + e) - I*b*sin(f*x + e) - (a*co
s(fxx + e) - Ixa*sin(f*x + e))*sqrt(-(a”2 - b72)/a"2) + a)/a + 1) - 2x(I*ax
b*xd~3%e”~3 - 3*Ikaxbkxcxd~2%e”2*xf + 3*I*axbxc~2xd*e*xf~2 - Ixa*bkc~3*xf~3)*sqrt
(-(a”2 - b"2)/a"2)*log(2*a*xcos(f*x + e) + 2*I*axsin(f*x + e) + 2*xaxsqrt(-(a
72 - b72)/a"2) + 2xb) - 2%(-I*axbxd"3%e”3 + 3kIkaxbxcxd 2%e~2xf - 3*I*axb*c
“2xd*e*xf"2 + I¥axbxc™3*f"3)*sqrt(-(a”2 - b72)/a"2)*log(2xaxcos(f*x + e) - 2
xIxa*xsin(f*x + e) + 2%a*xsqrt(-(a”2 - b~2)/a"2) + 2*b) - 2% (I*a*b*xd~3%e”3 -
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3xIxaxb*xckd 2xe~2+f + 3xIxaxb*c™2xd*exf~2 - Ixaxb*xc”~3*f~3)*sqrt(-(a”2 - b~2
)/a"2)*log(-2*a*cos(f*x + e) + 2*Ixaxsin(f*x + e) + 2xaxsqrt(-(a”2 - b~2)/a
~2) - 2%b) - 2*(-Ixaxb*d~3%e”3 + 3kIxaxbkckd 2xe~2*%f - 3xI*kaxbkc~2xd*e*xf~2
+ Ixaxbxc™3*f~3)*sqrt(-(a”2 - b72)/a~2)*log(-2*axcos(f*x + e) - 2*I*a*sin(f
*x + e) + 2*kaxsqrt(-(a”2 - b”2)/a"2) - 2xb) - 2% (I*axb*d~3*f~3*xx~3 + 3*kIxa*
bxcxd"2xf73%x"2 + 3xI*axbkxc™2*d*f~3*x + I*a*xbxd~3*e”3 - 3*Ixaxbkckxd 2*e”2xf
+ 3xIxa*xbkxc~2xd*xe*f~2)*sqrt(-(a"2 - b~2)/a~2)*xlog((b*xcos(f*x + e) + Ixb*si
n(f*x + e) + (a*cos(f*x + e) + I*axsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a
)/a) - 2x(-I*axbxd~3*f~3%x"3 - 3*Ixaxbkckd 2%xf73%x"2 - 3*xIkaxbkc™2kd*f 3*x
- Ixa*bxd~3*e~3 + 3*Ixaxbkcxd 2xe~2*xf - 3xIxaxbxc~2xd*xe*xf~2)*sqrt(-(a”2 - b
~2)/a"2)*log((b*cos(f*x + e) + Ixbxsin(f*x + e) - (a*cos(f*x + e) + I*axsin
(fxx + e))*sqrt(-(a”2 - b72)/a"2) + a)/a) - 2*(-Ixaxbxd~3*f~3*x~3 - 3*I*axb
*ckd"2*%f73%x"2 - 3xIkaxbxc”2xd*f"3*x - I*axbxd"3*%e”3 + 3xIxaxbkxckxd 2%e~2*f
- 3xIxaxbkc™2xdxexf~2)*sqrt(-(a”2 - b~2)/a"2)*log((bxcos(f*x + e) - Ixb*sin
(f*x + e) + (axcos(f*x + e) - I*axsin(f*xx + e))*sqrt(-(a”2 - b~2)/a"2) + a)
/a) - 2x(Ixaxbxd~3*f"3*x"3 + 3xI*kaxbkckxd™2*f~3%x"2 + 3*I*axbkxc™2kd*f 3*x +
I*a*b*d~3xe~3 - 3*xIxaxb*xckd 2xe”2+f + 3*xIxaxb*xc 2kd*exf~2)*sqrt(-(a”2 - b~2
)/a"2)*log((b*cos(f*x + e) - I*b*sin(f*x + e) - (a*cos(f*x + e) - I*axsin(f
*x + e))*sqrt(-(a”2 - b72)/a"2) + a)/a) + 12x(-Ika*xb*d~3xf*x - I*axbkckd 2%
f)*xsqrt(-(a”2 - b~2)/a"2)*polylog(3, -(b*cos(f*x + e) + Ixb*sin(f*x + e) +
(a*cos(f*x + e) + Ixaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2))/a) + 12*(I*a*b*
d~3xf*x + I*axbxc*d~2xf)*sqrt(-(a”2 - b~2)/a"2)*polylog(3, -(bxcos(f*x + e)
+ Ixb*sin(f*x + e) - (axcos(f*x + e) + Ixaxsin(f*x + e))#*sqrt(-(a"2 - b~2)
/a~2))/a) + 12x(I*a*b*d~3*f*x + I*a*b*c*d~2*f)*sqrt(-(a”2 - b~2)/a"2)*polyl
0g(3, —(b*cos(f*x + e) - I*b*sin(f*x + e) + (a*xcos(f*x + e) - I*a*xsin(fxx +
e))xsqrt(-(a~2 - b72)/a"2))/a) + 12x(-Ixa*xb*d"3*f*xx — I*axbxc*xd~2*f)*sqrt(
-(a”2 - b™2)/a"2)*polylog(3, -(bxcos(f*x + e) - Ixb*sin(f*x + e) - (axcos(f
*x + e) - Ikxa*xsin(f*x + e))*sqrt(-(a”2 - b72)/a"2))/a))/((a"3 - a*b~2)*f"4)

Sympy [F]

(c+ dx)3 B (c + dz)®
/a+bsec(e+fx)dx_/a+b890(€+f$)dx

[In] integrate((d*x+c)**3/(atbxsec(f*x+e)),x)
[Out] Integral((c + d*x)**3/(a + b*sec(e + f*x)), x)
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Maxima [F(-2)]

Exception generated.

3
/ (c+ dz) dx = Exception raised: ValueError
a+ bsec(e + fz)

[In] integrate((d*x+c)~3/(at+b*sec(f*x+e)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h
elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Giac [F]

(c + dx)3 B (dz + ¢)®
/a+bsec(e—|—fx)dz_/bsec(fm+e)—|—adw

[In] integrate((d*x+c)~3/(a+b*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)~3/(b*sec(f*x + e) + a), x)

Mupad [F(-1)]

Timed out.

/ (c+ dz)? dx:/ (c+dz)’ i

a + bsec(e + fr) a+m

[In] int((c + d*x)~3/(a + b/cos(e + f*x)),x)
[Out] int((c + d*x)~3/(a + b/cos(e + f*x)), x)
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3.35 [ (i gy

a+bsec(e+fx)
Optimal result . . . . . . . . . . . e 2472
Rubi [A] (verified) . . . . . . . .. 243
Mathematica [A] (verified) . . . . . . . . . ... 276l
Maple [F] . . . o o 240
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ........ 246
Sympy [F] . . o o 248
Maxima [F(-2)] . . . . . o o 248
Giac [F] . . . o o 248
Mupad [F(-1)] . . .« 248

Optimal result

Integrand size = 20, antiderivative size = 394
’ 3 ib(c+dz)’log (1 + M)
/ (c+do)® . (c+dz)® et
a+ bsec(e + fx) 3ad av/—a? + b2 f
) aetletfz)
~ ib(c + dz)?log (1 + b-i—\/——:er-bQ>
a\/mf

2bd(c + dz) PolyLog (2, — ;2512 )

amfz
2bd(c + dz) PolyLog <2, __aeiletfa) )

+

b+v—a?+?
av—a? + b f?

2ibd? PolyLog (3, — ,f/ie—;%)

a\/T-I—bzf?’

. aeiletfz)
- 2ibd? PolyLog <3, _W——T-W)

av/—a? + b2f3

[Out] 1/3%(d*x+c)~3/a/d+I*b*(d*x+c) ~2*1n(1+a*xexp(I*(f*xx+e))/(b-(-a"2+b"2)"(1/2)))
/a/f/(-a~2+b~2) ~(1/2) -Ixbx (d*x+c) “2x1n(1+axexp (I* (f*x+e))/(b+(-a~2+b"2) " (1/
2)))/a/f/(-a~2+b"2) " (1/2) +2*b*d* (d*x+c) *polylog(2,-axexp (I* (f*x+e))/ (b-(-a~
2+b~2)7(1/2)))/a/£72/(-a~2+b~2) = (1/2) -2*b*d* (d*x+c) *polylog (2, —a*xexp (I* (f*x
+e))/(b+(-a"2+b"2)~(1/2)))/a/f~2/(-a~2+b~2) " (1/2) +2*I*b*d~2*polylog(3,-a*ex
p(I*x(fxx+e))/(b-(-a"2+b~2)~(1/2)))/a/£~3/(-a~2+b~2)~(1/2)-2*I*b*d~2*polylog
(3,-axexp(Ix(f*x+e))/(b+(-a"2+b~2)~(1/2)))/a/£"3/(-a"2+b~2)~(1/2)

+
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Rubi [A] (verified)

Time = 1.37 (sec) , antiderivative size = 394, normalized size of antiderivative = 1.00,
number of steps used = 12, number of rules used = 7 number of rules _ 350, Rules used

' integrand size
= {4276, 3402, 2296, 2221, 2611, 2320, 6724}

aei(e fx)
/ (c+ dm)2 e 2bd(c + dz) PolyLog <2, —b_\/b:_—az)
a+bsec(e + fz) = af?V/b? — a?
aeiletfz)
2bd(c + d) PolyLog (2, — 24522
PN
. aeiletfz)
e +do)?log (1+ 242
afVb% — a2
aez(e ) aei(e z)
zb(c + dz)?log (1 + ¢l)2—+f+b> 2ibd? PolyLog (3 1;_\/1,—;17(12)

+

N N
geiletfa)

27,bd2 PolyLog ( S (c+dz)?
af3v/b? —a? 3ad

[In] Int[(c + d*x)~2/(a + b*Sec[e + f*x]),x]

[Out] (c + d*x)~3/(3%axd) + (Ixbx(c + d*x) 2xLog[l + (a*E~(Ix(e + f*x)))/(b - Sqr
t[-a"2 + b~2])])/(a*Sqrt[-a~2 + b~2]*f) - (I*b*(c + d*x) 2xLogl[l + (a*E~(I*

(e + f*x)))/(b + Sqrt[-a~2 + b~2])])/(axSqrt[-a"2 + b~2]*f) + (2*%bxdx(c + d
*xx)*PolyLog[2, -((a*E~(Ix(e + f*x)))/(b - Sqrt[-a~2 + b~2]))])/(a*Sqrt[-a~2

+ b~2]*£72) - (2%bxd*(c + d*x)*PolyLog[2, -((a*E~(I*(e + f*x)))/(b + Sqrtl[

-a”2 + b~2]))])/(axSqrt[-a~2 + b~2]*f~2) + ((2%I)*b*d~2*PolyLog[3, -((a*xE~(

Ix(e + f*x)))/(b - Sqrt[-a~2 + b~2]))])/(a*Sqrt[-a~2 + b~2]*£73) - ((2*I)*b
*d~2*%PolyLog[3, -((a*xE~(Ix(e + f*x)))/(b + Sqrt[-a™2 + b~2]))])/(axSqrt[-a”

2 + b"2]*£73)

Rule 2221

Int [(CCF_)~((g_D)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))7°n/a)], x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2296

Int [((FL)~(u)*((f_.) + (g_)*(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4xa*c, 2]}, Dist[2*(c/q), Int[
(f + g*x)"m*(F"u/(b - q + 2*xcxF~u)), x], x] - Dist[2*(c/q), Int[(f + g*x)"m
*(F~u/(b + q + 2*c*¥F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
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2%u] && LinearQ[u, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(a_.)]1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) ~"n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3402

Int[((c_.) + (A_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (£f_.)*(
x_)1), x_Symbol] :> Dist[2, Int[(c + d*x) "m*E~(I*Pi*(k - 1/2))*(E~(Ix(e + £
*x)) /(b + 2%a*E~(I*Pi*(k - 1/2))*E~(Ix(e + f*x)) - b*E~(2%Ixk*Pi)*E~(2*I*(e
+ £*x)))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IntegerQ[2*k] && NeQ[
a~2 - b~2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + £*x])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 6724

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps

_ B (c+dz)? b(c + dz)”
integral = / ( a - a(b+ acos(e + f@)) t

(ct+dz)?
(c+dz)? B bfmdx
3ad a
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ei(e+72) (c4dx)?2
(c+dx)® (20) il ekl da

a+2bei(e+f:1:) +a62i(e+f:t)

3ad a
ei(e"'fm)(c—l—dx)Q ei(e+f:t)(c+d$)2
(C + d.’L‘)3 _ (2b) f 2b—2v/—a2+b2+2aei(etf2) dz + (2b) f 2b+2v—a2+b2+2aei(et+fz) dx

3ad vV—a2 + b2 V—a2 + b2

. aei(e+fz) . aei(e+fz)
(C + d.’I?)3 N Zb(C + dx)2 log (1 + b—\/——cﬂw> 3 ’Lb(C + da,‘)2 log (1 + b+\/——a27+b2>
3ad av—a? + b2 f av—a?+b2f
. aei(e fz) . aei(e+fz)
(2ibd) [(c+ dz)log (1 + 21)2—2\/+T—4-I)2) dx+ (2ibd) [(c + dz)log (1 + 2})12\/—_“27+b2> dz
av—a?+ b2 f av—a?+ b2 f

. aetletfz) . aetletfz)
(C + dCL')3 N lb(C + dx)2 10g (1 + I)—\/——:TW) Zb(C + dm)z log (1 + IH-\/——TW)

3ad av/—a? + B f a av/—a? + b2 f

2bd(c + dz) PolyLog (2, —%) 2bd(c + dz) PolyLog <2, —%)
- a1 By B - LB f

(2bd?) [ PolyLog (2,— 2oe"et 10 ) dz  (2bd?) [ PolyLog (2,— 2aci(c+/) ) dz
_+_

2b—2v/—a2+b? 2b4+-2v—a?4-b?
av —a?+ b2 f? av—a?+ b%f?

. aetletfz) . aetletfz)
(C + d.’IJ)3 N Zb(C + d.’L‘)2 log (1 + m) zb(c + d.'L')2 log (1 + m)

3ad av/—aZ + o f a av/—a? + b2 f

2bd(c + dz) PolyLog (2, ;252 ) 2bd(c + dz) PolyLog (2, —; 232 )

+ -
PR o= T O
PolyLog 2,% .
(2ibd?) Subst (f ( e ) dx,x,ez(”fz))
_|_

a\/T—I—bzf?’

PolyLog| 2,——2Z )
(2ibd?) Subst (f ( 2t _“2+b2) dz, z, ez(e"’f”“'))

T

a\/T—Hﬂf?’

. aei(e+fm) . aetletfz)
(c+ d.’IJ)3 N ib(c + d$)2 log (1 + m) ib(c + dx)2 log (1 + m)

3ad av/—aZ + o f a av/—aZ + b2 f

9bd(c + dz) PolyLog (2, —%) 9bd(c + dz) PolyLog (2, —%)
+ —_

av/—a? + B2 f? P e of >

2ibd? PolyLog (3, 297 ) 2ibd? PolyLog (3, - 257 )
N _

av—a? + b2 f3 av/—a?® + b2 f3
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Mathematica [A] (verified)

Time = 1.12 (sec) , antiderivative size = 338, normalized size of antiderivative = 0.86
2
/ (c+ dx) i
a+ bsec(e + fx)

(b+acos(e+ fz)) | z(3c* + 3edx + d*z?

. X 2d( —if(c+
. 2 __aeiletfo) 2 ac’(t/e) (

3ib ((c+d:c) log(l TSRy v (c+dzx)? log | 1+ bt —aT 02 +

)+

3a(a+b

[In] Integratel[(c + d*x)~2/(a + b*Secl[e + f*x]),x]

[Out] ((b + axCos[e + f*x])*(x*(3*c™2 + 3xckdxx + d~2*x72) + ((3*xI)*b*x((c + d*x)~
2+Log[1 - (a*E~(I*(e + f*x)))/(-b + Sqrt[-a~2 + b~2])] - (c + d*x) " 2*Log[1

+ (a*E~(I*(e + £xx)))/(b + Sqrt[-a”2 + b~2])] + (2xd*((-I)*fx(c + d*x)*Poly
Log[2, (a*E~(I*(e + f*x)))/(-b + Sqrt[-a”2 + b~2])] + d*PolyLogl[3, (axE~(I*

(e + £xx)))/(-b + Sqrt[-a”2 + b~2])]))/f"2 + ((2*I)*d*(f*(c + d*x)*PolyLogl

2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a”2 + b~2]))] + I*d*PolyLog[3, -((a*xE~(

Ix(e + £*x)))/(b + Sqrt[-a~2 + b"2]1))1))/£72))/(Sqrt[-a~2 + b~2]*f))*Sec[e

+ f*x])/(3*ax(a + b*Sec[e + f*x]))

Maple [F]

(dz + c)?
/ a+bsec(fx+e)dx
[In] int((d*x+c) "2/ (a+bxsec(f*x+e)),x)
[Out] int((d*x+c) "2/ (a+b*sec(f*x+e)),x)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1625 vs. 2(346) = 692.

Time = 0.46 (sec) , antiderivative size = 1625, normalized size of antiderivative = 4.12

(c+ dx)? B .
/ a + bsec(e + fz) dz = Too large to display

[In] integrate((d*x+c)~2/(atb*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/6*%(2*x(a"2 - b~2)*d"2*xf~3*x"3 + 6%(a”2 - b~2)*cxd*f~3*%x"2 + 6*(a”2 - b~2)*
c"2xf73xx - 6*I*axbxd~2*sqrt(-(a”2 - b~2)/a"2)*polylog(3, -(bxcos(f*x + e)
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+ Ixb*sin(f*x + e) + (axcos(f*x + e) + Ixaxsin(f*x + e))*sqrt(-(a”2 - b~2)/
a~2))/a) + 6xI*xa*xbxd~2xsqrt(-(a”2 - b~2)/a"2)*polylog(3, —(b*cos(f*x + e) +
Ixb*sin(f*x + e) - (a*xcos(f*x + e) + I*a*sin(fxx + e))*sqrt(-(a”2 - b"2)/a
~2))/a) + 6xIkaxb*d~2*sqrt(-(a”2 - b72)/a"2)*polylog(3, -(bxcos(f*x + e) -
Ixbxsin(f*x + e) + (a*cos(f*x + e) - Ixa*xsin(f*x + e))*sqrt(-(a”2 - b~2)/a"
2))/a) - 6xIxa*xb*d~2xsqrt(-(a”2 - b~2)/a"2)*polylog(3, —(b*cos(f*x + e) - I
xbxsin(f*x + e) - (axcos(f*x + e) - Ixaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2
))/a) - 6x(a*xb*d~2*f*x + a*bkc*d*f)*sqrt(-(a”2 - b~2)/a"2)*dilog(-(b*cos(f*
X + e) + I*¥bxsin(f*xx + e) + (a*xcos(f*x + e) + Ixa*sin(f*x + e))*sqrt(-(a~2
- b"2)/a"2) + a)/a + 1) + 6x(axb*d~2*f*x + axbkckd*f)*sqrt(-(a”2 - b~2)/a"2
)*dilog(-(b*cos(f*x + e) + I*b*sin(f*x + e) - (axcos(f*x + e) + Ixa*sin(f*x
+ e))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1) - 6*(axb*d~2xf*x + a*bkckxdxf)*sqr
t(-(a"2 - b72)/a"2)*dilog(-(b*cos(f*x + e) - I*bxsin(f*x + e) + (a*xcos(f*x
+ e) - Ixaxsin(f*x + e))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) + 6x(axbxd™2xf*
x + axbkxckxd*xf)*sqrt(-(a”2 - b72)/a"2)*dilog(-(b*cos(f*x + e) - I*b*sin(f*x
+ e) - (axcos(f*x + e) - I*xaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a +
1) + 3x(I*axbxd"2*e”~2 - 2*I*axbxcxd*e*f + Ixaxb*c 2xf~2)*sqrt(-(a~2 - b72)/
a~2)*log(2xa*xcos(f*x + e) + 2*I*axsin(f*x + e) + 2*xaxsqrt(-(a”2 - b~2)/a"2)
+ 2xb) + 3*(-I*axbxd~2%e”2 + 2xIxaxbkckdxexf - I*axbxc~2*f~2)*sqrt(-(a”2 -
b~2)/a~2)*log(2*a*xcos(f*x + e) - 2kI*axsin(f*x + e) + 2xa*xsqrt(-(a”2 - b~2
)/a~2) + 2*%b) + 3x(I*xaxbxd~2*e”2 - 2xI*a*bkckdxexf + I*axbxc~2*f~2)*sqrt(-(
a"2 - b"2)/a"2)*log(-2*a*cos(f*x + e) + 2*I*axsin(f*x + e) + 2xaxsqrt(-(a~2
- b72)/a"2) - 2%b) + 3*(-I*a*xbxd"2%e”~2 + 2kI*axbkckxdkexf - Ixaxbkxc™2%f~2)x*
sqrt(-(a"2 - b~2)/a"2)*xlog(-2*a*cos(f*x + e) - 2*I*axsin(f*x + e) + 2xaxsqr
t(-(a”2 - b72)/a"2) - 2%b) + 3x(-Ika*xb*d™2*xf~2*x"2 - 2kI*axbkckd*f 2xx + Ix*
axbxd"2xe”2 - 2*Ixaxbkcxd*exf)*sqrt(-(a”2 - b72)/a~2)*log((b*cos(f*x + e) +
Ixb*sin(f*x + e) + (a*xcos(f*x + e) + Ixa*sin(fxx + e))*sqrt(-(a”2 - b"2)/a
72) + a)/a) + 3%(I*axbkd~2%f~2xx"2 + 2*I*axbkckd*f~2%x - Ikaxbkd™2%e~2 + 2%
Ixa*xbkcxdxexf)*sqrt(-(a™2 - b~2)/a"2)*log((b*cos(f*x + e) + I*bxsin(f*x + e
) - (axcos(f*x + e) + Ixa*sin(f*x + e))*sqrt(-(a”2 - b72)/a"2) + a)/a) + 3%
(Ixaxb*d™2*xf"2*x"2 + 2xIxaxbkc*d*f~2xx — I*axbxd~2%e”2 + 2xIxaxb*ckdxexf)x*s
qrt(-(a”2 - b~2)/a"2)*log((b*cos(f*x + e) - I*bxsin(f*x + e) + (a*xcos(fx*x +
e) - Ikxaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a) + 3x(-I*a*xb*xd~2xf 2%
X"2 - 2*Ikaxbxckxd*f~2xx + I*a*b*d"2xe”2 - 2xIxaxb*ckd*xexf)*sqrt(-(a~2 - b~2
)/a~2)*log((b*cos(f*x + e) - Ixb*sin(f*x + e) - (a*xcos(f*x + e) - Ikaxsin(f
*x + e))*sqrt(-(a”2 - b™2)/a"2) + a)/a))/((a~3 - a*b~2)*f"3)
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Sympy [F]

(c+ dz)? B (c + dx)?
/a+bsec(e—|—fx)dm_/a+bsec(€+ff”)dx

[In] integrate((d*x+c)**2/(at+b*sec(f*x+e)),x)

[Out] Integral((c + d*x)**2/(a + b*sec(e + f*x)), x)

Maxima [F(-2)]

Exception generated.

2
/ (c+ dz) dx = Exception raised: ValueError
a+ bsec(e + fzx)

[In] integrate((d*x+c)~2/(a+b*sec(f*x+e)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h
elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Giac [F]

(c+ dz)? B (dz + c)?
/a+bsec(e—|—fx)dm_/bsec(f:p+e)—|—a v

[In] integrate((d*x+c)~2/(a+b*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)~2/(b*sec(f*x + e) + a), x)

Mupad [F(-1)]

Timed out.

/ (c+dz)? dx=/ (c+dzc)2 e

a+ bsec(e + fr) 0+ Goslersa)

[In] int((c + d*x)~2/(a + b/cos(e + f*x)),x)
[Out] int((c + d*x)~2/(a + b/cos(e + f*x)), x)
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3.36  [SE__dxy

a+bsec(e+fx)
Optimal result . . . . . . . . . . . e 249
Rubi [A] (verified) . . . . . . . . . 249
Mathematica [A] (verified) . . . . . . . .. ... Lo 252
Maple [B] (verified) . . . . . . . . ... 252
Fricas [B] (verification not implemented) . . . . . .. ... ... ... .. ...... 253
Sympy [F] . o o o 254
Maxima [F(-2)] . . . . . . 2541
Giac [F] . . . o o o 254
Mupad [F(-1)] . . . oo 254

Optimal result

Integrand size = 18, antiderivative size = 257

. aetletfz)
/ ¢+ dz i (C+dx)2+zb(c+dm)log (1+b—\/——a27+b2>

a+ bsec(e + fx) “ 2ad av/—a? + b2 f
ib(c + dz) log (1 %)
B av—a? + b f
bdPolyLog (2, 2525 ) bdPolyLog (2, — ;257 )
+ av/—a2 1 B2 f2 N av/—a2 1 B2 f2

[Out] 1/2%(d*x+c)~2/a/d+I*b* (d*x+c) *1n(1+a*exp (I* (fxx+e))/ (b-(-a"2+b72)"(1/2)))/a
/£/(~a~2+b~2) " (1/2) -I*b* (d*x+c) *1n(1+a*exp (I* (fxx+e)) / (b+(-a~2+b"2)~(1/2)))
/a/f/(-a~2+b~2) " (1/2)+b*d*polylog(2,-a*xexp (I* (f*x+e))/(b-(-a~2+b"2)~(1/2)))
/a/f72/(-a~2+b~2) ~(1/2) -b*d*polylog(2,-a*exp (I* (f*x+e))/(b+(-a~2+b"2)~(1/2)
))/a/f72/(-a"2+b~2)~(1/2)

Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 257, normalized size of antiderivative = 1.00,

number of steps used = 10, number of rules used = 6, number of rules _ 0.333, Rules used
integrand size
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= {4276, 3402, 2296, 2221, 2317, 2438}

a+ bsec(e + fz) v afvb? —a?
ib(c + dz) log (1 + \‘;gg%ﬁjb) bd PolyLog (2, —b“_e:;)—;f%)
VP = T e
bd PolyLog (2, —ﬁi};—;f%) (c+ dz)?
B af?V/b? — a? + 2ad

[In] Int[(c + d*x)/(a + b*Sec[e + f*x]),x]

[Out] (c + d*x)~2/(2%a*d) + (Ixb*(c + d*x)*Logl[l + (a*E~(I*(e + f*x)))/(b - Sqrtl[

-a”2 + b72])])/(axSqrt[-a~2 + b~2]*f) - (Ixbx(c + d*x)*Logl[l + (a*E~(I*(e
fxx)))/(b + Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*f) + (bxd*PolyLogl[2, -

((@*E~(I*(e + £*x)))/(b - Sqrt[-a"2 + b~2]))]1)/(axSqrt[-a"2 + b~2]*£~2) - (

bxd*PolyLog[2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a”2 + b~2]))])/(a*xSqrt[-a~2
+ b"2]*£72)

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_D*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))°n/a)], x]1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

. aetletfz)
/ ¢+ dx o ib(c + dz) log <1+b_\/b:_7a2)

+

Rule 2296

Int [((FL)~(u)*((f_.) + (g_)*(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[2*(c/q), Int[
(f + g*x)"m*(F"u/(b - q + 2*xcxF~u)), x], x] - Dist[2*(c/q), Int[(f + g*x)"m
*(Fru/(b + q + 2*c*¥F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]
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Rule 3402

Int[((c_.) + (d_)*(x_)) " (m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (f_.)*(
x_)]), x_Symbol] :> Dist[2, Int[(c + d*x) m*xE~(I*Pix(k - 1/2))*(E~(I*(e + £
*x)) /(b + 2*%a*E"(I*Pix(k - 1/2))*E~(I*(e + f*x)) - b*E~(2*xI*k*Pi)*E~(2*%I*(e
+ fxx)))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IntegerQ[2+k] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rubi steps

intogral — / (c—i—dx_ b(c + dx) ))) -

a a(b+acos(e + fx

ctdz
_ (et do)? b racsierrm 9

2ad a
e(etf2) (et dx
— (c+ dﬁU)2 _ (2b) f a,+2bei(e+fz)5-:e2i()a+fz) dx
2ad a

et(e+f2) (et dx) et(etf2) (et dx)
— (C + dx)2 _ (2b) f 2b—2v/—a2+b%+2qei(e+fz) dz (2b) f 2b64+2v/—a2+b%+2aet(e+ ) dx

+
2ad V—a + b2 vV—aZ + b2

. aetletfz) . aetletfz)
_ (c + dz)? . ib(c + dz) log (1 + —b_\/%_i_bz> - ib(c + dz) log (1 -+ W%)
2ad av/—a? + B2 f av/—a? + B f
. 2aei(e+fW) . 2aei(e+fa:)
B (’Lbd) flog (1 + m) dz N (’Lbd) flog <1 + 21)-1-2\/——0,274-62) dz
av—a? + b2 f av—a? + b2 f

. aetletfz) . aet(etfz)
 (c+dz)? . ib(c + dz) log (1 + ﬁ) ib(c + dz) log (1 + ﬁ)

2ad a\/—a2_{_b2f a1/_a2+b2f
log( 14——222 — )
(bd)Subst (f ( ik ) dz, z, e’(e”“))

av/—a? + b2f?

log( 1+-—22 ,
(bd)Subst (f g( 22 e ) dx,m,el(e”””))

T

_|_
av—a? + b2f?
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aetletfz)

. aei(e fz) .
(c + dz)? . ib(c + dx) log (1 + ﬁ) ib(c + dx) log (1 + m)

2ad av—a?+ b f av—a?+ b f
aeiletfz)

aeiletfz)
bd PolyLog <2, _b—\/——;i+b2> ~ bd PolyLog (2» —m)

av/—a? + b2 f2 av/—a? + b2f2?

_|_

Mathematica [A] (verified)

Time = 0.72 (sec) , antiderivative size = 214, normalized size of antiderivative = 0.83

/ c+dx i
a + bsec(e + fz)

qeietf)

f(\/—a2 + b2 fz(2¢ + dzx) + 2ib(c + dz) log <1 - %) — 2ib(c + dz) log (1 + v

)) +2bd1

a 2av/—a? + b2 f2

[In] Integratel[(c + d*x)/(a + b*Sec[e + f*xx]),x]

[Out] (fx(Sqrt[-a~2 + b~2]*f*xx*x(2%xc + d*x) + (2*I)*bx(c + d*x)*Log[l - (a*E~(I*(e

+ £xx)))/(-b + Sqrt[-a”"2 + b72])] - (2*I)*b*(c + d*x)*Log[l + (a*xE~(Ix(e +
fxx)))/(b + Sqrt[-a”2 + b~2])]) + 2xbxd*PolyLog[2, (a*E~(I*(e + f*x)))/(-b
+ Sqrt[-a”2 + b72])] - 2xbxd*PolyLog[2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a
"2 + b72]))]1)/(2*axSqrt[-a”2 + b"2]*x£72)

Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 515 vs. 2(229) = 458.

Time = 0.56 (sec) , antiderivative size = 516, normalized size of antiderivative = 2.01

method | result

2ibcarctan 208 (/74) 19p ibdIn| =2 Hote) 4 vV —a? 152 b T ibd In ac'(fote) 1/ —aZ4b24b T ibd In
risch de® 4 ow 4 vt ) 4 b _a? i — by ot +
2a a fava2—b2 fav—a2+b2 fav—a2+b2

[In] int((d*x+c)/(at+bxsec(f*x+e)) ,x,method=_RETURNVERBOSE)

[Out] 1/2*%d/axx~2+c/a*xx+2*I/f/axbxc/(a”2-b~2)~(1/2)*arctan(1/2*(2xaxexp (I* (f*x+e)

)+2%b) /(a~2-b"2)~(1/2))+I/f/axbxd/(-a~2+b~2) " (1/2) *1n((-a*exp (I* (f*x+e) )+ (-
a”2+b"2)7(1/2)-b) /(-b+(-a"2+b"2) " (1/2)) ) *x-I/f/a*b*d/(-a"2+b"2) ~(1/2) *1n((a
*xexp (I*(f*x+e))+(-a"2+b~2)~(1/2)+b) / (b+(-a~2+b~2) " (1/2) ) ) *x+I/£72/a*b*d/(-a
~2+b72) " (1/2) *1n((-a*xexp (I* (f*x+e))+(-a"2+b~2)~(1/2)-b) / (-b+(-a"2+b"2) " (1/2
)))*e-I/£72/a*b*d/ (-a~2+b"2) ~(1/2) *1n((a*exp (I* (f*x+e))+(-a~2+b~2)~(1/2)+b)
/(b+(-a~2+b"2)~(1/2))) *e+1/£7"2/axb*d/ (-a"2+b~2) ~(1/2) *dilog((-a*exp (I* (f*x+
e))+(-a"2+b"2)"(1/2)-b) / (-b+(-a"2+b”2) " (1/2)) ) -1/£72/a*bxd/ (-a"2+b~2) " (1/2)
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*dilog((a*exp (I* (fxx+e))+(-a~2+b"2)~(1/2)+b)/(b+(-a~2+b"2)~(1/2)))-2*I/£~2/
axbxdxe/(a~2-b"2) ~(1/2)*arctan(1/2* (2xa*xexp (I* (f*x+e))+2%b)/(a~2-b"2)~(1/2)
)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1041 vs. 2(225) = 450.

Time = 0.45 (sec) , antiderivative size = 1041, normalized size of antiderivative = 4.05

c+dz .
/ a + bsecle + fz) dx = Too large to display

[In] integrate((d*x+c)/(a+bxsec(f*x+e)),x, algorithm="fricas")

[Out] 1/2%((a”2 - b~2)*d*f~2*x"2 + 2*(a"2 - b~2)*cxf~2%x - axbxd*sqrt(-(a~2
)/a"2)*dilog(-(b*cos(f*x + e) + I*b*sin(f*x + e) + (axcos(f*x + e) + Ixa*si
n(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1) + axb*d*sqrt(-(a”2 - b"2)/a"
2)*dilog(-(b*cos(f*x + e) + I*b*sin(f*x + e) - (a*cos(f*x + e) + Ixa*xsin(fx*
x + e))*sqrt(-(a”2 - b72)/a"2) + a)/a + 1) - a*bxd*sqrt(-(a”2 - b~2)/a"2)*d
ilog(-(b*cos(f*x + e) - I*b*sin(f*x + e) + (a*cos(f*x + e) - I*a*xsin(f*x +
e))*sqrt(-(a”2 - b"2)/a"2) + a)/a + 1) + axbxd*sqrt(-(a”2 - b~2)/a"2)*dilog
(-(b*cos(f*x + e) - Ixbxsin(f*x + e) - (axcos(f*x + e) - Ixa*xsin(f*x + e))*
sqrt(-(a”2 - b72)/a"2) + a)/a + 1) - (Ixa*bxd*e - I*axb*c*f)*sqrt(-(a™2 - b
~2)/a”~2)*log(2*a*cos(f*x + e) + 2*I*axsin(f*x + e) + 2*xaxsqrt(-(a”2 - b~2)/
a"2) + 2xb) - (-Ixa*bkd*e + I*axbkcxf)*sqrt(-(a~2 - b~2)/a"2)*log(2*axcos(f
*x + e) - 2*I*xaxsin(f*x + e) + 2*xaxsqrt(-(a”2 - b~2)/a"2) + 2xb) - (I*axbxd
xe — Ikaxbxcxf)*sqrt(-(a~2 - b72)/a"2)*log(-2*a*cos(f*x + e) + 2xIxa*xsin(fx*
X + e) + 2¥axsqrt(-(a”2 - b~2)/a"2) - 2*b) - (-I*axbk*dxe + Ixaxbxc*f)*sqrt(
-(a"2 - b72)/a"2)*log(-2*xaxcos(f*x + e) - 2*Ixa*sin(f*x + e) + 2*a*sqrt(-(a
2 - b72)/a"2) - 2%b) - (Ixa*bxd*f*x + I*axbkdxe)*sqrt(-(a”2 - b~2)/a"2)*lo
g((bxcos(f*x + e) + Ixbxsin(f*x + e) + (a*cos(f*x + e) + I*xaxsin(f*x + e))x*
sqrt(-(a"2 - b~2)/a"2) + a)/a) - (-I*a*b*xd*fxx — I*axbxdxe)*sqrt(-(a”2 - b~
2)/a"2)*log((b*cos(f*x + e) + I*b*sin(f*x + e) - (a*cos(f*x + e) + I*a*sin(
fxx + e))*sqrt(-(a”2 - b72)/a"2) + a)/a) - (-Ixa*xbxd*f*x — I*axbkdxe)*sqrt(
-(a”2 - b72)/a"2)*log((b*cos(f*x + e) - I*b*sin(f*x + e) + (axcos(f*x + e)
- Ixaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a) - (I*xaxbxd*f*x + Ixaxb*d
xe)*sqrt(-(a~2 - b~2)/a"2)*log((b*cos(f*x + e) - I*b*sin(f*x + e) - (a*cos(
fxx + e) - Ixaxsin(f*x + e))*sqrt(-(a”™2 - b~2)/a"2) + a)/a))/((a"3 - a*b~2)
*f~2)

- b"2
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Sympy [F]

/ c+dx dw—/ c+dz iz
a+bsec(e+ fr) | a+bsec(e+ fz)

[In] integrate((d*x+c)/(at+b*sec(f*x+e)),x)

[Out] Integral((c + d*x)/(a + b*sec(e + f*x)), x)

Maxima [F(-2)]

Exception generated.

d
/ ctax dx = Exception raised: ValueError
a+ bsec(e + fzx)

[In] integrate((d*x+c)/(atb*sec(f*x+e)),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
using the ’assume’ command before evaluation *may* h

dditional constraints;
‘assume?‘ for

elp (example of legal syntax is ’assume(4*a~2-4%b~2>0)’, see

more de

Giac [F]

/ c+dx dr+c dm
a + bsec( e—l—fx bsec(fr+e)+

[In] integrate((d*x+c)/(atb*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)/(bxsec(f*x + e) + a), x)

Mupad [F(-1)]

Timed out.

/ c+dz / ctdz
dr= | ——————dz
a+ bsec(e + fr) O+ Coslersa)

[In] int((c + d*x)/(a + b/cos(e + f*x)),x)
[Out] int((c + d*x)/(a + b/cos(e + f*x)), x)
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1

3.37 J (c+dz)(atbsec(etf)) dzx

Optimal result . . . . . . . . . . . 255)]
Rubi [N/A] .« . 255
Mathematica [N/A] . . . . . . .. 250
Maple [N/A] (verified) . . . . . . . . . . 250
Fricas [N/A] . . . o 250
Sympy [N/A] . . . 2561
Maxima [N/A] . . . . o 257
Giac [N/A] . . o e 257
Mupad [N/A] . . o 257

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ (c+ dz)(a + bsec(e + fz)) do = Int((c +dz)(a + bsec(e + fz))’ x>

[Out] Unintegrable(1/(d*x+c)/(at+b*sec(f*x+e)),x)

Rubi [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0, Bumber of rules _ 0.000, Rules used = {}
integrand size

1 1
/ (c+dz)(a + bsec(e + fzx)) do = / (c+dzx)(a+ bsec(e + fx)) de

[In] Int[1/((c + d*x)*(a + bxSec[e + f*x])),x]
[Out] Defer[Int][1/((c + d*x)*(a + b*Sec[e + f*x])), x]
Rubi steps

1
. 1 =
integra, / (c+dz)(a + bsec(e + fzx)) &
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Mathematica [N/A]

Not integrable
Time = 1.74 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/ (c+dz)(a + bsec(e + fx)) de = / (c+dz)(a+ bsec(e + fx)) de

[In] Integrate[1/((c + d*x)*(a + b*Sec[e + f*x])),x]
[Out] Integrate[1/((c + d*x)*(a + b*Sec[e + f*x])), x]

Maple [N/A] (verified)

Not integrable
Time = 0.46 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ L dz
(dx +c)(a+bsec(fz+e))

[In] int(1/(d*x+c)/(atb*sec(f*x+e)) ,x)
[Out] int(1/(d*x+c)/(a+b*sec(f*x+e)),x)

Fricas [N/A]

Not integrable
Time = 0.27 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

1 1
/(c+dw)(a+bsec(e+fx)) dm:/(d:v+c)(bsec(fx+e)+a)

dz

[In] integrate(1/(d*x+c)/(a+b*sec(f*x+e)),x, algorithm="fricas")

[Out] integral(1l/(a*xd*x + a*c + (b*d*x + b*c)*sec(f*x + e)), x)

Sympy [N/A]

Not integrable
Time = 1.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

1 1
/ (c+dzx)(a+ bsec(e + fx)) do = / (a+bsec(e+ fx)) (c+dx) dz

[In] integrate(1/(d*x+c)/(a+b*sec(f*x+e)),x)
[Out] Integral(1/((a + b*sec(e + f*x))*(c + d*x)), x)
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Maxima [N/A]
Not integrable
Time = 0.84 (sec) , antiderivative size = 298, normalized size of antiderivative = 14.90

1 1
dzr = dz

/ (c+dz)(a+bsec(e + fr)) ) (dz+c)(bsec(fz +e)+a)

[In] integrate(1/(d*x+c)/(atb*sec(f*x+e)),x, algorithm="maxima")

[Out] -(2*axbxd*integrate((axcos(2*xf*x + 2%e)*cos(f*x + e) + 2xb*cos(f*x + e)72 +
a*sin(2xf*x + 2xe)*sin(f*x + e) + 2*bxsin(f*x + e)”~2 + a*cos(f*x + e))/(a”
3xd*x + a”"3*c + (a"3*d*x + a~3*c)*cos(2xf*x + 2xe) 2 + 4x(axb”2xd*x + a*b”2
xc)*xcos(f*x + e)72 + (a~3xd*x + a~3*xc)*sin(2*fxx + 2%e) 2 + 4x(a”2*b*d*x +
a~2*b*c)*sin(2*f*xx + 2xe)*sin(f*x + e) + 4x(a*b~2*d*x + axb”~2*c)*sin(f*x +

e)”2 + 2%(a"3xd*x + a~3*c + 2*(a”2*b*d*x + a~2xbxc)*cos(f*x + e))*cos(22kfx*x

+ 2xe) + 4x(a”2xb*d*x + a~2%b*c)*cos(f*x + e)), x) - log(d*x + c))/(axd)

Giac [N/A]

Not integrable
Time = 0.35 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/(c—i—dw)(a—l—bsec(e—l—fx)) d$:/(dx+c)(bsec(fx+e)+a)

dz

[In] integrate(1/(d*x+c)/(at+b*sec(f*x+e)),x, algorithm="giac")
[Out] integrate(1/((d*x + c)*(b*sec(f*x + e) + a)), x)

Mupad [N/A]

Not integrable
Time = 13.38 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
/(c—i—dz)(a—i—bsec(e—i—fz)) da::/ ((H_ o+ do) dz

b > (
cos(e+f )

[In] int(1/((a + b/cos(e + f*x))*(c + d*x)),x)
[Out] int(1/((a + b/cos(e + f*x))*(c + d*x)), X)



1 dx

3.38 f (c+dx)2(a+b sec(e+fz))

Optimal result . . . . . . . . . . e
Rubi [N/A] . . e
Mathematica [N/A] . . . . . . . .
Maple [N/A] (verified) . . . . . . . ...
Fricas [N/A] . . . . o
Sympy [N/A] . . o
Maxima [N/A] . . . .
Giac [N/A] .« . o o
Mupad [N/A] . . .. oo

Optimal result

Integrand size = 20, antiderivative size = 20

1

(c+ dx)%*(a+ bsec(e + fz)) de = Int(

[Out] Unintegrable(1/(d*x+c)~2/(a+b*sec(f*x+e)),x)

Rubi [N/A]
Not integrable

(c+ dz)%(a + bsec(e + fx))’ x)

258

208
258
209
259
259
260
260
260)
261

Time = 0.09 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used

1

— . humber of rules
’ integrand size

(c+ dx)%*(a+ bsec(e + fz)) de = / (c+dz

[In] Int[1/((c + d*x)~2x(a + b*Secl[e + f*x])),x]
[Out] Defer[Int][1/((c + d*x)~2*(a + bxSec[e + f*x])), x]

Rubi steps
1

)2(a + bsec(e + fx))

integral = / (c+dz)?(a + bsec(e + fzx))

= 0.000, Rules used = {}
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Mathematica [N/A]

Not integrable
Time = 12.30 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1

/ (c+dzx)?(a + bsec(e + fx)) de = / (c+dz)?(a + bsec(e + fx)) dz

[In] Integrate[1/((c + d*x)~2x(a + b*Sec[e + f*x])),x]
[Out] Integrate[1/((c + d*x)~2x(a + bxSec[e + fx*x])), xI

Maple [N/A] (verified)

Not integrable
Time = 0.41 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ L dz
(dz + ¢)* (a + bsec (fz + €))

[In] int(1/(d*x+c) "2/ (at+b*sec(f*x+e)),x)
[Out] int(1/(d*x+c) 2/ (a+b*sec(f*x+e)),x)

Fricas [N/A]

Not integrable
Time = 0.28 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.55

1 1
/ (c+dz)*(a+ bsec(e + fx)) do = / (dz + ¢)*(bsec (fz + €) + a) de

[In] integrate(1/(d*x+c)~2/(a+b*sec(f*x+e)),x, algorithm="fricas")
[Out] integral(1l/(a*d~2*x"2 + 2*axcxd*x + a*c™2 + (b*xd~2*x"2 + 2%b*c*d*x + b*c™2)

xsec(f*x + e)), x)
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Sympy [N/A]
Not integrable

Time = 2.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/ (c+dz)?(a + bsec(e + fz)) do = / (a + bsec (e + fz)) (c + dz)? e

[In] integrate(1/(d*x+c)**2/(at+bxsec(f*x+e)),x)
[Out] Integral(1l/((a + bxsec(e + fx*x))*(c + d*x)**2), x)

Maxima [N/A]
Not integrable

Time = 1.33 (sec) , antiderivative size = 439, normalized size of antiderivative = 21.95

1 B 1

/ (c+ dz)?(a + bsec(e + fz)) de = / (dz + ¢)*(bsec (fz + €) + a) d

[In] integrate(1/(d*x+c)~2/(a+b*sec(f*x+e)),x, algorithm="maxima")

[Out] -(2%(a*xb*d~2*x + axbxcxd)*integrate((axcos(2xf*x + 2xe)*cos(f*x + e) + 2%bx
cos(f*x + e)72 + axsin(2xfxx + 2*e)*sin(f*x + e) + 2xbxsin(f*x + e)”2 + a*c
os(fxx + e))/(a~3*xd”~2*x"2 + 2*a~3*c*d*x + a~3*%c”2 + (a~3*d"2*x"2 + 2%a 3xcx*

d*x + a~3*xc”2)*cos(2xf*x + 2%e) "2 + 4*(axb”2xd"2*x"2 + 2*xa*b”~2*cxd*x + a*b”
2%c"2)*xcos(f*x + e)72 + (a~3*xd"2*x"2 + 2*xa”~3*kckd*x + a"3*%c"2)*sin(2*f*x + 2

*xe) "2 + 4% (a”2xbxd"2*x"2 + 2*%a"2%bkckxd*x + a”2*bxc”2)*sin(2*xfxx + 2*e)*sin(

f*x + e) + 4x(a*xb™2*%d"2*x"2 + 2*ax*b”~2kckd*x + axb"2*%c”2)*sin(f*x + e)”2 + 2
*(a"3*d"2%x72 + 2*%a”3*ckd*x + a”"3*%c”2 + 2% (a"2xbxd"2*x"2 + 2*xa”~2*b*ckdxx +
a~2xbxc”"2) *cos(f*x + e))*cos(2xf*x + 2xe) + 4*(a~2xbxd"2*x"2 + 2*a”2*b*cxdx*

X + a~2xbxc”2)*cos(f*x + e)), x) + 1)/(axd™2*x + a*xc*d)

Giac [N/A]
Not integrable

Time = 0.79 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)?(a + bsec(e + fz)) do = / (dz + c)*(bsec (fz +¢) + a) &

[In] integrate(1/(d*x+c) 2/ (at+b*sec(f*x+e)),x, algorithm="giac")
[Out] integrate(1/((d*x + c)~2*(bxsec(f*x + e) + a)), x)
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Mupad [N/A]
Not integrable

Time = 13.35 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
/(c—i—d:c)Q(a-l—bsec(e—i—fx)) d:c:/ (a-l— ) (c+ dz)? dz

b
cos(e+f )

[In] int(1/((a + b/cos(e + f*x))*(c + d*x)~2),x)
[Out] int(1/((a + b/cos(e + f*x))*(c + d*x)~2), x)



(c+dz)3

3.39 f (a+bsec(e+fx))? dx

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . . .
Mathematica [B] (verified) . . . . . . .. ... Lo
Maple [F] . . . .
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .......
Sympy [F] . . o

Maxima [F(-2)]

Giac [F] . . ..

262
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Optimal result

Integrand size = 20, antiderivative size = 1523

aei(et$2) )

(c+ dCL')3 in(C + d:l?)3 (c+ d:l:)4 3b2d(c + d$)2 log (1 + Va2
(a + bsec(e + fx))? do = Y 4a2d a? (a? — b?) f2
. 3t2d(c + do)? log (1 + 22 )

a2 (a% — b2) f2

ib3(c + dz)3 log <1 + %)
N a? (—a? + b2)3/2 f
2ib(c + dz)3 log <1 4 et

a?v—a?+ b f

) )
ib3(c + dz)3log (1 + %)

_|_

a2 (—a2 + b2)3/2 f

2ib(c + dx)3log (1 + H“f/(_e—g%)bz

aV/—a? + B2 f

6ib2d2 (c + d{],') POlYLOg <2, _bieii\(;%>
- a2 (a2 — b2) 3

6ib%d%(c + dz) PolyLog <2, —ﬂ%)
- a? (a? — b2) f3

aei(e fx)
- 3b*d(c + dz)? PolyLog (2, —ﬁ>

a2 (—a2 + b2)3/2 12

6bd(c + dz)? PolyLog (2, —b_af/(_—::;—i;>

a%v/—a? + b2 f2

aei(e fz)
3b%d(c + dz)* PolyLog (2, —w_—+ﬁ>

a? (—a? +42)°/% f?

6bd(c + dz)? PolyLog (2, —ﬁ%)
a2/ —a? + B f?

913 aet(etfz)
6b°d” PolyLog (3, —m)

a2 (a? — 0?) f4
6b2d3 PolyLog (3, —ﬁ%>
a2 (a? — 0?) f4

6ib>d?(c + dx) PolyLog <3, _ geiletfa) )

+

+

+

+

a2 (_a2 + b2)3/2 f3
12ibd?(c + dx) PolyLog (3, _ geiletia) )

0/21 /_a2 + b2f3

Ra;fgrlz(n 1 A PAlT Ace /Q _M\

+
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[Out] -6*I*b~2*%d~2*(d*x+c)*polylog(2,-a*exp(I*(f*x+e))/(b-I*(a~2-b"2)"(1/2)))/a~2
/(a~2-b"2) /£73-6*%I*b~2+d~2* (d*x+c) *polylog(2,-axexp (I* (f*x+e))/(b+I*(a"2-b~
2)~(1/2)))/a"2/(a"2-b"2) /£73-6%I*b~3*d~2* (d*x+c) *polylog(3,-axexp (I* (f*x+e)
)/ (b-(-a"2+b"2)~(1/2)))/a~2/(-a"2+b"~2) ~(3/2) /£~3-12%I*b*d~2* (d*x+c) *polylog
(3,-a*xexp(I*x(f*x+e))/(b+(-a"2+b~2)"(1/2)))/a~2/£73/(-a"2+b~2) ~(1/2)+b~2x (d*
x+c) "3*sin(f*x+e)/a/(a"2-b~2)/f/(b+axcos (f*x+e))+1/4*(d*x+c) “4/a~2/d+3*b~2%
dx (d*x+c) “2x1n(1+axexp (I* (f*x+e))/(b-I*x(a"2-b~2)~(1/2)))/a"2/(a"2-b~2) /f~2+
3*%b~2*d* (d*x+c) "2*1n(1+axexp (I* (f*x+e))/(b+I*(a"2-b~2)"(1/2)))/a"2/(a"2-b"2
) /£72-3%b~3*d* (d*x+c) “2*polylog(2,-axexp (I*(f*x+e))/(b-(-a~2+b"2)~(1/2)))/a
~2/(-a"2+b~2) " (3/2) /£~2+3*b"3*d* (d*x+c) "2xpolylog (2, -a*exp (I* (fxx+e) )/ (b+(-
a~2+b~2)~(1/2)))/a~2/(-a"2+b~2) "~ (3/2) /£~ 2+6%b*d* (d*x+c) “2*polylog(2,-a*xexp(
Ix(f*xx+e))/(b-(-a~2+b~2)~(1/2)))/a~2/£72/(-a~2+b"2) = (1/2) -6*b*d* (d*x+c) ~2*p
olylog(2,-a*xexp(I*(fxx+e))/(b+(-a"2+b~2)"(1/2)))/a"2/£~2/(-a"2+b~2)~(1/2)-1I
*b~3% (d*x+c) “3*1n(1+a*xexp (I*(f*xx+e))/(b-(-a~2+b~2)~(1/2)))/a~2/(-a"2+b~2) ~(
3/2) /£-2xIxbx (d*x+c) “3*1n(1+a*exp (I* (fxx+e))/(b+(-a~2+b~2)~(1/2)))/a~2/f/ (-
a~2+b~2) " (1/2) +2*I*bx (d*x+c) “3*x1n(1+axexp (I* (f*x+e))/(b-(-a~2+b"2)~(1/2)))/
a~2/f/(-a~2+b~2) " (1/2) +I*b~3* (d*x+c) "3*1ln(1+a*exp (I* (f*x+e))/(b+(-a~2+b"2)"
(1/2)))/a~2/(-a~2+b~2) " (3/2) /£+6*Ixb~3*d~2* (d*x+c) *polylog(3,-axexp (I* (f*x+
e))/(b+(-a~2+b~2)~(1/2)))/a~2/(-a"2+b~2) " (3/2) /£~3+12*%I*b*d~2* (d*x+c) *polyl
0g(3,-axexp (I*(f*x+e))/(b-(-a"2+b"2)~(1/2)))/a"2/£73/(-a"2+b"2) " (1/2)+6%b~2
*d~3*polylog(3,-a*xexp (Ix(f*x+e))/(b-I*(a"2-b"2)"(1/2)))/a~2/(a"2-b"2) /£~4+6
*b~2%d~3*polylog(3,-a*exp(I*(f*x+e))/(b+I*x(a~2-b~2)"(1/2)))/a~2/(a"2-b"2)/f
~4+6%b~3*d"3*polylog(4,-axexp (I*(fxx+e))/(b-(-a"2+b~2)~(1/2)))/a"2/(-a~2+b"
2)~(3/2)/£~4-6%b"3*d"3*polylog(4,-axexp (I*(f*x+e))/(b+(-a~2+b"2)"(1/2)))/a~
2/(-a"~2+b"2)~(3/2) /£~4-12%b*d~3*polylog(4,-a*exp (I* (f*x+e))/(b-(-a~2+b~2) ~(
1/2)))/a~2/f~4/(-a"~2+b~2) ~(1/2) +12xb*d~3*polylog (4, -a*exp (I* (fxx+e) )/ (b+(-a
T2+b72)7(1/2)))/a"2/£74/ (-a"2+b72) " (1/2) -I*b~ 2% (d*x+c) "3/a"2/(a"2-b"2) /£

Rubi [A] (verified)

Time = 3.54 (sec) , antiderivative size = 1523, normalized size of antiderivative = 1.00,

number of rules _ 500, Rules

number of steps used = 36, number of rules used = 10, integrand size
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used = {4276, 3405, 3402, 2296, 2221, 2611, 6744, 2320, 6724, 4618}

. ciletfa),
/ (c+ dx)3 i (c_|_d$)4 . 2iblog (b—\/m + 1> (c+ dx)s
(

a+bsec(e+ fr))2 ~  4a2d a?Vb? —a?f
ib3 log (ﬁ% + 1) (c+ dx)3

a2 (b2 _ a2)3/2 f

2iblog (b‘i% + 1) (c+ dzx)?

P —af

ib3 log (bi% + 1> (c+ dz)?

a? (b — a2)3/2 f
N v?sin(e + fz)(c + dz)? _ ib*(c+dx)®
a(a®—b?) f(b+acos(e+ fx)) a?(a®—0?)f
3b2d log (b_”—“ + 1) (c + dz)?

+

iva?—b?
a? ((1/2 _ b2) f2
8b%dlog (£ 2% +1) (c+ da)’
a2 (a2 _ b2) f2

6bd PolyLog (2 - b“ei;;ﬂ) (c+ dx)?

VB = af?

363d PolyLog (2, _ b_;;#) (c + dz)?

a? (b — a2)3/2 12
6bd PolyLog (2, - b?:%) (c+ dz)?
azm f2
3b3d PolyLog (2, - b‘f%) (c+ dx)?
a? (b — a2)3/2 f2

6ibd? PolyLog (2, -2 ) (c
)
b

+

+

_|_

+

)

AP
aei(e+fz
6:b?d* PolyLog (2, — e m) (c
7 (@0 f°

2 aeiletfz)
12ibd* PolyLog { 3, — Tt

:)

a?v/b?2 — a2 f3

6ibd? PolyLog (3, aeie+12) )
:)

:)

)

+

,/b2
a2 (b2 _ a2)3/2 f3

aeiletfz)

)
~ 124bd” PolyLog (3, T —a?
a2V/b2 — a2 £3
aetlet+fz)

6ib>d? PolyLog <3, — s
a2 (b2 _ a2)3/2 f3

¢+ dz)

+ dx
+dz
¢+ dx)
¢+ dx)

dx)

+

+
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[In] Int[(c + d*x)~3/(a + b*Sec[e + f*x])~2,x]

[Out] ((-I)*b~2*(c + d*x)"3)/(a"2*(a”2 - b™2)*f) + (c + d*x)~4/(4*a"2xd) + (3xb~2
*d*(c + d*x) 2+Log[1l + (a*E~(I*(e + £*x)))/(b - IxSqrt[a”2 - b72])])/(a~2*(
a"2 - b"2)*x£72) + (3xb~2*d*(c + d*x) " 2*Log[l + (a*E~(Ix(e + f*x)))/(b + I*S
qrt[a”2 - p°2]1)])/(a"2*(a"2 - b"2)*£72) - (I*b~3*(c + d*x) 3*Log[l + (a*xE~(
Ix(e + £f*x)))/(b - Sqrt[-a~2 + b"2]1)])/(a"2*x(-a"2 + b~2)~(3/2)*f) + ((2*I)*
b*x(c + d*x)~3*Log[l + (a*xE~(I*(e + f*x)))/(b - Sqrt[-a”2 + b~2])])/(a"2*Sqr
t[-a”2 + b~2]*f) + (I*b"3x(c + d*x) 3*Logl[l + (a*E~(Ix(e + f*x)))/(b + Sqrt
[-a”2 + b"2])])/(a"2*(-a"2 + b~2)"(3/2)*f) - ((2*I)*b*(c + d*x) 3*Logl[l + (
a*E~(Ix(e + £xx)))/(b + Sqrt[-a"2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*f) - ((6%
I)*b~2%d"2*(c + d*x)*PolyLog[2, -((a*E~(I*(e + f*x)))/(b - I*Sqrt[a”2 - b~2
D)D) /(@™ 2x(a”2 - b™2)*£73) - ((6%I)*b~2xd"2*(c + d*x)*PolyLogl[2, -((a*xE~(I
*x(e + f*x)))/(b + I*Sqrt[a~2 - b72]))])/(a"2%(a"2 - b™2)*£73) - (3*xb~3*dx*(c
+ dxx) ~2xPolyLog[2, -((a*E~(I*(e + f*x)))/(b - Sqrt[-a~2 + b~2]))]1)/(a~2x(
-a"2 + b72)7(3/2)*%£72) + (6xb*d*(c + d*x) 2*PolyLog[2, -((a*xE~(Ix(e + f*x))
)/(b - Sqrt[-a~2 + b~2]))])/(a"2*Sqrt[-a"2 + b~2]*£72) + (3*b~3*d*(c + d*x)
~2xPolyLog[2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a"2 + b~2]))])/(a"2*x(-a"2 +
b~2)~(3/2)*£72) - (6%bxd*(c + d*x) " 2*PolyLogl[2, -((a*xE~(Ix(e + f*x)))/(b +
Sqrt[-a~2 + b72]))]1)/(a"2xSqrt[-a"2 + b~2]*£72) + (6%xb~2*d~3*PolyLogl[3, -((
a*E"(Ix(e + f*x)))/(b - IxSqrt[a”2 - b72]))])/(a"2%(a"2 - b~2)*f~4) + (6%b~
2xd~3*PolyLog[3, -((a*E~(I*(e + f*x)))/(b + I*Sqrt[a”2 - b~2]))])/(a"2*(a"2
- b"2)*x£74) - ((6%I)*b~3*d"2*(c + d*x)*PolyLog[3, -((a*E~(Ix(e + £*x)))/(b
- Sqrt[-a”2 + b72]))]1)/(a"2x(-a"2 + b~2)"(3/2)*£73) + ((12*I)*b*d"2x(c + d
*x) *PolyLog[3, -((a*E~(I*(e + £*x)))/(b - Sqrt[-a~2 + b~2]))]1)/(a"2*Sqrt[-a
“2 + b72]*£73) + ((6*%I)*b~3*xd~2*(c + d*x)*PolyLog[3, -((a*E~(I*(e + f*x)))/
(b + Sqrt[-a”2 + b72]))])/(a"2%(-a"2 + b"2)~(3/2)*£73) - ((12*I)*b*d~2*(c +
d*x)*PolyLog[3, -((a*xE~(I*(e + f*x)))/(b + Sqrt[-a”2 + b~2]))])/(a"2*Sqrt[
-a”2 + b72]*f73) + (6%b~3*xd"3*PolyLogl[4, -((a*xE~(I*(e + f*x)))/(b - Sqrt[-a
"2 + b72]))]1)/(a”2%(-a”2 + b~2)"(3/2)*f~4) - (12xb*d~3*PolyLogl[4, -((a*E~(I
x(e + £xx)))/(b - Sqrt[-a”2 + b~2]))])/(a~2*Sqrt[-a~2 + b~2]*f~4) - (6%b~3x
d~3xPolyLog[4, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a”2 + b~2]))]1)/(a"2x(-a"2 +
b~2)~(3/2)*f~4) + (12%b*d~3*PolyLogl[4, -((a*E~(Ix(e + f*x)))/(b + Sqrt[-a~
2 + b72]))])/(a"2*Sqrt[-a”2 + b"2]*f"4) + (b~2*(c + d*x)~3*Sin[e + f*x])/(a
*(a”2 - b™2)*f*(b + a*xCos[e + f*x]))

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxf*xg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2296
Int [((FO)~(u)*((f_.) + (g_)*x(x))"(@m_.))/((a_.) + (b_)*(F_)"(u) + (c_.)



267

*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xa*c, 2]}, Dist[2*(c/q), Int[
(f + g*x)"m*(F~u/(b - q + 2*xcxF~u)), x], x] - Dist[2*(c/q), Int[(f + g*x)“"m
*(F~u/(b + q + 2%cxF~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] & EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_)]1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) ~“n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3402

Int[((c_.) + (d_)*(x_)) " (m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (f_.)*(
x_)]), x_Symbol] :> Dist[2, Int[(c + d*x) m*xE~(I*Pix(k - 1/2))*(E~(I*(e + £
x*x)) /(b + 2¥a*xE~(I*Pi*(k - 1/2))*E~(I*(e + f*x)) - b*E~ (2*IxkxPi)*E~(2*Ix*(e
+ fxx)))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IntegerQ[2+k] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 3405

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"2, x_
Symbol] :> Simp[b*(c + d*x) m*(Cos[e + f*x]/(f*(a"2 - b~2)*(a + b*Sin[e + f
*x]))), x] + (Dist[a/(a"2 - b™2), Int[(c + d*x)"m/(a + bxSin[e + f*x]), x],
x] - Dist[bxd*x(m/(f*(a"2 - b72))), Intl(c + d*x)~(m - 1)*(Cos[e + f*x]/(a
+ bxSinf[e + f*x])), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 4618
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Int[((Ce_.) + (£_)*(x_))"(m_.)*Sin[(c_.) + (d_.)*(x_)]1)/(Cos[(c_.) + (d_.)
*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[I*((e + fxx)"(m + 1)/(b*f*(m + 1)))
, x] + (Int[(e + f*x)"m*x(E~(I*(c + d*x))/(I*a - Rt[-a"2 + b~2, 2] + I*b*xE~(
Ix(c + d*x)))), x] + Int[(e + f*x)"m*x(E~(I*(c + d*x))/(I*a + Rt[-a"2 + b~2,
2] + Ixb*E~(I*(c + d*x)))), x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m,
0] && NegQ[a~2 - b~2]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
> €, I, p}, X] && EqQ[b*d, a*e]

Rule 6744

Int[(Ce_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*x(F~(c*(a
+ bxx)))"pl/ (b*cxp*Log[F1)), x] - Dist[f*(m/(bxcxp*Logl[F])), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*(F~(c*(a + b*x)))~"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, O]

Rubi steps

) B (c+ dx)3 b%(c + dz)? 2b(c + dzx)3
infegral = / ( a? + a?(b+acos(e + fz))2  a2(b+ acos(e + fx))) de

(c+dzx)3 2 (c+dx)®
(C + d.’L')4 (2b) b+acos(e+fx) dx + b f (b+a cos(e+fx))? dz

4a2d a? a?

ez‘(e+fw) c+dz)3
(c+dz)* B(c+dx)’sin(e+ fz)  (4b) ] BT gz 4O
4a%d a(a? — b?) f(b+ acos(e + fx)) a?

3 (ct+dz)? 24 (ct+dz)? sin(e+fx)
_ b f b+a cos(e+fx) dx (3b f b+acos(e+fx) dx

a? (a® — b?) a(a2 -0 f
ib?(c+dx)®  (c+dx)* b%(c + dz)3sin(e + fr)
2@ -0 f 4a2d a(a? — b?) f(b+ acos(e + fx))

3 eiletfz) (c+dz)3 ei(e+fz)(c+da:)3
(2b )f a+2bet(etfz) 4 ge2i(e+fx) dx (4b) f 2b—2v/—a24b2+2aei(et+f) dx

a2 (a? — B SR e
(4b) [ 5yt el da
+

2b+2v/—a2+b242aet(e+f2)

i(e+fzx) 2 i(e+fzx) 2
2 e (c+dz) 2 € (c+dz)
(3b d) f ib—va2—b2+igei(etfx) dx (3b d) f ib+va2—b2+igei(etfx) do

a(a?—b?) f B a(a?—-0%)f




aetletfz)
ib?(c+dz)®  (c+dg)t 3b'd(c+dx)’log <1 + M/TW)

T a2 (a2—-0) f 4a2d a? (a® — b?) f?
aetle+fz) . aetletfz)
s 3b%d(c + dz)?log (1 + W+W> . 2ib(c + dz)3log <1 + ﬁ)
a? (a2 — b?) f2 a2y/—a? + b2 f
. aei(e+fa:)
~ 2ib(c + dz)* log (1 + m) v*(c + dz)3sin(e + fx)
a?y/—a? + b2 f a(a®—b%) f(b+acos(e + fz))

3 eHetf2) (c4dx)3 3 eHet ) (c4dx)3
+ (2b )f 2b—2v/—a2+b2+2aet(et+f2) dz _ (2b )f 2b64+2v/—a2+b%+2aet(et ) dz
a(—a? + 5 o(cat + 57)?

iaei(etfe)
(66%d?) [(c + dz)log (1 + M%W) dx
a? (a® — b?) f2
iaei(etfz)
(66%d?) [(c + dz)log (1 + —b+¢%) dz
a? (a2 — b?) f2
. aetletfz)
 (6ibd) J (c+d)*log (1 + %) dz
a?v/—a? + b2 f
X aei(etfz)
| (60d) (e deog (14 ) do
@ £ Pf
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aei(e+fz)
ib*(c+dx)®  (c+dx)* 3b*d(c + dr)* log <1 T b—i\/a2—b2>

T (a2—-0) f 4a2d a? (a® — b?) f?
aetletfz) . aetletfz)
.\ 3b?d(c + dz)? log (1 + bﬂwﬁ) ~ ib3(c + dzx)3log (1 + —b—\/—;ﬁ>
a? (a2 — b2) f? a2 (—a2 + b2)*/% f
. aetletfz) . aeiletfz)
N 2ib(c + dz)3 log (1 + —b_\/%_'_bz) . ib3(c + dz)3log <1 + —b_‘_\/%_'_bz)
a?v/—a? + B2 f a2 (—a? + b2)*? f
~ 2ib(c + dz)3 log (1 + ﬁ%) ~ 6ib*d*(c + dz) PolyLog <2> —ba_i%>
av/—a? + B2 f a2 (a2 — b?) f3
.19 12 aeiletfz)
~ 6ib°d*(c + dx) PolyLog (2, —me)
a2 (a2 — b?) f3
aei(e fx)
. 6bd(c + dz)? PolyLog (2, _—b-J%erQ
a2v/—a? + b2 f2
aeile+fa)
B 6bd(c + dz)* PolyLog (2, —W_—Tﬂ,z> N b*(c + dz)3sin(e + fz)
a2v/—a? + B2 f2 a(a?—b%) f(b+ acos(e+ fx))
. iaei(e fx) . iaetetfz)
. (6ib%d3) [ PolyLog (2, _ib—\/t;W> dr (6ib°d®) [ PolyLog (2, —ib+\/ﬁ> dx
a? (a2 — b2) f3 a? (a2 — 02) f3
aei(e fz)
(12bd?) [(c + dz) PolyLog (2, —ﬁ) dx

a2v/—a? + 22
aeiletfz)
X (12e2) [ (c + dz) PolyLog (2, — 2= ) do
a2v/—a? + b2 f2
(3ib*d) [(c+ dz)?log (1 + %) dz
a? (—a? +b2)*2 f
: geilet£2)
(3ib%d) [(c + dz)?log (1 + ﬁ) dz
a?(—a2 +b2)*2 f

+
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aeile+12)
_ iW(c+dn)®  (ctdp)t  BVdlc+do)log (1 + b_\/—%)
 a2(a2-8?) f 4a2d a? (a2 — b2) f2
3b%d(c + dz)?log (1 + M) ib(c + dz)? log (1 4 _aeieri®) )
4 btiva®-—b2 ) b—v—a2 102
a? (a? — b2) f? a2 (—a2 + b2)*/% f

. aetletfz) . aeiletfz)
2ib(c + dz)3 log (1 + b_\/_—;i_'_bz) . ib3(c + dz)3log <1 + —b_‘_\/%_'_bz)
a’y/—a? + b2 f a? (—a? + b2)3/2 f
2ib(c + dz)3 log (1 4 aclet D ) 6ib%d?(c + dz) PolyLog <2, —%)

+

bv—aZ b2
2 —a? 1 2 a? (a2 — b?) f3

6ib%d%(c + dz) PolyLog (2, —%)
- a2 (a2 — b?) f3

35%d(c + dx)? PolyLog (2, ;012
o a? (—a? + 52)3/2 £2

6bd(c + d)” PolyLog (2, — 222 )

ay/—a? + B2 £2
gei(etfe)
3b3d(c + dzx)? PolyLog <2, —w_—%%?)
a? (—a? + b2)* f2
aei(e fz)

 Gbd(c+ dr)? PolyLog (2, -2

a2v/—a? + b2 f2
12ibeP(c + dr) PolyLog (3, — 252 )

+

+

—V—a1b2

+

a2v/—a2 + b2 3
. qeiletfo)

B 12’Lbd2(c + d.’L‘) PO].YLOg (3, _W——Tw> b2(c + dx)3 Siﬂ(e + f.’l))

ayv/—aZ + B2 f3 a(a? —b?) f(b+ acos(e + fz))
PolyLog|( 2,—%2z____ )
(66°d®) Subst ( [ ( ;”’*Wz—”z) d, z, ez<e+fx>>
+

a? (a2 _ b2) f4

(6b°d*) Subst (f POIVLO%(Z— -b+&%> dz, z, ei(e+fz)>

2
T

+ a2 (a2 — b?) f4

. aetletfz)
(12ibd?) [ PolyLog <3, —%32\/——227%2) dz

a2v/—a2 + b2 13
(12ibd®) [ PolyLog (3,_ 2qeilef2) ) s

204-2v/—a24b2
a2v/—a2 i b2f3

2qetletfz)
(6b°d?) [(c + dz) PolyLog (2, —M/—_Tw) dx

a? (—a? + b2)*/ f2

+

+
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= Too large to display

Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 20116 vs. 2(1523) = 3046.

Time = 22.31 (sec) , antiderivative size = 20116, normalized size of antiderivative = 13.21

dz)3
/ (a+ (SZ;( ex—')_ o)) dx = Result too large to show

[In] Integrate[(c + d*x)~3/(a + b*Secl[e + f*x])~2,x]

[Out] Result too large to show

Maple [F]

(dz + ¢)®

(a +bsec(fz+ e))2da:

[In] int((d*x+c)~3/(atb*sec(f*x+e))"2,x)
[Out] int((d*x+c)~3/(atb*sec(f*x+e))”2,x)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 7008 vs. 2(1361) = 2722.

Time = 0.71 (sec) , antiderivative size = 7008, normalized size of antiderivative = 4.60

c+dz)? .
/ (a + lfsec(e _?_ 7)) dxz = Too large to display

[In] integrate((d*x+c)~3/(atb*sec(f*x+e))~2,x, algorithm="fricas")

[Out] Too large to include
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Sympy [F]

/ (c + dx)3 dp — (c + dx)® I
(a + bsec(e + fx))? (a + bsec (e + fz))?

[In] integrate((d*x+c)**3/(atb*sec(f*x+e))**2,x)

[Out] Integral((c + d*x)*x3/(a + b*sec(e + f*x))**2, x)
Maxima [F(-2)]
Exception generated.

d 3
(CL + Ifze—i(;(ew")‘ f x))2 dx = EXCGptiOn raised: ValueError

[In] integrate((d*x+c)~3/(at+b*sec(f*x+e))”2,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
using the ’assume’ command before evaluation *may* h

dditional constraints;
see ‘assume?‘ for

elp (example of legal syntax is ’assume(4*a”2-4xb~2>0)’,

more de

Giac [F]

/ (c+ dx)? (dz + c)®
(a + bsec(e + fx))? (bsec (fz + €) + a)’

[In] integrate((d*x+c) 3/ (at+b*sec(f*x+e))~2,x, algorithm="giac")

[Out] integrate((d*x + c)~3/(bxsec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.

(c+dz)? B
/ (a + bsec(e + fx))? dxr = Hanged

[In] int((c + d*x)~3/(a + b/cos(e + f*x))~2,x)
[Out] \text{Hanged}
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Optimal result

(c+dzx)?
f (a+bsec(e+fx))? dx

Rubi [A] (verified) . . . . . . . . . .
Mathematica [B] (verified) . . . . . . .. ... Lo

Maple [F] . . .

Fricas [B] (verification not implemented) . . . . . ... ... ... ... .......

Sympy [F] . .

Maxima [F(-2)]

Giac [F] . . ..
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Optimal result

Integrand size = 20, antiderivative size = 1117

aei(et52)
(c + dx)? de— — ib?(c+dr)?  (c+dz)? N 2b%d(c + dz) log (1 + m)
(a+bsec(e + fr))2 ~ a2(a®2—b2)f 3a%d a? (a? — b?) f?
aez(e )
s 2b%d(c + dx) log (1 + b )

a? (a2 — b?) f2

it(c + do)log (1+ 22

)

a? (—a? + b2)3/2 f

2ib(c + dz)? log <1 + “f}%)
)

)

+

a?v—a?+ b f

ib%(c + d)?log (1+ ;2520

a2 (—a2 + b2)3/2 f

2ib(c + dz)? log (1+ ;2570

a2v/—a + B2 f
2ibd? PolyLog (2, — ;27 )

_|_

b—iva2—b2
a2 (a2 _ b2) f3

. aetletfz)
2% PolyLog (2, 324755

a2 (a2 _ b2) f3

aei(et7o)
2b3d(c + dx) PolyLog (27 —(,_\/_—ZTMJ

a2 (—a2 + b2)3/2 f2

4bd(c + dz) PolyLog (2, —b_af/(_e—:;%)bJ

a2V/—a® + 0 f?

aeiletfz)
2b3d(c + dx) PolyLog (2, _b-i-\/——:zi-l-b?>

a? (—a? + b2)%/2 f2

4bd(c + dz) PolyLog (2, — ;2572 )

a?v/—a? + b2 f?

. aei(etfz)
- 2ib*d? PolyLog <3, _b—\/——:T-b?)

a? (—a? + b?)%/% f3

. aetletfz)
4ibd? PolyLog (3, —H_—+ﬁ)

a?y/—a? + b2 f3

. aetletfz)
2ib3d? PolyLog (3, —W_—ZT_I)Q>

a?(—a? + b2)3/2 3

. aeiletfz)
 dibd* PolyLog (3, - 22

a2y/—a® + B2 f3

B2 (r 1 Ar)2 ainle L )

+

+

+

+
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[Out] I*b~3*(d*x+c) 2x1n(l+axexp(I*(f*x+e))/(b+(-a~2+b"2)"(1/2)))/a~2/(-a"2+b~2)"
(3/2) /£+1/3%(d*x+c) ~3/a"2/d+2xb~2*d* (d*x+c) *1n (1+a*xexp (I* (f*x+e) )/ (b-I*(a~2
-b~2)~(1/2)))/a~2/(a~2-b"2) /£~ 2+2*b~2*d* (d*x+c) *1n (1+a*xexp (I* (f*x+e)) / (b+I*
(a"2-b"2)"(1/2)))/a~2/(a"2-b"2) /£72-2%Ixb* (d*x+c) “2*1n(1+a*xexp (I* (f*x+e))/(
b+(-a"2+b~2)"(1/2)))/a~2/f/(-a"2+b~2) " (1/2) -2*I*b~3*d"2*polylog (3, -a*exp (I*
(fxx+e))/(b-(-a"2+b~2)~(1/2)))/a"~2/(-a~2+b~2) ~(3/2) /£~3+4*I*b*d~2*polylog(3
,—axexp (I*x(f*xx+e))/(b-(-a~2+b~2)~(1/2)))/a~2/£73/(-a"2+b~2) " (1/2) -4*I*b*d"2
*polylog(3,-a*exp (I*(f*xx+e))/(b+(-a~2+b~2)"(1/2)))/a~2/£73/(-a"2+b"2)~(1/2)
-2%b~3*d* (d*x+c) *polylog(2,-a*exp(I*(f*xx+e))/(b-(-a"2+b"2)~(1/2)))/a"2/(-a~
2+b72) " (3/2) /£~ 2+2%b”~3*d* (d*x+c) *polylog(2,-axexp (I*(f*x+e))/(b+(-a~2+b~2)"
(1/2)))/a~2/(-a~2+b~2) = (3/2) /£~2+2xI*b* (d*x+c) ~2*1n(1+a*exp (I* (f*x+e) )/ (b-(
-a~2+b"2)"(1/2)))/a~2/f/(-a~2+b"2) " (1/2) -2xI*b~2*d"2*polylog (2, -a*exp (I* (f*
x+e))/(b-I*x(a~2-b"2)"(1/2)))/a~2/(a~2-b"2) /£~3+b~2x (d*x+c) "2xsin(f*x+e) /a/(
a~2-b"2)/f/(b+akxcos (f*x+e))-2*%I*b~2*d"2*polylog(2,-a*exp (I* (f*x+e))/(b+I*(a
~2-b"2)"(1/2)))/a~2/(a~2-b"2) /£~3-I*b~3* (d*x+c) ~2*1n(1+a*xexp (I* (fxx+e)) / (b-
(-a~2+b~2)"(1/2)))/a~2/(-a~2+b~2) " (3/2) /£ +4*b*d* (d*x+c) *polylog(2,-a*xexp (I*
(fxx+e))/(b-(-a~2+b~2)"(1/2)))/a~2/£72/(-a~2+b~2) = (1/2) -4*b*d* (d*x+c) *polyl
og(2,-a*xexp(I*(fxx+e))/(b+(-a"2+b"2)~(1/2)))/a"2/£72/(-a~2+b~2)~(1/2)-I*b~2
*x (d*x+c)~2/a"2/(a"2-b"2) /£+2*%I*b~3*d"2*polylog(3,-a*exp (I* (f*x+e))/(b+(-a~2
+b72)7(1/2)))/a"2/(-a"2+b"2)~(3/2)/£~3

Rubi [A] (verified)

Time = 2.48 (sec) , antiderivative size = 1117, normalized size of antiderivative = 1.00,

number of rules _
' integrand size 0.550, Rules

number of steps used = 30, number of rules used = 11
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used = {4276, 3405, 3402, 2296, 2221, 2611, 2320, 6724, 4618, 2317, 2438}

a + bsec(e + fz))? a? (b? — a2)3/2 f
i(c+ dz)?log <bi(\e/% + 1) v
a2 (b2 _ a2)3/2 f
aei(e fx)
2d(c + dx) PolyLog <2, —ﬁ) b3
a2 (b2 _ a2)3/2 12
aelletrfz)
2d(c + dz) PolyLog <2, —Wb—:i—a2> v
a2 (b2 _ a2)3/2 f2
. aei(e )
2id? PolyLog (3, - 22572 ) b
o a2 (b2 — a2)3/2 £3

. aeiletfe)
2id? PolyLog (3, — b_i_\/b:i—az) b i(c + dz)?b?

. iletin)g
/ (c + dz)? o _z(c+dz)210g <b_\/+b2ffa2+1) v
(

+

+

+

a? (b2 — a?)*/? f3 a?(a? - b?) f
eiletfz) g
. 2d(c + dx) log (b—z\/ﬂ + 1) b?

a2 (a? — 0?) f2
2d(c + dzx) log (bi;\/t% + 1> b?
a2 (a? — 0?) f2

2id? PolyLog (2, — _aeilet 1) > b?

+

CL2 (a2 _ b2) f3

2id? PolyLog (2, ¢> B2

" btivaZ-b?
a2 (a2 _ b2) f3
(c + dz)?sin(e + fx)b>

a(a? —b%) f(b+acos(e+ fz))

2i(c + dz)?log (be_l% + 1) b

VP — ot f

2i(c + dz)*log (bi% + 1) b

VB — @f

4d(c + dz) PolyLog (2, _If—e\;b—:i%> b

VB = df?

4d(C + dl‘) PolyLog <2’ _ﬂ%) b

VB = af?

4id? PolyLog (3, —b_\}%) b

AV a2 f

4id? PolyLog (3, ~ 2252 )b (0 4 gy

a?/b? —a?f3 3a2d

+

+

+
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[In] Int[(c + d*x)~2/(a + b*Sec[e + f*x])~2,x]

[Out] ((-I)*b~2*x(c + d*x)~2)/(a"2*(a”2 - b~2)*f) + (c + d*x)~3/(3*%a"2%d) + (2%b~2
*xdx(c + d*x)*Log[l + (a*E~(I*(e + f*x)))/(b - I*Sqrt[a”2 - b~2])]1)/(a"2x(a"
2 - b™2)*£72) + (2¥b~2xd*(c + d*x)*Logl[l + (a*E~(I*(e + f*x)))/(b + IxSqrtl[
a™2 - b™2])1)/(@"2%x(a”2 - b™2)*£72) - (I*b~3*(c + d*x) 2xLogl[l + (a*E~(I*(e
+ f*x)))/(b - Sqrt[-a™2 + b~2])])/(a"2*(-a"2 + b~2)"(3/2)*f) + ((2*I)*b*(c
+ dxx)"2xLog[1l + (a*E~(I*(e + f*x)))/(b - Sqrt[-a~2 + b~2])])/(a~2*Sqrt[-a
~2 + b"2]*f) + (Ixb~3*(c + d*x) 2*Log[l + (a*xE~(Ix(e + fx*x)))/(b + Sqrt[-a~
2 + b72])])/(a"2x(-a"2 + b~2)"(3/2)*f) - ((2*I)*bx(c + d*x) 2xLog[l + (a*E~”
(Ix(e + £*x)))/(b + Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*f) - ((2*I)*Db
~2%d"2*PolyLog[2, -((a*E~(Ix(e + £*x)))/(b - I*Sqrt[a”2 - b~2]))1)/(a"2*(a"
2 - b™2)*£73) - ((2*I)*b~2*d"2*PolyLog[2, -((a*E~(I*(e + f*x)))/(b + I*Sqrt
[a”2 - b~2]))])/(@a"2*(a"2 - b™2)*£73) - (2%b~3*d*(c + d*x)*PolyLog[2, -((ax
E"(Ix(e + £xx)))/(b - Sqrt[-a"2 + b~2]))]1)/(a"2*%(-a"2 + b~2)~(3/2)*£72) + (
4xbxd*(c + d*x)*PolyLog[2, -((a*E~(I*(e + f*x)))/(b - Sqrt[-a"2 + b~2]))]1)/
(a”2xSqrt[-a”2 + b~2]*f"2) + (2%b~3*d*(c + d*x)*PolyLog[2, -((a*xE~(Ix(e + £
*x)))/(b + Sqrt[-a~2 + b~2]))])/(a"2*(-a"2 + b~2)"(3/2)*£72) - (4*bxd*(c +
d*x)*PolyLog[2, -((a*E~(Ix(e + f*x)))/(b + Sqrt[-a”2 + b~2]))])/(a"2*Sqrt[-
a"2 + b"2]*£72) - ((2*I)*b~3*xd"2*PolyLogl[3, -((a*E~(Ix(e + f*x)))/(b - Sqrt
[-a”2 + b72]))]1)/(a"2*x(-a"2 + b72)~(3/2)*£73) + ((4*I)*b*d~2*xPolyLogl[3, -((
a*E~(I*x(e + £*x)))/(b - Sqrt[-a~2 + b~2]))])/(a"2*Sqrt[-a~2 + b~2]*£f~3) + (
(2xI)*b~3*d~2*PolyLog[3, -((a*xE~(Ix(e + f*x)))/(b + Sqrt[-a"2 + b~2]))]1)/(a
~2x(-a"2 + b~2)7(3/2)*%£73) - ((4*I)*bxd~2+PolyLogl[3, -((a*E~(I*(e + f*x)))/
(b + Sqgrt[-a”2 + b~2]))]1)/(a"2*Sqrt[-a~"2 + b~2]*£73) + (b"2*(c + d*x)~2*Sin
[e + £xx])/(ax(a”2 - b™2)*f*(b + a*Cos[e + f*x]))

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (_)*((FL)~((g_.)*x((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))°n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2296

Int [((F_)~(u)*((f_.) + (g_.)*(x_)) " (m_.))/((a_.) + (b_.)*(F_)~(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4xa*c, 2]}, Dist[2*(c/q), Int[
(f + g*x)"m*(F~u/(b - q + 2*xcxF~u)), x], x] - Dist[2*(c/q), Int[(f + g*x)“"m
*(F~u/(b + q + 2xcxF~u)), x], x]1] /; FreeQ[{F, a, b, c, f, g}, x] && EqQLlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
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)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*nxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))~n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3402

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pix(k_.) + (f_.)*(
x_)]), x_Symbol] :> Dist[2, Int[(c + d*x) m*xE~(I*Pix(k - 1/2))*(E~(I*(e + £
*x)) /(b + 2%a*xE~(I*Pi*(k - 1/2))*E~(I*(e + f*x)) - b*E~(2*I*k*Pi)*E~(2*I*(e
+ £*x)))), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & IntegerQ[2xk] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 3405

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"2, x_
Symbol] :> Simp[b*(c + d*x) m*(Cosl[e + f*x]/(f*(a"2 - b~2)*(a + b*Sin[e + £
*x]))), x] + (Dist[a/(a"2 - b™2), Int[(c + d*x)"m/(a + bxSin[e + f*x]), x],
x] - Dist[b*dx(m/(fx(a"2 - b72))), Int[(c + d*x)~(m - 1)*(Cos[e + f*xx]/(a
+ bxSin[e + f*x])), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (a_))"(n_.)*((c_.) + (d_)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
n[e + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]
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Rule 4618

Int[((Ce_.) + (£_)*(x_))"(m_.)*Sin[(c_.) + (d_.)*(x_)1)/(Cos[(c_.) + (d_.)
*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[I*((e + f*x)"(m + 1)/(b*f*(m + 1)))
, x] + (Int[(e + f*x)"m*x(E~(I*(c + d*x))/(I*a - Rt[-a"2 + b"2, 2] + I*b*E~(
Ix(c + d*x)))), x] + Int[(e + f*x)"m*x(E~(I*(c + d*x))/(I*a + Rt[-a"2 + b~2,
2] + I*b*E~(I*(c + d*x)))), x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m,
0] && NegQ[a™2 - b~2]

+

+

Rule 6724

Int[PolyLog[n_, (c_.)*x((a_.) + (b_.)*(x_))~(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] && EqQ[b*d, axe]

Rubi steps

: B (c+ dx)? b*(c + dz)? 2b(c + dzx)?
integral = /( a2 + a?(b+ acos(e + fx))? - 02(b+acos(e+fx))> dz

. b+a cos(e+fx) cos(e+fz))?
3a2d a2 a2

(c+dz)® (20) de_'_be(bJra(&dx

. ei(e+52) (c+dx)?
(c+dz)’ b*(c + dz)*sin(e + fz) (4D) | oigtersor agiterrer 4o

3a%d a(a? —b?) f(b+ acos(e + fx)) a?
(ct+dz)? (c+dz) sin(e+fz)
. b f b+a cos(e+fx) dx _ (2b2d) f b+a cos(e+fz) dx
a? (a? — b?) a(a?—0)f
__ ib*(c+dx)? N (c+ dx)3 b%(c + dz)?sin(e + fx)
T a2(a?2-02) f 3a%d a(a®—b?) f(b+ acos(e+ fx))

3 eiletfz) (c+dz)2 ei(e+fz)(c+dw)2
(2b )f a+2bet(e+fz) 4 ge2i(e+fz) dz (4b) f 2b—2v/—a2+b2+2aei(et+ ) dx

@ (@ — ) o+ B

eile+fz) (ctdz)?
+ (4b) f 2b+2v—a2+b2+2aei(e+f2) dz

i(e+fx) i(e+fx)
2 € (c+dzx) 2 e (c+dzx)
(2b d) f ib—v/a2—b24iaei(etfz) dx (2b d) f ib++v/a2 —b24iaei(etfz) dx

a(a?—)f B a(a?—)f




aetletfz)
ib*(c+dx)?  (c+dx)? 2b%d(c + dz) log (1 + b—i\/m)

T a2 (a2—-0) f 3a2d a? (a? — b?) f?
aeiletfe) . aetletfz)
s 2b%d(c + dz) log (1 + bﬂ.\/ﬁ) 2ib(c + dz)?log (1 + b_\/_—;i%»
a? (a2 — b?) f2 a2y/—a? + b2 f
: agiletfo)
~ 2ib(c + dz)?log (1 + m) b%(c + dz)?sin(e + fz)
a?y/—a? + b2 f a(a®—b%) f(b+acos(e + fz))
el(e+F) (ctdx)? el(etf2) (c4dx)?
+ (2b3) f 2b—2\/—a2+bg+2ae)i(6+fz) dz _ (2b3) f 2b+2\/—a2+bg+2ae)i(e+fz) dz
a(—a?+ b2)3/2 a(—a?+ l)2)3/2
(20%) [log (1+ 2500 ) do (20°%) [log (1+ 2505 ) do
- a? (a® — b?) f2 - a? (a2 — b?) f2

. aetletfz)
B (4ibd) [(c+ dz)log (1 + m> dz
a?v/—a? + B2 f
. aetletfz)
| i) f(e g (14 5200 ) do
a?y/—a? + b2 f
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aetletfz)
ib*(c+dz)?  (c+dx)? 2b%d(c + dz) log (1 + b—i\/m)

T2 (a2 —-0%) f 3a%d a? (a? — b?) f?
aeiletfe) . aetletfz)
.\ 2b%d(c + dz) log (1 + bﬂ.\/(%) ~ ib%(c + dz)? log <1 + ﬁ)
a? (a? — b2) f? a2 (—a2 + b2)*/? f
. aei(e z) . aei(e z)
N 2ib(c + dz)?log (1 + b_\/%) . ib%(c + dzx)?log <1 + W%W)
a’y/—a? + b2 f a? (—a? + b2)3/2 f
. aeiletfz) aeiletfz)
~ 2ib(c + dz)?log (1 + W——gﬁ> . 4bd(c + dx) PolyLog (2, —ﬁ)
a2v/—a? + B2 f a2y/—a? + b2 f2
aei(et52)
B 4bd(C + d.’l)) POI}’LOg <2, _b-i-\/——aTi-bz) b2(C + dx)Z sin(e + f$)
a2v/—a? + b2 f2 a(a? —b?) f(b+ acos(e + fx))
log | 1+4- i‘“; > )
(246%d?) Subst (f ( R ) dz, z, el(e”x))
+ a2 (a2 — b?) f3
(2ib2d2) Subst ( Ii log(H“’;V“z—”z) dz, 7, ei<e+fx>>
+ a2 (a2 — b?) f3
aei(et 1)
| (46d?) [ PolyLog (2, 557 ) da
a2v/—a? + b2 f2
(et fa)
(4bd2) fPO].YLOg (2, —21)_2’_2\/7_’_1)2) dzx
a%v/—a? + b2 f2
. aetletfz)
. (2ib*d) [(c+ dz)log (1 + %iw—-ﬂﬁ) dz

a? (—a? 4 b2)*? f
. aetletfz)
(2i6°d) [(c+ dz)log (1 + zbizx/+;27+b2) dz
a? (—a? + 62 f

282
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aei(e+fz)
2b%d(c + dz)log (1 + b-\/—fb)
ib*(c+dz)?  (c+dz)? (

2 (g2 — b2) f2
T 2@ f 3a*d a*(a* =) f iete)
a ((l aeiletfe) > ’ib3(c + dx)z log <]- + b—af/——T-i—bz
2b%d(c + dz) log (1 T brivar 5 _ 2 4 )2
2 (—a? +
+ a2 (a2 — b?) f2 | 3 C; ()21a <1 " o )
aciletfe ib%(c + dz)? log btv—a? 15
2ib(c + dz)* log (1 * ”“/‘—T*”z) . ( 2 52)3/;f
2(—a?+
+ a2\/mf X al(L <2 geile+f2) )
aetletfz) 2b2d PO yLog 7_m
2ib(c + dz)?log (1 + WTW) _ ' 2 (a2 — 17) f3
a® (a? —
— 2. /a2 + be aet(e+fz)
’ \/1) 2b%d(c + dz) PolyLog (2’ —ﬁ>
2ib*d” PolyLog <2’ briVa? B ) 2(Ca2 4+ )2
B a? (a? — b?) f3 @ (-a? + aei(etfa) >
qei(e+fo) > 2b3d(c + dz) PolyLog (27 T btV —a21b?
4bd(c + do) PolyLog (2 — 29525 + 2 (—a? + b2)"2 2
+ AT e )
aei(e+12) 2(c + dz)?sin(e + fz
Log (2, =5 —— b*(c +dz
4bd(c + dzx) PolyLog < b+\/W) + a (a2 — ) f(b+ acos(e + fz))
- a2y/—a? + B2 f? )
PolyLog(Q:_H_af\/zaTHz dz, , ez’(e-i-fw))
(4ibd?) Subst (f z ’
+ a2v/—a? + B2 f3
PolyLog (2,—%) dz, z, 6i(e+fz)>
(4ibd?) Subst (f z ’
- a2\/mf3
2aei(e+f2) ) dr
(23d?) [ PolyLog (2’ T 2b-2v—a?+b?
+

a? (~a +62)" f2

2qgei(etfz)
(20°d?) | PolyLog (27 —m> dz

a? (—a? + 12)°* f2
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aetletfz)
ib?(c+dz)?  (c+dz)? 2bd(c+dz)log (1 + m)

T (a2—-0) f 3a2d a? (a? — b?) f?
aeiletfe) . aetletfz)
.\ 2b%d(c + dz) log (1 + W%) ~ ib%(c + dz)?log <1 + ﬁ)
a? (a? — b2) f? a2 (—a2 + b2)*/? f

2ib(c + dz)? log (1 + b_“f;(_e—;isz) . ib3(c + dz)?log <1 + ﬁ(j—;%)
a’y/—a? + b2 f a? (—a? + b2)3/2 f

2ib(c + dx)?log (1 + ﬁ%) 2ib%d? PolyLog <27 —%>

- a2v/—a? + B2 f - a2 (a2 — b?) f3
24b°d* PolyLog <2, — el ) 2b3d(c + dz) PolyLog (2, — _aetetfn) >

+

b+iva2—b? _ b—v/—a?+b2
a? (a? — b?) f3 a2 (—a2 + b2)*/? f2
4bd(c + dz) PolyLog (2, — 2925 ) 2Pd(c + dx) PolyLog (2, - 2557 )
+ +
a2v/—a? + b2 f2 a? (—a? + b2)3/2 f2
aetletfz) . aetletfz)
- 4bd(c + dz) PolyLog <2, e am \/ﬁ) . 4ibd? PolyLog <3, — f; +b2)
a?v/—a? + B2 f2 a?v/—a? + b2 f3
. aei(e+f2)
B 4’Lbd2 POIYLOg (3, —m> bZ(c + dx)Z Sin(e + fx)
a2y/—a? + b2f3 a(a? — b?) f(b+ acos(e + fx))

T

PolyLog( 2,——2%2
(2ib3d?) Subst(f ’ g( ot _“2+b2) dx,x,e"(”f“”))

a? (—a? + b2)3/2 f3
(2ib3d?) Subst ( Ik Fobrios (2’_;+ V_aZ 42 ) dz, z, ei(e+fw))

a? (—a? + b2)3/2 f3

+
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aei(e+fz)
i (c+dr)?  (c+dw)? 2b°d(c+dz)log (1 T b—z\/Tﬁ)

T a2 (a2—-0) f 3a2d a? (a? — b?) f?
2 aeiletfz) .13 2 aetletfz)
. 2b°d(c + dx) log (1 + m) ~ ib°(c + dz)*log <1 + m)
a? (a? — b2) f? a2 (—a2 + b2)*/? f
. aetletfz) . aeiletfz)
N 2ib(c + dz)? log (1 + b_\/_—;i_'_bz) .\ ib3(c + dz)?log (1 + —b_‘_\/%_'_bz)
a2v/—a? + Bof a? (—a? + b2)3/2 f
. 2 aeiletfz) 12 72 aetletfz)
~ 2ib(c + dx)* log (1 + lm/——cﬂﬁ> ~ 2ib*d* PolyLog <2, —m>
av/—aZ + B2 f a2 (a2 — b?) f3
2192 12 aetletfz) 3 aet(e+fz)
2ib°d POI}’LOg <2, —m> 2b d(C + dx) POIYLOg (2, _I)—\/——T—f-bQ>
B a? (a? — b?) f3 - a? (—a? + b2)3/2 f2
4bd(c + dz) PolyLog (2, — ;%5 ) 2b%d(c + da) PolyLog (2, — ;257 )
+ +
a2v/—a? + b2 f2 a? (—a? + 52)3/2 f2
4bd(c + dz) PolyLog <2, —%) 2ib3d? PolyLog (3, —b_“f;(_e—gii;)
N a?v/—a? + B2 f2 B a2 (—a2 + b2)¥/? 3
. qeile+£) . geile+£)
, iba? PolyLog (3,2 2 PolyLog (3, e
a2v/—a2 + b2 f3 a? (—a? + b2)3/2 13
. aei(e+fm)
3 4Zbd2 POIYLOg (3, —m> b2(C + d$)2 Sin(e + fx)
a%v/—a? + b2 f3 a(a? —b?) f(b+ acos(e + fx))

Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 11147 vs. 2(1117) = 2234.

Time = 20.08 (sec) , antiderivative size = 11147, normalized size of antiderivative = 9.98

2
/ (a+ IEZ;(?-Z fz))? dz = Result too large to show

[In] Integrate[(c + d*x)~2/(a + b*Sec[e + f*x])~2,x]
[Out] Result too large to show



286

Maple [F]

(dz + c)?
(a+bsec(fz+e))

5dx

[In] int((d*x+c) 2/ (at+b*sec(f*x+e))~2,x)
[Out] int((d*x+c) "2/ (atb*sec(f*x+e))~2,x)

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 4274 vs. 2(991) = 1982.

Time = 0.64 (sec) , antiderivative size = 4274, normalized size of antiderivative = 3.83

(c+dz)? .
dz = Too large to displ
/ (a + bsec(e + fr))? T = 100 large 10 display

[In] integrate((d*x+c)~2/(at+b*sec(f*x+e))~2,x, algorithm="fricas")

[Out] 1/6%(2%(a"4*%b - 2*%a~2*%b~3 + b~5)*d"2*xf"3*x"3 + 6%x(a~4*b - 2%a~2%b~3 + b~5)*
ckd*f~3*xx"2 + 6%(a"4*b - 2%a”~2*%b"3 + b7B5)*c"2*f"3xx - 6% (I*(2%a"4*b - a~2x*b
~3)*d"2xcos(f*x + e) + I*x(2*a~3%b"2 - axb~4)*d"2)*sqrt(-(a”2 - b~2)/a"2)*po
1lylog(3, -(b*cos(f*x + e) + Ixbxsin(f*x + e) + (axcos(fxx + e) + I*a*sin(f*
x + e))*sqrt(-(a”2 - b72)/a"2))/a) - 6x(-I*(2xa~4*b - a~2%b~3)*d"2*cos(f*x
+ e) - Ix(2%a"3%b"2 - axb~4)*d~2)*sqrt(-(a”2 - b~2)/a"2)*polylog(3, -(b*cos
(fxx + e) + I*bxsin(f*x + e) - (a*cos(fxx + e) + I*axsin(f*x + e))*sqrt(-(a
"2 - b"2)/a"2))/a) - 6x(-I*x(2%xa~4*b - a~2xb"3)*d"2*cos(f*x + e) - I*(2%a~3x
b~2 - axb~4)*d"2)*sqrt(-(a”2 - b~2)/a"2)*polylog(3, -(b*cos(f*x + e) - Ixbx
sin(f*x + e) + (axcos(f*x + e) - Ixa*xsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2))/
a) - 6x(I*(2xa~4xb - a~2*b~3)*d"2*cos(f*x + e) + I*(2%a"3%b~2 - axb~4)*d~2)
*xsqrt(-(a”2 - b~2)/a"2)*polylog(3, -(b*cos(f*x + e) - Ixbxsin(f*x + e) - (a
xcos(f*x + e) - Ixaxsin(f*xx + e))*sqrt(-(a”2 - b~2)/a"2))/a) + 2x((a~5 - 2%
a~3*%b”2 + a*b”"4)*d"2*xf73*x"3 + 3x(a”h - 2%a”3*%b"2 + a*b”4)*ckxd*f~3*x"2 + 3%
(a”5 - 2*a”~3*%b~2 + a*b~4)*c”2xf"3xx)*cos(f*x + e) - 6x(I*(a”3*b"2 - axb~4)=*
d"2*xcos(fxx + e) + I*(a"2%b™3 - b75)*d"2 + ((2%a~3*b~2 - axb~4)*d~2*f*x + (
2%a”~3*%b"2 - a*b”4)*cxdxf + ((2%xa"4xb - a"2%b~3)*d"2xfxx + (2*%a~4*b - a”2*b”
3)*ckdxf)*cos(f*xx + e))*sqrt(-(a”2 - b72)/a"2))*dilog(-(bxcos(f*x + e) + Ix
b*sin(f*x + e) + (axcos(f*x + e) + Ixaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2)
+ a)/a + 1) - 6x(I*x(a”3%b"2 - a*xb~4)*d"2*cos(f*x + e) + Ix(a~2*b~3 - b~H)*
d"2 - ((2%a”"3*%b~2 - a*b~4)*d"2xfxx + (2%a~3*%b”2 - a*b”4)*cxdxf + ((2%xa~4*b
- a"2xb"3)*xd"2*f*x + (2*a"4xb - a"2xb~3)*cxd*f)*cos(f*x + e))*sqrt(-(a”2 -
b~2)/a"2))*dilog(-(b*cos(f*x + e) + I*b*sin(f*x + e) - (a*xcos(f*x + e) + Ix
axsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1) - 6x(-I*(a"3*%b"2 - axb~4
)*d"2*%cos(f*x + e) - I*(a"2%b~3 - b"5)*d"2 + ((2%a~3*%b~2 - a*xb”4)*d~2*f*x +
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(2%a"3%b"2 - a*b”4)*cxdxf + ((2*¥a~4*xb - a~2%b~3)*d"2*f*x + (2*%a~4%b - a”~2%*
b~3) xcxd*f)*cos(f*x + e))*sqrt(-(a”2 - b~2)/a"2))*dilog(-(b*cos(f*x + e) -
I*b*sin(f*xx + e) + (axcos(f*x + e) - Ixa*sin(f*x + e))*sqrt(-(a”2 - b~2)/a"
2) + a)/a + 1) - 6x(-I*x(a"3%b"2 - a*xb”4)*d"2xcos(f*x + e) - I*(a"2*b"3 - b~
5)*d~2 - ((2%a~3*b”"2 - a*b~4)*d"2*f*x + (2*a”"3*%b~2 - a*b”4)*cxdxf + ((2*a~4
*b — a”"2%b~3)*d"2xfxx + (2%a”4*b - a~2%b"3)*ckd*f)*cos(fxx + e))*sqrt(-(a~2

- b"2)/a"2))*dilog(-(b*xcos(f*x + e) - Ixb*sin(f*x + e) - (axcos(f*x + e) -

Ixaxsin(f*x + e))*sqrt(-(a”2 - b72)/a"2) + a)/a + 1) - 3*%(2%x(a"2*%b"3 - b~5
Y*d"2xe - 2%(a”2%b"3 - b75)*cxd*xf + 2*%((a”3*%b"2 - a*b”4)*d"2*e - (a~3*%b"2 -

axb”4)xckd*f)*cos(f*x + e) + (-I*x(2%a~3*b~2 - a*xb”4)*d"2%e”~2 + 2xI*(2*a~3*
b"2 - a*b~4)*ckd*exf - I*(2*%a~3*b"2 - a*b~4)*xc"2*f"2 + (-I*(2*a~4xb - a”2%b
~3)*xd"2%e”2 + 2xI*(2*a~4xb — a”2%b~3)*ckxdkexf - Ix(2%a"4%b - a~2%b"3)*c 2*f
~2)*cos(f*x + e))*sqrt(-(a”™2 - b~2)/a"2))*log(2*axcos(f*x + e) + 2xIxa*sin(
fxx + e) + 2¥a*xsqrt(-(a”2 - b"2)/a"2) + 2%b) - 3*(2*%(a"2*%b"3 - b~5)*d"2%e -

2x(a"2*¥b”"3 - b75)*ckd*xf + 2*x((a~3*b"2 - a*b"4)*d"2*e - (a~3*b"2 - a*xb”4)*c
*dxf)*cos(f*x + e) + (I*(2*xa"3*b"2 - a*xb”™4)*d"2*e"2 - 2*%I*(2*xa~3*b"2 - axb”
4) *cxdxexf + I*(2*%a~3*b"2 - a*xb~4)*c ™ 2+%f~2 + (I*(2*a~4*xb - a~2%b~3)*d"2*e"2

- 2xIx(2*%a~4*b - a~2*b"3)*ckxdxexf + I*x(2*xa”~4*b - a~2xb~3) *c~2*xf~2) *cos (f*x

+ e))*sqrt(-(a”2 - b~2)/a"2))*log(2*a*xcos(f*x + e) - 2xI*a*xsin(f*x + e) +
2xa*xsqrt(-(a”2 - b72)/a"2) + 2xb) - 3*x(2x(a"2*%b~3 - b~5)*d"2xe - 2*(a"2*b"3

- b75)*ckd*f + 2x((a"3*%b"2 - a*b”4)*d"2xe - (a"3%b"2 - a*b”4)*cxd*xf)*cos(f
*x + e) + (-Ix(2*a"3%b"2 - a*xb”4)*d"2xe”"2 + 2*I*x(2*xa”~3*b~2 - ax*xb”4)*ckdxexf

- Ix(2*a"3%b"2 - axb”4)*c™2*xf"2 + (-I*(2*a"4%b - a~2*xb"3)*d " 2*xe”"2 + 2*I*(2
*a~4xb - a"2*%b~3)*ckdxexf - Ix(2*%a~4*b - a~2*b"3)*c"2xf"2)*cos(f*x + e))*sq
rt(-(a”2 - b"2)/a"2))*log(-2*a*xcos(f*x + e) + 2xIkxa*xsin(f*x + e) + 2*a*xsqrt
(-(a"2 - b"2)/a"2) - 2*%b) - 3*x(2*x(a"2*%b"3 - b~H)*d"2*e - 2x(a"2*xb~3 - b~5)*
cxdxf + 2+%((a”3*b"2 - a*b~4)*d"2%e - (a"3*b"2 - axb”4)*c*d*f)*cos(f*x + e)
+ (I*x(2*xa”3*b"2 - a*b”4)*d"2*e"2 — 2*%I*(2*xa~3*b"2 - axb”~4)*c*d*exf + I*(2*a
“3%b"2 - a*xb~4)*xc”2*f"2 + (I*x(2*a~4*b - a~2*%b"3)*d"2*e"2 - 2xI*x(2*a"4%b - a
“2xb~3) xckdkexf + I*x(2%xa~4*b - a~2xb~3)*c”2*f"2)*cos(f*x + e))*sqrt(-(a”2 -

b~2)/a~2))*log(-2*%a*cos(f*x + e) - 2xIxa*xsin(f*x + e) + 2*a*sqrt(-(a”2 - b
~2)/a"2) - 2%b) + 3*x(2x(a"2*%b~3 - b~5)*d"2*f*x + 2% (a"2*%b"3 - b~5)*d"2*e +
2% ((a"3*b"2 - a*b~4)*d"2*f*x + (a"3%b"2 - a*xb”4)*d"2*xe)*cos(f*x + e) - (I*(
2%a~3%b”"2 - a*xb~4)*d"2*f"2xx"2 + 2*I*(2*xa”~3*%b"2 - axb”4)*kckd*xf"2xx - I*(2*a
“3%b"2 - a*b”4)*d"2*e"2 + 2*xI*(2*%a~3*%b"2 - ax*b”4)*ckxdxexf + (I*(2*a~4%b - a
“2xb73) *d"2*f"2xx"2 + 2%xI*(2*a"4*b - a~2%b"3)*ckd*xf"2*xx - I*(2*xa"4*b - a~2x*
b~3)*xd"2%e”2 + 2xI*(2*xa~4*b - a~2xb~3)*c*d*e*xf)*cos(f*x + e))*sqrt(-(a~2 -
b~2)/a~2))*log((b*cos(f*x + e) + I*bxsin(f*x + e) + (a*xcos(f*x + e) + I*axs
in(f*x + e))*sqrt(-(a”2 - b72)/a"2) + a)/a) + 3*(2*(a"2%b"3 - b~5)*d"2*f*x
+ 2% (a"2*%b"3 - b~5)*d"2%e + 2% ((a"3*b"2 - a*b~4)*d"2*f*x + (a"3*b"2 - axb”4
)*d~2%e) *cos(f*x + e) - (-I*(2*a~3*b~2 - a*xb™4)*d~2*f " 2%xx"2 - 2%xI*(2%a"~3xb~
2 - axb”4)*c*xd*f"2xx + I*(2*xa"3*b"2 - axb"4)*d"2*e"2 - 2*I*(2*a~3*xb"2 - axb
“4)xckdkexf + (-I*(2*%a~4xb — a”2%b~3)*d"2*f"2*x"2 - 2xI*(2*a~4*xb - a~2%b~3)
xcxdxf~2%x + I*x(2%a"4%b - a~2%b"3)*d"2*xe”"2 - 2*Ix(2*xa”4*b - a~2xb~3) *c*d*ex*
f)*cos(fxx + e))*sqrt(-(a”2 - b72)/a"2))*log((bxcos(f*x + e) + Ixb*sin(f*x
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+ e) - (axcos(f*x + e) + Ixaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a) +
3% (2x(a"2*b"3 - b~H5)*d"2*f*x + 2*x(a"2%b"3 - b75)*d"2xe + 2*((a”3*b"2 - ax*b
~4)xd"2*xf*x + (a”3*%b"2 - axb”~4)*d"2xe)*cos(f*x + e) - (-I*(2*xa~3*b"2 - axb”
4)*xd"2*xf"2xx"2 - 2%I*(2%a"3*b"2 - axb~4)*ckxd*f~2*x + I*(2*%a"3*b"2 - axb~4)x*
d"2%e"2 - 2xI*(2*¥a~3*b~"2 - axb~4)*ckd*exf + (-I*(2*a~4*xb - a~2%b~3)*d~2*f"2
*x72 — 2%I*(2*xa”~4*b - a~2xb”~3)*kckd*f~2xx + I*(2*¥a~4*xb - a~2%b~3)*d"2%e"2 -
2xIx(2*a~4xb — a~2xb~3)*cxdxe*f)*cos(f*x + e))*sqrt(-(a”2 - b~2)/a"2))*log(
(bxcos(f*x + e) - Ixb*sin(f*x + e) + (axcos(f*x + e) - Ixa*xsin(f*x + e))*sq
rt(-(a"2 - b~2)/a"2) + a)/a) + 3*x(2*x(a"2*b"3 - b~5)*d"2*f*x + 2% (a"2*xb"3 -
b~5)*d"2xe + 2% ((a"3*b"2 - axb~4)*d"2xfxx + (a~3*b"2 - a*b~4)*d"2*xe)*cos (f*
X + e) — (Ix(2%a~3*b"2 - a*b~4)*d"2*f"2%x"2 + 2*%I*(2*%a~3*b"2 - axb”4)*c*d*f
~2xx — I*(2%a~3*b"2 - axb~4)*d"2%e”2 + 2xI*(2*a~3*b”"2 - a*b~4)x*ckd*exf + (I
*(2*xa”~4*b - a~2xb"3) *d"2*xf"2xx"2 + 2xI*(2%a"4*b - a~2%b"3)*kckdxf"2kx - I*(2
*a~4%b - a”"2*%b"3)*d"2*xe"2 + 2*xI*(2*a"4*b - a~2*b"3)*ckdxexf)*cos(f*x + e))*
sqrt(-(a”2 - b~2)/a~2))*log((b*cos(f*x + e) - Ix*bxsin(f*x + e) - (a*xcos(f*x
+ e) - Ixaxsin(f*x + e))*sqrt(-(a”2 - b"2)/a"2) + a)/a) + 6%((a"3*b~2 - ax
b~4) *d"2*xf"2xx"2 + 2% (a"3*b"2 - axb"4)*ckd*f~2xx + (a"3*%b"2 - a*b”4)*c”2xf"
2)*sin(f*x + e))/((a”7 - 2*a~5%b"2 + a~3*xb~4)*xf~3xcos(f*x + e) + (a"6xb - 2
*a~4%b"3 + a~2*b”5)*f~3)

Sympy [F]

/ (c + dz)? e — / (c + dz)® i

(a + bsec(e + fx))? (a + bsec (e + fz))?

[In] integrate((d*x+c)**2/(a+b*sec(f*x+e))**2,x)
[Out] Integral((c + d*x)**2/(a + bxsec(e + f*x))**2, x)

Maxima [F(-2)]

Exception generated.

(c + dx)?
(a + bsec(e + fx))?

dx = Exception raised: ValueError

[In] integrate((d*x+c)~2/(atb*sec(f*x+e))”2,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de
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Giac [F]

/ (c+ dz)? (dz + c)*
(a + bsec(e + fx))? (bsec (fz + €) + a)’

[In] integrate((d*x+c)~2/(a+b*sec(f*x+e))~2,x, algorithm="giac")

[Out] integrate((d*x + c)~2/(bxsec(f*x + e) + a)~2, x)

Mupad [F(-1)]

Timed out.

(c+ dz)? B
/ (a + bsec(e + fx))? dxr = Hanged

[In] int((c + d*x)~2/(a + b/cos(e + f*x))~2,x)

[Out] \text{Hanged}
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Optimal result

Integrand size = 18, antiderivative size = 582

. aetlet+fz)
/ c+dz i (c+ da:)2 B zb3(c+ dx) log (1 + m)
(a + bsec(e + fx))? 2a%d a2 (—a2 + b2)*? §

. aetletfz)
2Zb(c + d.’L’) log (1 + W)
a2y/—a? + b2 f
3 aeiletiz)
ib°(c + dz) log (1 + m)
a2 (—a2 +b2)** f
: agilet o)
B Zzb(c + dx) ].Og (1 + IH-\/——TW>
a2y/—a? + b2 f
agiletfo)
b*dlog(b+ acos(e + fx)) b°d PolyLog (2’ _b_\/_—Terz)
a? (a? — b?) f? a? (—a? + b2)%2 g2

2bd PolyLog (2, —; 237 )

a2\/T—i-be2

aeiletfz)
b3d PolyLog (2, _b+\/——:27+b2>

a? (—a? + b2)3/2 f2
2bd PolyLog (2, __aeictso) )

_|_

_|_

+

+

brv—a? 152
a2v/—a? + b2 f2
b*(c + dz)sin(e + fz)
a(a? — b?) f(b+ acos(e + fx))

[Out] 1/2*x(d*x+c)~2/a~2/d+b~2*d*1n(b+a*xcos (fxx+e))/a~2/(a"~2-b"2) /f~2-I*b~3* (d*x+c
)*1n(1+a*xexp (I* (fxx+e))/(b-(-a"2+b"2)~(1/2)))/a~2/(-a~2+b~2) ~(3/2) /£+I*b~3*
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(d*x+c)*1n(1+axexp (I* (f*x+e)) /(b+(-a~2+b"2)~(1/2)))/a~2/(-a~2+b~2)~(3/2) /f-
b~3*d*polylog(2,-a*exp(I*(f*x+e))/(b-(-a~2+b"2)"(1/2)))/a~2/(-a~2+b~2)~(3/2
) /£72+b~3xd*polylog(2,-a*xexp(I*(f*x+e))/(b+(-a~2+b~2)"(1/2)))/a"2/(-a"2+b"2
)~(3/2) /£72+b~2x (d*x+c) *sin(f*x+e) /a/(a”2-b"2) /f/ (bt+a*cos (f*x+e) ) +2*I*b* (d*
x+c)*1n(1+axexp (I* (f*x+e))/(b-(-a~2+b"2)~(1/2)))/a~2/f/(-a"2+b~2)~(1/2)-2*I
*xbx (d*x+c)*1n(1+axexp (I* (f*x+e))/(b+(-a~2+b"2)~(1/2)))/a~2/f/(-a"2+b~2)~(1/
2)+2*b*d*polylog(2,-a*xexp (I*(f*x+e))/(b-(-a"2+b~2)~(1/2)))/a~2/£f~2/(-a"2+b~
2)~(1/2)-2xb*d*polylog(2,-a*xexp (I*(f*x+e))/(b+(-a~2+b"2)~(1/2)))/a~2/£"2/ (-
a"2+b~2)~(1/2)

Rubi [A] (verified)

Time = 1.24 (sec) , antiderivative size = 582, normalized size of antiderivative = 1.00,

_ _ o humber of rules _
number of steps used = 21, number of rules used = 9, integrand size — 0.500, Rules used

= {4276, 3405, 3402, 2296, 2221, 2317, 2438, 2747, 31}

¢+ dz ; 2ib(c + dz) log (1 n zf_e% )
(a + bsec(e + fx))? T = P o
2ib(c + do) log (1+ S5 )
. YN
b%(c + dz)sin(e + fx)
af (a2 — b2) (acos(e + fz) + b)
2bd PolyLog (2, —M(,ff—)) 9bd PolyLog (2, ‘w(%)

+
2 — @2 @2 B — a2
: aeiletf2)
b’dlog(acos(e + fz) + b) ib*(c + dr) log <1 b—\/bz—a2>

a?f? (a? — b?) a2f (b2 — a2)*/?
. aci(e+fa)
ib%(c + dz) log (1 + \/ﬁ%)
af (b2 _ a2)3/2
3 aeiletf@)
B b dPOlyLOg (2, _b—\/TiaQ>
a2 f2 (b2 _ a2)3/2

+

aetletfz)
b3d POIYLOg (2, —m> (C + dl,)Q
aZf? (b2 — a2)3/2 2a%d

[In] Int[(c + d*x)/(a + b*Sec[e + f*x])~2,x]

[Out] (c + d*x)"2/(2*a"2xd) - (Ixb~3*(c + d*x)*Logl[l + (a*xE~(Ix(e + f*x)))/(b - S
grt[-a”2 + b~2])1)/(a"2*(-a"2 + b~2)"(3/2)*f) + ((2*I)*b*(c + d*x)*Logl[l +
(axE~(Ix(e + fxx)))/(b - Sqrt[-a"2 + b~2])]1)/(a"2xSqrt[-a"2 + b~2]*f) + (Ix*
b~3%(c + d*x)*Log[l + (a*E~(I*(e + f*x)))/(b + Sqrt[-a"2 + b~2])])/(a"2*(-a
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2 + b72)7(3/2)*f) - ((2*I)*bx(c + d*x)*Logl[l + (a*E~(I*(e + f*x)))/(b + Sq
rt[-a"2 + b72])])/(a"2*Sqrt[-a~2 + b"2]*f) + (b~2*d*Logl[b + a*Cos[e + f*x]]
)/(@a"2%(a”2 - b~2)*f"2) - (b~3*d*PolyLog[2, -((a*E~(I*(e + f*x)))/(b - Sqrt
[-a”2 + b72]))]1)/(a"2*x(-a"2 + b72)"(3/2)*f~2) + (2xb*d*PolyLogl[2, -((a*xE~(I
*(e + £xx)))/(b - Sqrt[-a~2 + b~2]))])/(a"2xSqrt[-a~2 + b~2]*£72) + (b~3*d*
PolyLog[2, -((a*E~(Ix(e + f*x)))/(b + Sqrt[-a”2 + b~2]))])/(a"2*(-a"2 + b~2
)~ (3/2)*£72) - (2¥bxdxPolyLogl[2, -((a*E~(I*(e + f*x)))/(b + Sqrt[-a"2 + b~2
1))1)/(a~2xSqrt[-a~2 + b~2]*f~2) + (b~2*(c + d*x)*Sin[e + fx*x])/(a*x(a”2 - b
~2)*f*(b + a*Cos[e + f*xx]))

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*nxLog[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2296

Int[((F)~(u)*((f_.) + (g_)*xx_))"(m_.))/((a_.) + (b_)*(F_)~(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xa*c, 2]}, Dist[2*(c/q), Int[
(f + g*x)"m*(F"u/(b - q + 2*xcxF~u)), x], x] - Dist[2*(c/q), Int[(f + g*x)"m
*(F~u/(b + q + 2*c*¥F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Log[(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 2747

Int[cos[(e_.) + (£_.)*x(x_)]1"(p_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)])"(m
_.), x_Symbol] :> Dist[1/(b~p*f), Subst[Int[(a + x)"m*(b"2 - x~2)"((p - 1)/
2), x], x, b*Sin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
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- 1)/2] && NeQ[a"2 - b~2, 0]

Rule 3402

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + Pikx(k_.) + (£f_.)*(
x_)1), x_Symbol] :> Dist[2, Int[(c + d*x) m*E~(I*Pix(k - 1/2))*(E~(I*(e + f
*x)) /(b + 2%axE~(I*Pi*(k - 1/2))*E~(I*(e + f*x)) - b*E~ (2*Ixk*Pi)*E~ (2*Ix*(e
+ £*x)))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & IntegerQ[2xk] && NeQ[
a”2 - b™2, 0] && IGtQ[m, O]

Rule 3405

Int[((c_.) + (@_.)*(x))"(m_.)/((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"2, x_
Symbol] :> Simp[b*(c + d*x) “m*(Cos[e + f*x]/(f*(a"2 - b"2)*(a + b*Sin[e + £
*x]))), x] + (Dist[a/(a”2 - b™2), Int[(c + d*x)"m/(a + b*Sin[e + f*x]), x],
x] - Dist[b*d*(m/(f*(a"2 - b2))), Intl[(c + d*x)"(m - 1)*(Cos[e + f*xx]/(a
+ bxSin[e + f*x])), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a~2 - b~
2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*x(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, 1/(Sin[e + f*x]°n/(b + a*Si
n[e + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rubi steps

e al—/ c+dx+ b%(c + dzx) B 2b(c + dx) p
Hesral = a? a’?(b+acos(e+ fz))? a?(b+ acos(e+ fx)) v

ctdz ctdzx
e+ dz)? . (20) J b+acc;:(e+fx) dw b J (bthzco:eJrf-’IC))2 dx
2a2d a? a?

el(etf2) (cdx

(c+ dx)? b%(c + dz)sin(e + fx) B (4b) [ a+2bez(e+fm>gr;i()e+fm) dz

2a%d a(a? —b) f(b+ acos(e + fx)) a?

ct+dz sin(e+fx
_ b f b+ac<;g((ie+fx) dx _ (b2 f b+acos_é_e-|—])"x) dzx
2 (- ) a(—b) f

(c+ dx)? b%(c + dx) sin(e + fz)

2a%d a(a? —b?) f(b+ acos(e + fx))

(20°) [ s S de (40) [ Gyt da

a+2bet(etfz) fge2ilet+fz) . 2b—2v/—a2+b2+2aei(et+f)
o2 (a — ) Werizn:
eHe+f2) (c4dx
N (40) | (ctd) dz N (b%d) Subst ([ 31 dz, z,a cos(e + fz))

2b4+2v—a24b242aei(c+/2)

av—a? +b? a? (a? — b?) f?
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(c + dz)? 2ib(c + dz) log (1 + —bff;%) 2ib(c + dzx) log <1 + %)
+ —
202d = + B f O —a? L B2 f
b’dlog(b+ acos(e + fz)) b*(c + dx) sin(e + fz)
a? (a? — b?) f2 a(a? —b?) f(b+ acos(e + fx))

eilet+fz) (c+dx) eiletfz) (c+dz)
(2b3) f 2b—2v/—a2+b2+2aet(et+f2) dz _ (2b3) f 2b4+2v/—a2+b2+2aet(etf2) dz
a(—a? + b2)*? a(—a? + b2)*”
. aetletfz) . aeiletfz)
(2ibd) [ log (1+ 257025 ) da , (2t [1og (1+ s ) do
a?y/—a? + b2 f a?y/—a? + b2 f

 (c+dz)? ib%(c + dz) log (1 + b_“f;(_e—;isz) N 2ib(c + dx) log (1 + b_“f;(_e—;ii)bz)
~ 2a2d a? (—a? + b2)3/2f a2v/—a? + b2 f
. ib3(c + dz) log (1 + —bfl’%‘:ﬁbﬁ ~ 2ib(c + dz) log (1 + —bfeiﬁ(jﬁb?)
a? (—a? +b2)%2 f a2y/—a? + b2 f
b’dlog(b+ acos(e + fz)) N b*(c + dx) sin(e + fz)
a?(a? —b?) f? a(a? —b%) f(b+ acos(e + fz))

log ( 14— 22— .
(2bd)Subst (f ( A ) dx,x,e’(e+fz)>
a2v/—a? + b2 12

lOg 1+2071:“ .
(2bd)Subst (f ( e ) dx,x,e’(e+f””)>

a2\/T-|-l)2f2
13 2qei(e+fx) 73 2ae’(et+fx)
(ib%d) [ log (1+ 7225 ) do (@) [log (14 i) do
a2 (—a2 + b2)3/2f a2 (—a2 + b2)3/2f

+

+
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. aei(e+fw) . aei(e+fw)
_ (c+dz)? - ib3(c + dz) log (1 + b—\/——aT-bz> s 2ib(c + dz) log <1 + b—\/——aT-bz>

2a2d a? (—a? + b2)3/2 f a?v—=aZ + b2f
ib3(c + dx) log (1 + —J;%) 2ib(c + dz) log (1 + —J%)
+ —
a? (—a? + b2)3/2 f a2/ —a? + Bof

aeiletfz)
b2dlog(b + acos(e + fz)) 2bdPolyLog (2, _IH/——TW>

a2 (a2 _ bz) f? + a2\/T—l—b2f2
aeiletfz)
B 2bd PolyLog <2’ _b+\/T+b2> 4 b%*(c + dz)sin(e + fz)
a?y/—a? + b2 f2 a(a®—b%) f(b+acos(e + fz))

log( 14 —2ez )
(b3d) Subst (f ( =2 _a2+b2) dz, z, e’(e+f“’))

T

+

a? (—a? + b2)3/2 f2

(b°d) Subst ( / e ) dz,z, et/ ””)

T

a2 (—a2 + b2)3/2 f2

. aetletfz) . aeiletfz)
_ (c+dz)? ib3(c + dz) log (1 + b—\/——T+b2> N 2ib(c + dx) log (1 + b—\/——THﬂ>

2a%d a? (—a? + 52)3/2 f a2v/—a? + b2 f
. aei(e fz) . aez‘(e fz)
.\ ib3(c + dzx) log (1 + ﬁ) - 2ib(c + dx) log <1 + W_—%er»
a2 (—a2 + b2)3/2 f a?v/—a? + V2 f
aciletfe)
b*dlog(b+ acos(e + fz)) b°d PolyLog (2’ _b_,/i_aubz)
@ (@~ 1) 2 @ (~a? + )2 2
aeiletfz) 3 aetletfz)
+ 2bd POIYLOg (2, _b—\/——aTHﬁ) + b dPOIYLOg (2, —m>
aQ\/T-l-beQ a? (—a? + b2)3/2 12
aetletfz)
_ 2bd PolyLog <2’ - b+\/T+b2) b%(c + dz) sin(e + fz)

a’v/—a? + b? f2 a(a? —b?) f(b+ acos(e + fx))
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Mathematica [A] (warning: unable to verify)

Time = 11.64 (sec) , antiderivative size = 1037, normalized size of antiderivative = 1.78

c+dz i
/ (a + bsec(e + fx))? v
_ (e+ fr)(—2de+2cf + d(e+ fz))(b+ acos(e + fz))*sec?(e + fx)
B 2a2f2(a + bsec(e + fx))?
(b+ acos(e + fx))sec(e + fx) (b?desin(e + fx) — b’cf sin(e + fz) — b?d(e + fx)sin(e + fz))
+ a(—a+b)(a+0b)f?(a+ bsec(e + fz))?

/ah 1
2(2a%-b2) (de—cf) arctan <(w

beos? (3(e+ fz)) (b+acos(e + fz)) | — —7 > — bdlog (sec? (3(e + fz)

+

[In] Integrate[(c + d*x)/(a + b*Secle + f*x])~2,x]

[Out] ((e + f*x)*(-2%dxe + 2%c*f + d*(e + f*x))*(b + a*Cos[e + f*x]) 2xSec[e + f*
x]72)/(2*xa~2*%f"2x(a + bxSec[e + £*x])~2) + ((b + a*xCos[e + f*x])*Sec[e + fx
x] "2%(b"2*d*e*xSin[e + f*x] - b~ 2xcxf*Sin[e + f*x] - b~"2*d*(e + f*x)*Sin[e +
fxx]))/(ax(-a + b)*(a + b)*f"2x(a + b*Sec[e + f*x])~2) + (b*Cos[(e + f*xx)/
2]"2*%(b + a*Cos[e + f*x])*x((-2%x(2*a"2 - b~2)*(d*e - c*f)*ArcTan[(Sqrt[a - b
1*Tan[(e + f*x)/2])/Sqrt[-a - b]])/(Sqrt[-a - bl*Sqrt[a - b]) - b*dxLog[Sec
[(e + £*x)/2]72] + b*d*Log[-((b + axCos[e + fxx])*Sec[(e + f*x)/2]"2)] - (I
*(2%a~2 - b"2)*d*(Log[1l + I*Tan[(e + f*x)/2]]*Log[(I*(Sqrt[a + b] - Sqrtla
- bl*Tan[(e + f*x)/2]))/(Sqrt[a - bl + IxSqrt[a + b])] - Logl[l - IxTan[(e +
fxx)/2]]1*Log[(Sqrt[a + b] - Sqrtla - bl*Tan[(e + f*x)/2])/(I*Sqrtla - b] +
Sqrt[a + b])] + Logl[l - I*Tan[(e + f*x)/2]]*Log[(I*(Sqrt[a + b] + Sqrtl[a -
bl*Tan[(e + £*x)/2]))/(Sqrt[a - b] + IxSqrt[a + b])] - Logl[l + I*Tan[(e +
f*x)/2]]*xLog[(Sqrt[a + b] + Sqrt[a - bl*Tan[(e + f*x)/2])/(I*Sqrt[a - b] +
Sqrt[a + b])] - PolyLogl[2, (Sqrtl[a - bl*(1 - IxTan[(e + f*x)/2]))/(Sqrtl[a -
b] - IxSqrt[a + b])] + PolyLog[2, (Sqrt[a - bl*(1 - I*Tan[(e + f*x)/2]))/(
Sqrt[a - b] + IxSqrt[a + b])] - PolyLog[2, (Sqrt[a - bl*(1 + I*Tan[(e + f*x
)/21))/(Sqrt[a - b] - I*Sqrtl[a + bl)] + PolyLogl[2, (Sqrt[a - b]l*(1 + IxTan[
(e + £*x)/21))/(Sqrtla - b] + IxSqrt[a + b])]1))/(Sqrtla - bl*Sqrtl[a + b]))*
Secle + f*x]~2*%((2*a"2 - b™2)*(cxf + d*xf*x) + axbxd*Sin[e + fx*x])*(Sqrtla +
b] - Sqrt[a - bl*Tan[(e + f*x)/2])*(Sqrt[a + b] + Sqrt[a - b]*Tan[(e + f*x
)/2]1))/(a"2x(a”2 - b"2)*f"2x(a + b*Sec[e + f*x]) 2%(-((2%¥a"2 - b~2)*(d*e -
c*f - Ixd*Log[l - IxTan[(e + f*x)/2]] + I*d*Logl[l + I*Tan[(e + f*x)/2]])) +
axbxd*Sinfe + f*x]))
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Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1288 vs. 2(528) = 1056.

Time = 0.64 (sec) , antiderivative size = 1289, normalized size of antiderivative = 2.21

method | result size
risch Expression too large to display | 1289

[In] int((d*x+c)/(at+b*sec(f*x+e))”~2,x,method=_RETURNVERBOSE)

[Out] 1/2/a"2xd*x"2+1/a~2*x*c+2*xI1/f/(a~2-b"2) *b*d/ (-a~2+b~2) ~(1/2) *1n ((-a*exp (I*(
fxx+e))+(-a"2+b"2) " (1/2)-b) / (-b+(-a~2+b"2) " (1/2) ) ) *x-4xI1/£f~2/(a"2-b"2) ~(3/2
) *b*d*exarctan(1/2* (2xa*xexp (I*(f*x+e))+2%b)/(a~2-b"2)~(1/2))+1/£72/(a"2-b"2
)/a~2xb~3xd/(-a~2+b~2) " (1/2) *dilog((axexp (I* (f*x+e))+(-a~2+b~2)~(1/2)+b) /(b
+(-a™2+b~2)"(1/2)))-2/£72/(a~2-b~2) *b*d/ (-a"2+b~2) ~(1/2) *dilog((a*exp (I* (f*
x+e))+(-a”2+b"2) " (1/2)+b) / (b+(-a~2+b~2)~(1/2)))+2/£72/(a"2-b"2) ¥*b*d/ (-a~2+b
~2)~(1/2)*dilog((-axexp (I* (f*x+e))+(-a~2+b~2)~(1/2)-b)/(-b+(-a~2+b~2)~(1/2)
))-1/£72/(a~2-b"2) /a~2*b~3*d/ (-a~2+b~2) " (1/2) *dilog ((-a*exp (I* (f*x+e))+(-a"
2+b72)7(1/2)-b) / (-b+(-a"2+b~2) " (1/2) ) ) -2*I/£72/(a"2-b"2) ¥b*d/ (-a~2+b"2) " (1/
2) *1n((axexp (I* (f*x+e))+(-a~2+b"2)~(1/2)+b)/(b+(-a"2+b~2)~(1/2)))*e-1/£f/(a~
2-b~2)/a"2xb~3*d/ (-a~2+b"2) ~(1/2) *1n((-a*exp (I* (f*x+e))+(-a~2+b~2) ~(1/2)-b)
/(-b+(-a~2+b"2) " (1/2) ) ) *x+2xI*b~2* (d*x+c) * (exp (I* (f*x+e) ) *b+a) /a~2/(a"2-b"2
)/£/ (exp(2%I* (f*x+e))*a+2*exp (I* (f*x+e) ) *b+a)-I/£72/(a"2-b"2)/a~2xb~3*d/ (-a
~2+b~2) " (1/2) #*1n((-a*xexp(I* (f*x+e))+(-a~2+b~2)~(1/2)-b) / (-b+(-a~2+b~2) " (1/2
)))*xe+2xI1/£72/(a"2-b"2) " (3/2) /a~2xb"3*d*exarctan (1/2* (2xa*exp (I* (f*x+e) ) +2x
b)/(a~2-b"2)~(1/2))+2*I/£72/(a~2-b"2) *b*d/ (-a"2+b~2) ~(1/2) *1n((-a*exp (I* (£f*
x+e))+(-a"2+b"2)~(1/2)-b) / (-b+(-a"2+b"2) ~(1/2) ) ) xe+4xI1/f/(a~2-b"2) ~ (3/2) *¥b*
ckarctan(1/2x(2xaxexp (I* (f*x+e))+2xb)/(a"2-b~2)~(1/2))-2/£"2/(a"2-b"2) /a~2%
b~2*d*1n(exp(I*(f*x+e)))+1/£72/(a"2-b"2) /a~2*b~2xd*1n (exp (2*I* (f*x+e)) xa+2%
exp (Ix(fxx+e))*b+a)+I/f/(a"2-b"2)/a"2xb~3*d/ (-a~2+b"2) ~(1/2) *1n((a*xexp (I* (£
*x+e) ) +(-a~2+b~2) " (1/2)+b) / (b+(-a~2+b~2) ~(1/2) ) ) *x-2xI/f/(a~2-b"2) " (3/2) /a~
2*b~3*c*arctan(1/2x (2*a*xexp (I* (£xx+e))+2*b)/(a~2-b"2)~(1/2))+I/£f~2/(a~2-b"2
)/a~2*%b~3xd/(-a~2+b~2) " (1/2) *1n((a*exp (I* (f*x+e) ) +(-a~2+b~2)~(1/2)+b) / (b+(-
a~2+b"2)~(1/2)))*e-2xI/f/(a"2-b"2) *b*d/ (-a~2+b~2) ~(1/2) *1n((axexp (I* (f*x+e)
)+(-a”2+b"2) " (1/2)+b) / (b+(-a"2+b"2) " (1/2)) ) *x
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 2080 vs. 2(520) = 1040.

Time = 0.49 (sec) , antiderivative size = 2080, normalized size of antiderivative = 3.57

c+dx
/ka+b%de+f@y z oo large to display

[In] integrate((d*x+c)/(a+b*sec(f*x+e))~2,x, algorithm="fricas")

[Out] 1/2%x((a”4%b - 2*%a~2%b~3 + b~5)*d*f~2xx"2 + 2%(a"4*b - 2*%a~2%b~3 + b~5)*c*f~
2xx - ((2*%a"4xb - a~2*b~3)*d*cos(f*x + e) + (2*a"3*b~2 - a*b~4)*d)*sqrt(-(a
"2 - b72)/a"2)*dilog(-(b*cos(f*x + e) + I*b*sin(f*x + e) + (axcos(f*x + e)
+ Ikxaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1) + ((2%¥a"4xb - a~2*b~
3)*dxcos(f*x + e) + (2%a”3*b"2 - a*b~4)*d)*sqrt(-(a”2 - b~2)/a"2)*dilog(-(b
xcos(f*x + e) + Ixbxsin(f*x + e) - (axcos(f*x + e) + Ixaxsin(f*x + e))*sqrt
(-(a”2 - b72)/a"2) + a)/a + 1) - ((2%¥a~4*b - a~2+#b~3)*d*cos(f*x + e) + (2xa
“3%b~2 - axb~4)*d)*sqrt(-(a”2 - b~2)/a"2)*dilog(-(bxcos(f*x + e) - Ixb*sin(
fxx + e) + (axcos(f*x + e) - Ixa*sin(f*x + e))*sqrt(-(a”2 - b72)/a"2) + a)/
a + 1) + ((2%xa”4*b - a”2xb~3)*d*cos(f*x + e) + (2*¥a~3%b"2 - a*b~4)*d)*sqrt(
-(a"2 - b"2)/a"2)*dilog(-(b*cos(f*x + e) - Ix*b*sin(f*x + e) - (akxcos(f*x +
e) - Ikxaxsin(f*x + e))*sqrt(-(a”2 - b~2)/a"2) + a)/a + 1) + (-I*(2%a~3*b"2
- axb~4)*dxfxx - I*(2*¥a~3*b"2 - axb~4)*d*e + (-I*x(2%a~4*b - a~2xb~3)*d*f*x
- I*(2xa~4xb - a~2xb~3)*d*e)*cos(f*x + e))*sqrt(-(a”2 - b~2)/a"2)*1log((b*co
s(fxx + e) + Ixbxsin(f*x + e) + (a*cos(f*x + e) + Ikxaxsin(f*x + e))*sqrt(-(
a"2 - b72)/a"2) + a)/a) + (I*(2*a"3*b~2 - axb~4)*dxf*x + I*x(2*a~3*b~2 - axb
“4)xdxe + (I*(2%a~4*b - a~2*b~3)*d*fxx + I*(2%a~4xb - a~2%b~3)*d*e)*cos(f*x
+ e))*sqrt(-(a”2 - b~2)/a"2)*log((bxcos(f*x + e) + Ixb*xsin(f*x + e) - (axc
os(fxx + e) + Ikxa*sin(f*x + e))*sqrt(-(a”2 - b72)/a"2) + a)/a) + (Ix(2*a~3%
b~2 - axb~4)*d*f*x + I*(2%a"3*b"2 - a*b”4)*d*e + (I*(2%a~4*b - a~2xb~3)x*d*f
*xx + I*(2*%a~4*b - a~2xb~3)*d*e)*cos(f*x + e))*sqrt(-(a”2 - b~2)/a"2)*log((b
xcos(f*x + e) - Ixbxsin(f*x + e) + (axcos(f*x + e) - I*axsin(f*x + e))*sqrt
(-(@”2 - b72)/a"2) + a)/a) + (-I*(2%a~3%b~2 - a*b~4)*d*fxx - I*(2%a~3%b~2 -
a*b~4)*dxe + (-I*(2*%a~4xb - a~2%b~3)*dxf*x - I*(2*¥a~4*b - a~2xb~3)*d*e)*co
s(fxx + e))*sqrt(-(a”2 - b~2)/a"2)*log((b*cos(f*x + e) - Ixb*sin(f*x + e) -
(axcos(f*x + e) - Ixa*sin(f*x + e))*sqrt(-(a”2 - b"2)/a"2) + a)/a) + ((a~5
- 2%a”3%b”2 + axb”4)*d*f"2%x"2 + 2%(a”5 - 2%a"3*%b"2 + a*xb~4)x*ckf 2xx)*cos(
f*x + e) + ((a™3%b"2 - a*b~4)*d*cos(f*x + e) + (a"2%b"3 - b75)*d + (-I*(2*a
“3%b”2 - axb”4)*d*e + I*x(2%a"3*%b”2 - axb~4)*ckf + (-I*(2*xa~4*b - a~2*%b~3)*d
xe + I*(2%a~4%b - a~2%b~3)*c*f)*cos(f*x + e))*sqrt(-(a”2 - b~2)/a"2))*log(2
xaxcos(fxx + e) + 2xIxaxsin(f*x + e) + 2*a*sqrt(-(a”2 - b~2)/a"2) + 2*b) +
((@a™3%b"2 - a*b~4)*d*cos(f*x + e) + (a”2%b~3 - b75)*d + (I*(2*a"3*b"2 - a*b
“4)xdxe - I*(2*¥a~3*b"2 - axb~4)xcxf + (I*(2*xa~4*b - a~2*b~3)*d*e - I*(2*xa~4
*b — a~2%b~3)*cxf)*cos(f*x + e))*sqrt(-(a”2 - b~2)/a"2))*log(2*axcos(f*x +
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e) - 2xIxaxsin(f*x + e) + 2xa*sqrt(-(a”2 - b~2)/a"2) + 2%b) + ((a"3*b"2 - a
*b~4)*xdxcos(f*x + e) + (a"2%b~3 - b"5)*d + (-I*(2*a~3%b~2 - axb~4)*d*e + Ix
(2%a~3%b"2 - axb”4)xc*f + (-Ix(2*a"4*b - a"2xb~3)*dxe + I*(2*a"4*b - a~2*b~
3)xcxf)*cos(f*x + e))*sqrt(-(a”2 - b~2)/a"2))*log(-2*a*cos(f*x + e) + 2xIxa
xsin(f*x + e) + 2*xaxsqrt(-(a”2 - b"2)/a"2) - 2xb) + ((a~3*b~2 - axb~4)*d*co
s(fxx + e) + (a”2%b”3 - b75)*d + (I*(2*a"3*b~2 - a*b~4)*d*e — I*(2%a~3*b~2

- axb~4)xcxf + (I*(2xa~4%b - a"2xb~3)*xd*e - I*(2*a"4xb - a~2*%b~3)*c*f)*cos(
fxx + e))*sqrt(-(a”2 - b72)/a"2))*log(-2xaxcos(f*x + e) - 2xI*a*sin(f*x + e
) + 2xaxsqrt(-(a”2 - b72)/a"2) - 2xb) + 2x((a”3*%b"2 - a*b”4)x*d*f*x + (a~3*b
"2 - a*b”4)xcxf)*sin(f*x + e))/((a”7 - 2xa"bxb"2 + a~3xb~4)*f " 2xcos(f*x + e
) + (2a76%b - 2*xa”4%b”"3 + a”~2%b”~5)*£"2)

Sympy [F]

c+dx B c+dx
/ (a+ bsec(e + fx))? e = / (a + bsec (e + fz))? d

[In] integrate((d*x+c)/(atb*sec(f*x+e))**2,x)

[Out] Integral((c + d*x)/(a + bxsec(e + f*x))*x2, x)

Maxima [F(-2)]

Exception generated.

d
/ @+ bsce—ci-(ej- 2))? dz = Exception raised: ValueError

[In] integrate((d*x+c)/(atb*sec(f*x+e))”2,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(4*a”2-4*xb~2>0)’, see ‘assume?‘ for

more de

Giac [F]

c+dz _ dz +c
/(a+bsec(e-|—fm))2 do = / (bsec (fz +e) +a)? d

[In] integrate((d*x+c)/(a+b*sec(f*x+e))~2,x, algorithm="giac")
[Out] integrate((d*x + c)/(bxsec(f*x + e) + a)~2, x)
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Mupad [F(-1)]

Timed out.

c+dz
/ (a + bsecle  f2))? dz = Hanged

[In] int((c + d*x)/(a + b/cos(e + f*x))~2,x)
[Out] \text{Hanged}



1
3.42 f (c+dz)(a+bsec(e+fx))? dx

Optimal result . . . . . . . . . . e
Rubi [N/A] .« .
Mathematica [N/A] . . . . . . .
Maple [N/A] (verified) . . . . . . . ...
Fricas [N/A] . . . . o o
Sympy [N/A] . . o
Maxima [N/A] . . . .
Giac [N/A] .« . o o
Mupad [N/A] . . . o

Optimal result

Integrand size = 20, antiderivative size = 20

1

/ (c+ dz)(a+ bsecle + f)2 == Int(

[Out] Unintegrable(1/(d*x+c)/(atb*sec(f*x+e))”2,x)

Rubi [N/A]
Not integrable

(c+dz)(a+ bsec(e + fx))?’ x

)
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3011
303]

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used

— . humber of rules
’ integrand size

1
/ (c+dzx)(a+ bsec(e + fz))? de = / (c+ dx)

[In] Int[1/((c + d*x)*(a + b*xSecl[e + f*x])~2),x]
[Out] Defer[Int][1/((c + dx*x)*(a + b*Secl[e + f*x])~2), x]

Rubi steps
1

integral = / (c + da:)(a + bsec(e + fx))

(a + bsec(e + fx))? dz

= 0.000, Rules used = {}
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Mathematica [N/A]
Not integrable

Time = 22.66 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/ (c+dz)(a+ bsec(e + fx))? de = / (c+dz)(a+ bsec(e + fx))? dz

[In] Integrate[1/((c + d*x)*(a + bxSec[e + f*x])~2),x]
[Out] Integrate[1/((c + d*x)*(a + bxSec[e + f*x])~2), x]

Maple [N/A] (verified)

Not integrable

Time = 0.49 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
1

/ (@2 +0) (a1 bsec (fz 1 &) "

[In] int(1/(d*x+c)/(atb*sec(f*x+e)) "2,x)
[Out] int(1/(d*x+c)/(a+b*sec(f*x+e))"2,x)

Fricas [N/A]
Not integrable
Time = 0.29 (sec) , antiderivative size = 55, normalized size of antiderivative = 2.75

1

1
/ (c+ dz)(a + bsec(e + fz))? do = / (dz + c)(bsec (fz + €) + a)® d

[In] integrate(1/(d*x+c)/(a+b*sec(f*x+e))~2,x, algorithm="fricas")
[Out] integral(l/(a"2xdxx + a~2*xc + (b~2xd*x + b~2xc)*sec(f*x + e)~2 + 2x(axbxd*x

+ axbxc)*sec(f*x + e)), x)
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Sympy [N/A]
Not integrable

Time = 1.92 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/ (c+dz)(a + bsec(e + fx))? de = / (a + bsec (e + fz))? (c + dz) de

[In] integrate(1/(d*x+c)/(a+b*sec(f*x+e))**2,x)
[Out] Integral(l/((a + b*sec(e + f*x))*x2x(c + d*x)), x)

Maxima [N/A]

Not integrable

Time = 13.54 (sec) , antiderivative size = 2279, normalized size of antiderivative = 113.95
J/ 1 4 ]/ 1

(c+ dz)(a+ bsec(e + fz))? (dz + c)(bsec (fz +€) + a)

5 dr

[In] integrate(1/(d*x+c)/(a+b*sec(f*x+e))”2,x, algorithm="maxima")

[Out] (2*a*b~3*d*sin(f*x + e) + ((a"4 - a~2xb~2)*d*f*x + (a"4 - a~2*xb~2)*c*f)*cos
(2xfxx + 2%e) "2*xlog(d*x + c) + 4x((a”2%b"2 - b~4)*dxf*x + (a"2*%b"2 - b~4)*c
xf)*cos(f*x + e) "2*log(d*x + c) + ((a"4 - a~2*%b~2)*d*f*x + (a~4 - a~2*b~2)*
cxf)*log(d*x + c)*sin(2*xf*x + 2%e)”2 + 4*((a"2%b"2 - b~4)*dxf*x + (a~2*b"2
- b74)*cxf)*log(d*x + c)*sin(f*x + e)72 + 4*%((a"3xb - a*b~3)*d*f*x + (a~3*b
- a*b~3)*cxf)*cos(f*x + e)*log(d*x + c) - 2x(a*b™3*d*sin(f*x + e) - 2x((a”
3%b - axb”~3)*d*f*x + (a~3*b - a*b~3)*c*f)*cos(f*x + e)*log(d*x + c) - ((a~4
- a"2xb"2)xdxf*x + (2”4 - a~2%b"2)*c*f)*log(d*x + c))*cos(2xf*xx + 2%xe) - (
(2”6 - a~4xb~2)*d"2*f*x + (a"6 - a~4*xb~2)*c*d*f + ((a"6 - a~4*xb~2)*d 2*fx*x
+ (a"6 - a"4xb~2)*cxd*xf)*cos(2xf*xx + 2%e)”2 + 4*x((a~4*b"2 - a~2%b~4)*xd " 2*f*
x + (a”4*xb"2 - a"2%b~4)*ckd*f)*cos(f*xx + e)”2 + ((a”™6 - a~4*b~2)*xd"2xf*xx +
(2”6 - a~4xb~2)*kc*kd*f)*sin(2*xf*x + 2xe)”2 + 4x((a”5*b - a~3*b~3) *d"2*f*x +
(a"5*%b - a~3*b~3) *c*d*f)*sin(2*f*x + 2*e)*sin(f*x + e) + 4x((a"4%b"2 - a~2%*
b~4) *d"2xfxx + (a”4%b~2 - a”2%b~4)*ckxd*f)*sin(fxx + e)72 + 2x((a"6 - a~4x*b™
2)*xd"2xf*xx + (a”6 - a~4*b~2)*xcxd*f + 2x((a"5*b - a~3*b~3)*d"2xfxx + (a~5*b
- a”3*b”3)*cxd*f)*xcos(f*x + e))*cos(2xf*xx + 2*xe) + 4*x((a"5*b - a~3*b~3)*d"2
*xf*x + (a"b*b - a”~3%b~3)*cxdxf)*cos(f*x + e))*integrate(-2*(axb~3*d*sin(f*x
+ e) - 2x((2*%a"2%b"2 - b"4)*dxf*xx + (2*%a~2*xb"2 - b~4)*cxf)*cos(f*x + e)~2
- 2x((2*a"2%b"2 - b"4)*d*f*xx + (2*%a"2*%b"2 - b~4)*cxf)*sin(f*x + e)”"2 - (a*xb
~3xdxsin(f*x + e) + ((2*%a~3*b - a*b~3)*d*xf*x + (2*xa~3*b - a*xb~3)*c*f)*cos(f
*x + e))*cos(2xf*xx + 2xe) - ((2*a~3%b - a*b”3)*kdxfxx + (2*%a~3*%b - a*b”3)*c*
f)*cos(fxx + e) + (a*xb”"3*d*cos(f*x + e) + a~2%b~2+d - ((2*a~3*b - axb~3)*dx*
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fxx + (2%a~3xb - a*b~3)*c*f)*sin(f*x + e))*sin(2xfxx + 2*e))/((a"6 - a~4xb~
2)*%d"2xf*x"2 + 2x(a"6 - a~4xb”"2)*c*d*xfxx + (a"6 - a~4*xb"2)*c”2xf + ((a”6 -

a~4xb”~2) *d"2*f*xx"2 + 2% (a”6 - a~4*b"2)*cxdxf*x + (a”6 - a~4*b~2)*c”2*f)*cos
(2xfxx + 2%e)”2 + 4*x((a"4*xb”"2 - a~2%b~4)*d"2*f*x"2 + 2*x(a~4*b~2 - a~2%b"4)*
cxd*fxx + (a"4%b"2 - a~2+b~4)*c"2*xf)*xcos(fxx + e)”2 + ((a"6 - a~4%b~2)*d~2x*
f*x72 + 2%(a”6 - a"4*b"2)*ckxdxf*x + (a”6 — a"4*b"2)*xc”2*f)*sin(2xf*x + 2xe)
2 + 4x((a”5*b - a"3*%b"3)*d"2*xf*x"2 + 2x(a"5%b - a~3*b"3)*ckxdxf*x + (a~5xb

- a~3*xb”3) *c"2xf) *xsin(2*%f*x + 2*e)*sin(f*x + e) + 4*x((a"4%b~2 - a~2*%b~4)*d~
2%f*x"2 + 2% (a"4*b"2 - a"2%b"4)*kckd*f*x + (a”4*b"2 - a~2%b~4)*c”2*f)*ksin(fx*
X + e)”2 + 2x((a”6 - a"4*b"2)*d"2xf*x"2 + 2x(a"6 - a~4xb”~2)*c*d*fxx + (2”6

- a”4xb”2) *c”2xf + 2% ((a”5*b - a"3*b"3)*d"2xf*x"2 + 2*x(a”~5*%b - a~3*b~3)*c*d
*fxx + (a”5%b - a”"3*%b~3)*c”2*f)*cos(f*x + e))*cos(2xf*x + 2xe) + 4*((a~5*b

- a~3*xb”"3) *d"2xf*x"2 + 2% (a~5xb - a~3*b~3)*kckd*f*x + (a"5*%b - a~3*b"3)*c"2x*
f)*cos(fxx + e)), x) + ((a”4 - a~2xb~2)*d*f*x + (a”4 - a~2*b~2)*c*f)*log(d*
X + c) + 2x(a*b"3xd*xcos(f*x + e) + a~2%b"2xd + 2*%((a"3*b - a*b~3)*dxf*x + (
a~3*b - a*b~3)*c*f)*log(d*x + c)*sin(f*x + e))*sin(2xf*xx + 2xe))/((a"6 - a~
4xb"2)*d"2xf*x + (2”6 — a”4*b"2)xckd*f + ((a”6 - a~4xb~2)*d"2*f*x + (2”6 -

a~4xb”~2) kckd*f)*xcos (2xf*x + 2xe) "2 + 4x((a"4*%b"2 - a~2%b"4)*d"2xf*x + (a~4x*
b~2 - a"2%b~4)*ckd*f)*cos(f*x + e)”2 + ((a”6 - a~4*%b~2)*d"2xf*x + (a"6 - a~
4xb~2) *kcxd*f) *sin (2xf*xx + 2xe) "2 + 4*%((a~5*b - a~3*b~3)*d"2*f*x + (a~bxb -

a~3*b"3) kckdxf)*sin (2*xf*x + 2*e)*sin(f*x + e) + 4x((a~4%b"2 - a~2*b~4)*d"2x*
f*xx + (a"4%b"2 - a"2*b"4)*cxd*f)*sin(f*xx + e)”2 + 2x((a"6 - a~4*xb~2)*d " 2xfx*
x + (276 - a”4%b"2)*xcxd*f + 2*x((a"5*b - a~3*b~3)*d"2*f*x + (a"5%b - a~3*b"3
Yxckd*f)*cos(fxx + e))*cos(2*f*x + 2xe) + 4*x((a"5*b - a~3*b~3)*d"2*xf*x + (a
“Bxb - a~3%b~3)*ckd*f)*cos(f*xx + e))

Giac [N/A]
Not integrable

Time = 0.51 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)(a+ bsec(e + fx))? de = / (dz + c)(bsec (fz + €) + a)® d

[In] integrate(1/(d*x+c)/(a+b*sec(f*x+e))”2,x, algorithm="giac")
[Out] integrate(1/((d*x + c)*(b*sec(f*x + e) + a)~2), x)
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Mupad [N/A]
Not integrable

Time = 16.84 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
/<C+dw><a+bsec<e+fw»2d“'”‘/(a+ b )2(C+dz)dx

cos(e+f z)

[In] int(1/((a + b/cos(e + f*x))~2x(c + d*x)),x)
[Out] int(1/((a + b/cos(e + f*x)) 2%(c + d*x)), x)
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1

3.43 f (c+dz)%(a+bsec(e+fx))? dx

Optimal result . . . . . . . . . . e
Rubi [N/A] . . e
Mathematica [N/A] . . . . . . .
Maple [N/A] (verified) . . . . . . . . ..
Fricas [N/A] . . . . o o
Sympy [N/A] . . o
Maxima [N/A] . . . . 308
Giac [N/A] .« . o o 3101
Mupad [N/A] . . o 310

Optimal result

Integrand size = 20, antiderivative size = 20

1

1
/ (c+ dx)%(a+ bsec(e + fz))?

(c+ dz)%(a + bsec(e + fx))?’ :c)

dr = Int(

[Out] Unintegrable(1/(d*x+c)~2/(atb*sec(f*x+e))”2,x)

Rubi [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

i _ n number of rules _ _
of steps used = 0, number of rules used = 0, integrand size — 0.000, Rules used = {}

1 1
/ (c+ dx)%(a+ bsec(e + fz))? de = / (c+dz)?(a + bsec(e + fx))? dz

[In] Int[1/((c + d*x)~2x(a + b*Sec[e + f*x])~2),x]
[Out] Defer[Int] [1/((c + dxx)~2*%(a + b*Secl[e + f*xx])~2), x]
Rubi steps

Integra. —/(C+dx)2(a+bsec(e+fx))

2dm
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Mathematica [N/A]

Not integrable
Time = 41.36 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dzx)?(a + bsec(e + fx))? de = / (c+dx)*(a+ bsec(e + fx))

2dz

[In] Integrate[1/((c + d*x)~2*(a + bxSec[e + f*x])~2),x]
[Out] Integrate[1/((c + d*x)~2x(a + b*Sec[e + f*x])~2), x]

Maple [N/A] (verified)

Not integrable

Time = 0.39 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
1

(dz 4 ¢)? (a + bsec (fr + e))2dx

[In] int(1/(d*x+c) "2/ (a+b*sec(f*x+e))”2,x)
[Out] int(1/(d*x+c)~2/(at+b*sec(f*x+e))"2,x)

Fricas [N/A]

Not integrable
Time = 0.30 (sec) , antiderivative size = 96, normalized size of antiderivative = 4.80

1 1

(c+ dz)?(a + bsec(e + fz))? do = / (dz + ¢)*(bsec (fz + €) + a)? dz

[In] integrate(1/(d*x+c)~2/(a+b*sec(f*x+e))”2,x, algorithm="fricas")

[Out] integral(1l/(a”™2*d~2#x"2 + 2xa~2*c*kd*x + a~2*%c”™2 + (b72xd"2*x"2 + 2%b~2*c*dx*
X + b™2xc"2)*sec(f*x + e)”2 + 2% (axb*d"2xx"2 + 2*axbkcxd*x + a*bxc~2)*sec(f

*x + e)), x)
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Sympy [N/A]
Not integrable

Time = 7.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1 1
/ (c+ dz)?(a+ bsec(e + fz))? o = / (a + bsec (e + fz))* (c + dz)’ &

[In] integrate(1/(d*x+c)**2/(a+bxsec(f*x+e))**2,x)
[Out] Integral(1/((a + b*sec(e + f*x))**2kx(c + d*x)**2), x)

Maxima [N/A]
Not integrable
Time = 39.39 (sec) , antiderivative size = 2918, normalized size of antiderivative = 145.90
1 I /[ 1
(c+ dz)?(a + bsec(e + fx))? (dz + c)*(bsec (fz +€) + a)®

dz

[In] integrate(1/(d*x+c)~2/(a+b*sec(f*x+e))~2,x, algorithm="maxima")

[Out] (2*a*b~3*d*sin(f*x + e) - (a”4 - a”2+%b~2)*d*xf*x - (a~4 - a~2*b~2)*cxf
4 - a~2+%b"2)kdxfxx + (a~4 - a~2%b"2)*c*f)*cos(2xfxx + 2%xe)”2 - 4% ((a”2*%b"2
- b74)*d*xf*x + (a"2*%b"2 - b~4)*c*f)*cos(f*x + e)”2 - ((a”4 - a~2*b"2)*d*fx*
x + (@74 - a"2%b"2)xcxf)*sin(2xf*xx + 2%e)”2 - 4*x((a"2*%b"2 - b~4)*dxf*x + (a
“2%b72 - b"4)*kckf)*sin(fxx + e)”2 - 2% (a*b”"3*kd*sin(f*x + e) + (a4 - a~2*b”
2)*d*xf*xx + (2”4 - a~2*%b"2)*c*xf + 2%((a"3*b - a*xb~3)*dxfxx + (a~3*b - a*b~3)
xcxf)*xcos(fxx + e))*cos(2xf*xx + 2%e) - 4*%((a~3%b - a*xb~3)*d*xf*x + (a~3*xb -
axb~3) kxckf)*xcos(fxx + e) - ((a™6 - a~4*xb~2)*xd~3xf*xx"2 + 2*%(a”~6 - a~4*xb~2)*c
*d"2xf*xx + (2”6 — a"4*b"2)*xc”2*xd*f + ((a”6 - a~4xb~2)*d"3*f*x"2 + 2*%(a”6 -
a~4xb~2) kckd"2xfxx + (a6 - a~4*xb”2)*c”2xd*xf)*cos (2xfxx + 2%e)”2 + 4x((a~4x*
b"2 - a"2%b"4)*d"3*kf*x"2 + 2x(a~4*b"2 - a"2%b"4)*ckd"2*xf*x + (a"4*b"2 - a~2
*b~4) kc"2+d*f) *cos(f*x + e)”2 + ((a"6 - a"4%b~2)*d"3*f*x"2 + 2*x(a"6 - a~4x*b
~2)xckd"2+f*x + (276 - a~4*xb”2)*cT2xd*f)*sin(2*fxx + 2%e)”2 + 4x((a"5%b - a
~3%b~3) *d"3*xf*x"2 + 2% (a~5xb - a~3*%b~3)*ckd"2*fxx + (a"5%b - a~3*b"3)*c”2*d
*f)*xsin(2*%f*x + 2%e)*sin(fxx + e) + 4x((a"4*%b"2 - a~2*b"4)*d"3*xf*x"2 + 2x(a
“4%b"2 - a”2*%b"4)*xcxd"2xfxx + (a”4*%b"2 - a"2%b"4)*c"2xd*f)*sin(f*x + e)”2 +
2% ((a"6 - a”4xb"2)*d"3*f*x"2 + 2*(a”6 - a"4*b"2)*cxd"2xf*x + (a"6 - a~4x*b”
2)*c”2xd*f + 2% ((a"5*%b - a~3*b”"3)*d"3*xf*x"2 + 2% (a~5xb - a~3*b~3)*ckd"2*f*x
+ (a”5xb - a”3%b~3)*c”2*d*f)*cos(f*x + e))*cos(2*f*x + 2%e) + 4x((a”5*b -
a~3*b~3) *d"3*xf*xx"2 + 2% (a”5xb - a”~3*%b~3)*ckd"2*f*x + (a"5*%b - a~3*b"3)*c"2x*
dxf)*cos(f*x + e))*integrate(-2*%(2*a*b~3xd*sin(f*x + e) - 2*%((2*a"2xb"2 - b
“4)xdxf*xx + (2%a"2*%b"2 - b~4)*cxf)*cos(f*x + e)”2 - 2% ((2*xa"2xb”"2 - b~4)*dx*

- ((a
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f*xx + (2%a"2%b"2 - b74)*cxf)*sin(f*x + e)~2 - (2*axb~3*d*sin(f*xx + e) + ((2
*a"3*%b - a*b~3)*xdxf*x + (2*xa"3*b - a*b~3)*kc*f)*cos(f*x + e))*cos(2xf*x + 2%
e) - ((2*a"3%b - axb~3)*d*fxx + (2*a~3*b - a*b~3)*cxf)*cos(f*x + e) + (2*xax
b~ 3*d*cos(f*x + e) + 2*%a~2xb"2xd - ((2*%a~3*b - a*b~3)*d*f*x + (2*%a~3*b - a*
b~3)*xc*f)*sin(fxx + e))*sin(2xf*x + 2*e))/((a"6 - a~4%b~2)*d"3*f*x"3 + 3*(a
6 - a”4%b"2)*xcxd"2*f*x"2 + 3*%(a”6 - a~4*xb"2)*c”2xdxf*x + (a”6 - a"4%b~2)*c
“3xf + ((a”6 - a"4*b~2)*d"3*f*x"3 + 3*(a"6 - a~4*xb”2)*c*d"2xf*x"2 + 3*x(a”6

- a~4xb”2) *c"2xdxfxx + (a”6 - a~4*b"2)*c”3*f)*cos(2xf*xx + 2%e)”"2 + 4*((a~4x*
b~2 - a"2%b"4)*d"3*%f*x"3 + 3*(a"4*b"2 - a"2%b"4)*kc*kd"2*f*x"2 + 3*x(a~4xb"2 -
a~2xb~4) xc"2xdxfxx + (a~4*b~2 - a"~2%b~4)*c " 3*f)*cos(f*x + e)”2 + ((a"6 - a
“4xb”2) *d"3*xf*xx"3 + 3*%(a”6 - a"4*b"2)*xcxd"2*f*x"2 + 3*(a”6 - a"4*b"2)*c"2*d
*fxx + (a6 - a~4*b"2)*c”3*f)*sin(2*xf*x + 2%e)”2 + 4*x((a”5*%b - a~3*b~3)*d"3
*fxx~3 + 3*%(a~bxb - a~3*b~3)kc*kd"2*xf*x"2 + 3*%(a~5xb - a~3*%b~3)*kc"2*d*fxx +

(a”5%b - a"3*%b"3)*c”3*f)*sin(2*xf*x + 2*e)*sin(f*x + e) + 4*x((a~4*b~2 - a~2%
b~4) *d"3*xf*xx"3 + 3*(a"4*xb”2 - a"2*b"4)*c*d"2xf*xx"2 + 3*x(a"4*b”2 - a~2xb"4)*
c"2*d*f*xx + (a”4*b"2 - a~2x%b~4)*c"3*f)*sin(f*x + e)"2 + 2x((a”6 - a~4*b~2)*
d"3*f*x"3 + 3*%(a”6 - a"4*b"2)*cxd"2xf*x"2 + 3*(a"6 - a~4*xb”2)*c 2xdxf*xx + (
a6 - a"4xb"2)*c”3*xf + 2+ ((a"5*b - a~3*b~3)*d"3*f*x"3 + 3*(a~5xb - a~3%b~3)
*ckd"2*%f*x"2 + 3% (a"5*b - a~3*%b"3)*c"2*d*f*x + (a"5*b - a~3*%b~3)*c”3*f)*cos
(fxx + e))*cos(2*f*x + 2xe) + 4%((a~b*b - a~3*b~3)*d~3*f*x~3 + 3*(a~bxb - a
“3%b”3) kc*d"2xf*x"2 + 3*(a"5*b - a~3*b”"3)*c"2*dxf*xx + (a~5xb - a"3*%b~3)*c”3
*f)kcos(f*xx + e)), x) + 2x(a*xb~3xd*cos(f*x + e) + a~2%b"2xd - 2x((a"3*b - a
*b~3) *kd*f*x + (a"3*%b - axb~3)*kckf)*sin(f*x + e))*sin(2xf*x + 2xe))/((a"6 -

a~4xb"2) *d"3*xf*xx"2 + 2*%(a”6 - a~4*xb"2)*cxd"2xf*x + (a”6 - a~4*b~2)*xc”2*dx*f

+ ((a”6 - a~4*b"2)*d"3*f*x"2 + 2*%(a"6 - a~4*xb"2)*cxd"2*f*x + (a"6 - a~4*xb~2
)*c™2%d*xf)kcos (2xf*x + 2%e) "2 + 4*%((a”4*b~2 - a”~2xb~4)*d"3xf*x"2 + 2x(a~4*b
2 - a”2%b74)*xcxd"2*f*x + (a"4*b"2 - a~2*b"4)*c"2xd*xf)*cos(fxx + e)”2 + ((a
"6 - a”4%b"2)*d"3*f*x"2 + 2%x(a”6 - a~4*xb”2)*c*d"2xfxx + (a”6 - a"4*b"2)*c”"2
*dxf)*sin (2*%f*xx + 2%e)”2 + 4x((a"5*%b - a"3*b"3)*d"3*f*x"2 + 2x(a~5*b - a~3x*
b~3) *cxd"2*xf*x + (a"b*b - a"3*b"3)*c"2xd*f)*sin(2*f*x + 2*e)*sin(fxx + e) +
4% ((a"4*b~"2 - a~2*%b~4)*d"3*f*x"2 + 2% (a"4*xb"2 - a~2x%b~4)*c*d"2*f*x + (a~4x
b"2 - a"2xb"4)*c"2*d*f)*sin(f*x + e)”2 + 2% ((a"6 - a~4*b"2)*d"3*f*x"2 + 2*(
a6 - a"4xb"2)*xcxd"2xf*x + (a”6 - a”~4*b~2)*xc”2*d*f + 2x((a”5*%b - a~3*b"3)*d
“3xf*xx"2 + 2x(a"5*%b - a~3*b~3)*kc*d"2xfxx + (a~5xb - a”~3*b~3)*c~2*xd*f)*cos(f
*x + e))*cos(2xf*xx + 2xe) + 4*x((a~b*%b - a"3*b"3)*d"3*xf*x"2 + 2*%(a”5*%b - a”3
*b~3)xcxd"2*f*x + (a~5xb - a~3%b~3)*c 2xd*f)*cos(f*x + e))
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Giac [N/A]
Not integrable
Time = 3.12 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
(c+ dz)%(a + bsec(e + fx))? do = / (dz + c)*(bsec (fz + €) + a)’ e

[In] integrate(1/(d*x+c)~2/(atb*sec(f*x+e))~2,x, algorithm="giac")

[Out] integrate(1/((d*x + c) 2*(b*sec(f*x + e) + a)~2), x)

Mupad [N/A]

Not integrable
Time = 17.96 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1

| erarar e (ot ) (e da

cos(e+f )

[In] int(1/((a + b/cos(e + £*x)) " 2*x(c + d*x)~2),x)
[Out] int(1/((a + b/cos(e + f*x)) " 2*(c + d*x)~2), x)



3.44 [(c+dx)™(a+ bsec(e + fz))"dx

Optimal result . . . . . . . . . . . . e
Rubi [N/A] . . .

Mathematica [N/A]

Maple [N/A] (verified)
Fricas [N/A] . . ..
Sympy [F(-1)] . ..
Maxima [N/A] . . .

Giac [N/A] .« . o o
Mupad [N/A] . . oo

Optimal result

Integrand size = 20, antiderivative size = 20

/ (c+do)™(a

+ bsec(e + fz))" dz = Int((c + dz)™(a + bsec(e + fz))", z)

[Out] Unintegrable((d*x+c) “m*(at+b*sec(f*x+e)) n,x)

Rubi [N/A]
Not integrable

311

Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number
of steps used = 0, number of rules used = 0 number of rules _ 0.000, Rules used = {}

’ integrand size

/(c +dz)™(a + bsec(e + fx))"dx = /(c + dz)™(a + bsec(e + fx))" dx

[In] Int[(c + d*x)"m*(a + b*Sec[e + f*x]) n,x]

[Out] Defer[Int] [(c + d*x) "m*(a + b*Sec[e + f*x])"n, x]

Rubi steps

integral = /(c +dz)™(a + bsec(e + fx))" dx
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Mathematica [N/A]

Not integrable
Time = 2.65 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dz)™(a + bsec(e + fz))"dz = /(c +dz)™(a + bsec(e + fz))" dx

[In] Integrate[(c + d*x) m*(a + bxSec[e + f*x]) n,x]

[Out] Integratel[(c + d*x) m*(a + b*Sec[e + f*x])“n, x]

Maple [N/A] (verified)

Not integrable
Time = 0.43 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (dz +¢)™ (a+ bsec(fz +e€))" dz

[In] int((d*x+c) “m*(a+b*sec(f*x+e)) "n,x)

[Out] int((d*x+c) m*(at+b*sec(f*x+e)) n,x)

Fricas [N/A]

Not integrable
Time = 0.29 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + bsec(e + fz))"dz = / (dz +c)"(bsec (fr + €) + a)" dz

[In] integrate((d*x+c) “m*(a+b*sec(f*x+e)) n,x, algorithm="fricas")

[Out] integral((d*x + c) m*(b*sec(f*x + e) + a)~n, x)

Sympy [F(-1)]
Timed out.
/(c +dz)™(a + bsec(e + fz))" dz = Timed out

[In] integrate((d*x+c)**m* (a+b*sec(f*x+e))**n,x)

[Out] Timed out
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Maxima [N/A]

Not integrable
Time = 0.73 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dz)™(a + bsec(e + fz))"dz = / (dz +c)"(bsec (fr +€) + a)" dx

[In] integrate((d*x+c) “m*(a+b*sec(f*x+e)) n,x, algorithm="maxima")

[Out] integrate((d*x + c) m*(bxsec(f*x + e) + a)7n, x)

Giac [N/A]

Not integrable
Time = 0.44 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + bsec(e + fxr))"dx = / (dz +c)"(bsec (fr + €) +a)" dx

[In] integrate((d*x+c) “m*(a+b*sec(f*x+e)) n,x, algorithm="giac")

[Out] integrate((d*x + c) m*(bxsec(f*x + e) + a)’n, x)

Mupad [N/A]

Not integrable
Time = 14.16 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/(c + dz)™(a + bsec(e + fz))"dz = / (a + Wﬁ—fx))n (c+dz)" dz

[In] int((a + b/cos(e + f*x)) n*x(c + d*x) m,x)

[Out] int((a + b/cos(e + f*x)) n*x(c + d*x)"m, x)
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3.45 [(c+dx)™(a+ bsec(e + fz))dx

Optimal result . . . . . . . . . . . . e B14
Rubi [N/A] .« . 314
Mathematica [N/A] . . . . . . o 3151
Maple [N/A] (verified) . . . . . . . ... 315
Fricas [N/A] . . . . o o
Sympy [N/A] . . 315
Maxima [N/A] . . . . 316
Giac [N/A] .« . o 316l
Mupad [N/A] . . o oo 316

Optimal result

Integrand size = 18, antiderivative size = 18
/(c + dz)™(a + bsec(e + fz)) dz = Int((c + dz)™(a + bsec(e + fx)), )

[Out] Unintegrable((d*x+c) “m*(at+b*sec(f*x+e)),x)

Rubi [N/A]
Not integrable

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

_ _  humber of rules _ _
of steps used = 0, number of rules used = 0, integrand size — 0.000, Rules used = {}

/(c + dz)™(a + bsec(e + fz))dzx = /(c + dz)™(a + bsec(e + fz))dx

[In] Int[(c + d*x) "m*(a + b*Sec[e + f*x]),x]
[Out] Defer[Int] [(c + d*x) m*x(a + bxSec[e + f*x]), x]
Rubi steps

integral = /(c +dz)™(a + bsec(e + fz)) dx
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Mathematica [N/A]

Not integrable
Time = 0.66 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c + dz)™(a + bsec(e + fz))dx = /(c + dz)™(a + bsec(e + fz))dx

[In] Integratel[(c + d*x) m*(a + b*Sec[e + f*x]),x]

[Out] Integratel[(c + d*x) m*(a + b*Secle + f*x]), x]

Maple [N/A] (verified)

Not integrable
Time = 0.17 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/(d:c +¢)" (a+bsec(fz+e))dzx

[In] int((d*x+c) “m*(at+tb*sec(f*x+e)),x)

[Out] int((d*x+c) “m*(a+b*sec(f*x+e)),x)

Fricas [N/A]

Not integrable
Time = 0.28 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c +dx)™(a+ bsec(e + fx))dz = / (bsec(fz +e€)+a)(dz+c)"dz

[In] integrate((d*x+c) “m*(a+b*sec(f*x+e)),x, algorithm="fricas")

[Out] integral((b*sec(f*x + e) + a)*(d*x + c)"m, x)

Sympy [N/A]

Not integrable
Time = 4.68 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

/(c—i— dz)™(a + bsec(e + fz))dz = / (a+bsec(e+ fx)) (c+dzx)™ dx

[In] integrate((d*x+c)**m*(a+b*sec(f*x+e)),x)

[Out] Integral((a + bx*sec(e + f*xx))*(c + d*x)**m, x)
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Maxima [N/A]
Not integrable
Time = 0.39 (sec) , antiderivative size = 124, normalized size of antiderivative = 6.89

/(c + dz)™(a + bsec(e + fz))dx = / (bsec (fz+e) +a)(dz+c)" dx

[In] integrate((d*x+c) “m*(a+b*sec(f*x+e)),x, algorithm="maxima")

[Out] 2*b*integrate(((d*x + c) m*cos(2xfxx + 2*e)*cos(f*x + e) + (d*x + c) m*sin(
2+xfxx + 2%e)*sin(fxx + e) + (d*x + c) “mxcos(f*x + e))/(cos(2*fxx + 2%e)"2 +
sin(2xf*x + 2%e)~2 + 2%cos(2*fxx + 2%e) + 1), x) + (d*x + c)"(m + 1)x*a/(d*

(m + 1))

Giac [N/A]

Not integrable
Time = 0.30 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c + dz)™(a + bsec(e + fz))dzx = / (bsec(fz +e) +a)(dz+c)" dx

[In] integrate((d*x+c) “m*(atb*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((bxsec(f*x + e) + a)*(d*x + c)"m, x)

Mupad [N/A]

Not integrable
Time = 12.98 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

/(c+ dz)™(a + bsec(e + fz))dx = / (a + Wﬁ-f@) (c+dz)" dz

[In] int((a + b/cos(e + f*x))*(c + d*x)"m,x)

[Out] int((a + b/cos(e + f*x))*(c + d*x)"m, x)
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3.46 [Ty

a+bsec(e+fx)
Optimal result . . . . . . . . .. 317
Rubi [N/A] .« . B17
Mathematica [N/A] . . . . . ...
Maple [N/A] (verified) . . . . . . . ... BI8
Fricas [N/A] . . . o o BI8
Sympy [N/A] . . 318
Maxima [N/A] . . . . . 3191
Giac [N/A] . . . 319
Mupad [N/A] . . . o 319

Optimal result

Integrand size = 20, antiderivative size = 20

/ (c+ dz)™ dp — Int( (c+ dx)™ >

a + bsec(e + fx) a+bsec(e+fac)’m

[Out] Unintegrable((d*x+c) m/(at+b*sec(f*x+e)),x)

Rubi [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0, number of rules _ 0.000, Rules used = {}
integrand size

/ (c+ dzx)™ dp — / (c+dz)™ i

a+ bsec(e + fz) a+ bsec(e + fx)

[In] Int[(c + d*x)"m/(a + b*Sec[e + f*x]),x]
[Out] Defer[Int][(c + d*x)"m/(a + b*Sec[e + f*x]), x]
Rubi steps

integral = / (c+ da)™
gral = a+ bsec(e + fx)
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Mathematica [N/A]

Not integrable
Time = 0.88 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (c+ dx)™ dp — / (c+ dz)™

a+ bsec(e + fz) a+ bsec(e + fx)

[In] Integratel[(c + d*x)"m/(a + b*Sec[e + f*x]),x]
[Out] Integratel[(c + d*x)"m/(a + b*Secle + f*x]), x]

Maple [N/A] (verified)

Not integrable
Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

(dz 4+ )™
/a—l—bsec(fx—l—e)dx

[In] int((d*x+c) m/(at+b*sec(f*x+e)),x)

[Out] int((d*x+c) m/(a+b*sec(f*x+e)),x)

Fricas [N/A]

Not integrable
Time = 0.26 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (c+ dz)™ dp — (dz +¢c)™
a+ bsec(e + fz) v bsec(fzx+e)+a

[In] integrate((d*x+c) m/(a+b*sec(f*x+e)),x, algorithm="fricas")

[Out] integral((d*x + c)"m/(b*sec(f*x + e) + a), x)

Sympy [N/A]

Not integrable
Time = 1.52 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

(c+ dx)™ B (c+dz)™
/a+bsec(e+fx)dx_/a‘i‘bsec(e‘i‘fx)dw

[In] integrate((d*x+c)*+*m/(atb*sec(f*x+e)),x)

[Out] Integral((c + d*x)**m/(a + b*sec(e + f*x)), x)
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Maxima [N/A]

Not integrable
Time = 0.53 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (c+dzx)™ (dz+c)™
a—l—bsece+fx bsec(fzx+e)+a

[In] integrate((d*x+c) m/(a+b*sec(f*x+e)),x, algorithm="maxima")

[Out] integrate((d*x + c)"m/(b*sec(f*x + e) + a), x)

Giac [N/A]

Not integrable
Time = 0.36 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(c+ dx)™ B (dz 4+ )™
/a—i—bsec(e—i—fw)dx_/bsec(fx-i—e)—i—adx

[In] integrate((d*x+c) m/(a+b*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c) m/(b*sec(f*x + e) + a), x)

Mupad [N/A]
Not integrable

Time = 13.16 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

/ (c+ dx) da:z/ (c-l—dx) i
a+ bsec(e + fz) a-+ W

[In] int((c + d*x)"m/(a + b/cos(e + £*x)),x)

[Out] int((c + d*x)"m/(a + b/cos(e + f*x)), x)
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CHAPTER 4

4.1 Listing of Grading functions

APPENDIX

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)

(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)

(*
(*

(* ::Subsection:: *)

Small rewrite of logic in main function to make it*)
match Maple's logic. No change in functionality otherwis

(*GradeAntiderivative[result,optimal]*)

(* ::Text:: *)

(*If result and optimal are mathematical expressions, *)
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(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];
expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complez*)
If [1leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}

, (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
» (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (*ELSE*) (*result does mnot contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}
1;
finalresult

(* ::Text:: *)
(*The following summarizes the type number assigned an *)

Result,leafCor

leaf count i

f optimal. $":

al. Order "<>




(*expression based on the functions it involves*)
(*¥1 = rational function*)

(¥2 = algebraic function*)

(*¥3 = elementary function*)

(%4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(*7 = rootsum function*)

(*¥8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType[expn[[1]]],
If [Head[expn[[2]]]===Rational,
If[IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]1],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],71]1,
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
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Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
},func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);




#
#
#
#
#
#
#
#

IIFII

IICII
"BII

IIAII
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#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=", ExpnType
fi;

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

if ExpnType_result<=ExpnType_optimal then

if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non s

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",

rsion issues

. optimal);

af count of




convert (leaf_count_optimal,string)," ) = ",con

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
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print("result do not contain complex, this assumes optimal do

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;

return "B",cat("Leaf count of result is larger than twice the lea
convert(leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver

fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal. Or

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

vert (2*leaf_c

not as well")

f count of op

t (2+leaf_coun

der ",
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The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

ExpnType := proc(expn)

if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
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9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriciF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False
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except AttributeError as error:
return False

def expnType(expn):

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)), maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, 1list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:

,ezpn) ), Expn Ty

x')

ist,expn]],7]],
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

grade_annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth’,'arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question /49179 /what—is—sagemath—equivalent—to—atomic—t;
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1list: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #mazx(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn.
Add) or isinst

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

>sult is larger th

1. "+str(leaf ¢

xpnType_ resul
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